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Preface

Three series of lectures were given at the 31st Probability Summer School in
Saint-Flour (July 8–25, 2001), by the Professors Catoni, Tavaré and Zeitouni.
In order to keep the size of the volume not too large, we have decided to
split the publication of these courses into two parts. This volume contains
the course of Professor Catoni. The courses of Professors Tavaré and Zeitouni
have been published in the Lecture Notes in Mathematics. We thank all the
authors warmly for their important contribution.

55 participants have attended this school. 22 of them have given a short
lecture. The lists of participants and of short lectures are enclosed at the end
of the volume.

Finally, we give the numbers of volumes of Springer Lecture Notes where
previous schools were published.

Lecture Notes in Mathematics

1971: vol 307 1973: vol 390 1974: vol 480 1975: vol 539
1976: vol 598 1977: vol 678 1978: vol 774 1979: vol 876
1980: vol 929 1981: vol 976 1982: vol 1097 1983: vol 1117
1984: vol 1180 1985/86/87: vol 1362 1988: vol 1427 1989: vol 1464
1990: vol 1527 1991: vol 1541 1992: vol 1581 1993: vol 1608
1994: vol 1648 1995: vol 1690 1996: vol 1665 1997: vol 1717
1998: vol 1738 1999: vol 1781 2000: vol 1816 2001: vol 1837
2002: vol 1840

Lecture Notes in Statistics

1986: vol 50

Jean Picard, Université Blaise Pascal
Chairman of the summer school
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Introduction1

The main purpose of these lectures will be to estimate a probability distribu-
tion P ∈ M1

+(Z) from an observed sample (Z1, . . . , ZN) distributed according
to P⊗N . (The notation M1

+(Z,F) will stand throughout these notes for the
set of probability distributions on the measurable space (Z,F) — the sigma-
algebra F will be omitted when there is no ambiguity about its choice). In
a regression estimation problem, Zi = (Xi, Yi) ∈ X × Y will be a set of two
random variables, and the distribution to be estimated will rather be the con-
ditional probability distribution P (dY |X), or even only its mode (when Y is
a finite set) or its mean (when Y = R is the real line). A large number of
pattern recognition problems could be formalized within this framework. In
this case, the random variable Yi takes a finite number of values, representing
the different “labels” into which the “patterns” Xi are to be classified. The
patterns may for instance be digital signals or images.

A major role will be played in our study by the risk function

R(Q) = K(P,Q) def=

{
EP

(
log P

Q

)
if P � Q

+∞ otherwise
, Q ∈ M1

+(Z).

Let us remind that the function K is known as the Kullback divergence
function, or relative entropy, that it is non negative and cancels only on the
set P = Q. To see this, it is enough to remember that, whenever it is finite,
the Kullback divergence can also be expressed as

K(P,Q) = EQ

[
1 − P

Q
+
P

Q
log
(
P

Q

)]

and that the map r �→ 1 − r + r log(r) is non negative, strictly convex on R+

and cancels only at point r = 1.
1 I would like to thank the organizers of the Saint-Flour summer school for making

possible this so welcoming and rewarding event year after year. I am also grateful
to the participants for their kind interest and their useful comments.

O . Catoni : L N M 1851, J. Pi car d (Ed. ), pp. 1–4, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



2 Introduction

In the case of regression estimation and pattern recognition, we will also
use risk functions of the type

R(f) = E
[
d
(
f(X), Y

)]
, f : X → Y,

where d is a non negative function measuring the discrepancy between Y and
its estimate f(X) by a function of X . We will more specifically focuss on two
loss functions : the quadratic risk d

(
f(X), Y

)
= (f(X)−Y )2 in the case when

Y = R, and the error indicator function d
(
f(X), Y

)
= 1
(
f(X) �= Y

)
in the

case of pattern recognition.
Our aim will be to prove, for well chosen estimators P̂ (Z1, . . . , ZN) ∈

M1
+(Z) [resp. f̂(Z1, . . . , ZN ) ∈ L(X,Y)], non asymptotic oracle inequalities.

Oracle inequalities is a point of view on statistical inference introduced by
David Donoho and Iain Johnstone. It consists in making no (or few) restrictive
assumptions on the nature of the distribution P of the observed sample, and
to restrict instead the choice of an estimator P̂ to a subset {Pθ : θ ∈ Θ} of
the set M1

+(Z) of all probability distributions defined on Z [resp. to restrict
the choice of a regression function f̂ to a subset {fθ : θ ∈ Θ} of all the
possible measurable functions from X to Y]. The estimator P̂ is then required
to approximate P almost as well as the best distribution in the estimator
set {Pθ : θ ∈ Θ} [resp. The regression function f̂ is required to minimize as
much as possible the risk R(fθ), within the regression model {fθ : θ ∈ Θ}].
This point of view is well suited to “complex” data analysis (such as speach
recognition, DNA sequence modeling, digital image processing, . . . ) where it
is crucial to get quantitative estimates of the performance of approximate and
simplified models of the observations.

Another key idea of this set of studies is to adopt a “pseudo-Bayesian”
point of view, in which P̂ is not required to belong to the reference model
{Pθ : θ ∈ Θ} [resp. f̂ is not required to belong to {fθ : θ ∈ Θ}]. Instead P̂

is allowed to be of the form P̂ (Z1, . . . , ZN ) = Eρ̂(Z1,...,ZN )(dθ)(Pθ), [resp. f̂ is

allowed to be of the form f̂ = Eρ̂(dθ)(fθ)], where ρ̂(Z1,...,ZN )(dθ) ∈ M1
+(Z) is

a posterior parameter distribution, that is a probability distribution on the
parameter set depending on the observed sample.

We will investigate three kinds of oracle inequalities, under different sets
of hypotheses. To simplify notations, let us put

R̂(Z1, . . . , ZN ) = R
(
P̂ (Z1, . . . , ZN )

)
[resp. R

(
f̂(Z1, . . . , ZN )

)
],

and Rθ = R(Pθ) [resp. R(fθ)].

• Upper bounds on the cumulated risk of individual sequences of
observations. In the pattern recognition case, these bounds are of the
type :

1
N + 1

N∑
k=0

1
[
Yk+1 �= f̂(Z1, . . . , Zk)(Xk+1)

]
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≤ inf
θ∈Θ

{
C

1
N + 1

N∑
k=0

1
[
Yk+1 �= fθ(Xk+1)

]
+ γ(θ,N)

}
.

Similar bounds can also be obtained in the case of least square regression
and of density estimation. Integrating with respect to a product probability
measure P⊗(N+1) leads to

1
N + 1

N∑
k=0

EP⊗k

[
R̂(Z1, . . . , Zk)

] ≤ inf
θ∈Θ

{CRθ + γ(θ,N)} .

Here, γ(θ,N) is an upper bound for the estimation error, due to the fact
that the best approximation of P within {Pθ : θ ∈ Θ} is not known to the
statistician. From a technical point of view, the size of γ(θ,N) depends on
the complexity of the model {Pθ : θ ∈ Θ} in which an estimator is sought.
In the extreme case when Θ is a one point set, it is of course possible to take
γ(θ,N) = 0. The constant C will be equal to one or greater, depending
on the type of risk function to be used and on the type of the estimation
bound γ(θ,N). These inequalities for the cumulated risk will be deduced
from lossless data compression theory, which will occupy the first chapter
of these notes.

• Upper bounds for the mean non cumulated risk, of the type

E
[
R̂(Z1, . . . , ZN)

] ≤ inf
θ∈Θ

{
CRθ + γ(θ,N)

}
.

Obtaining such inequalities will not come directly from compression theory
and will require to build specific estimators. Proofs will use tools akin
to statistical mechanics and bearing some resemblance to deviation (or
concentration) inequalities for product measures.

• Deviation inequalities, of the type

P⊗N

{
R̂(Z1, . . . , ZN ) ≥ inf

θ∈Θ

[
CRθ + γ(θ,N, ε)

]}
≤ ε.

These inequalities, obtained for a large class of randomized estimators, pro-
vide an empirical measure γ(θ,N, ε) of the local complexity of the model
around some value θ of the parameter. Through them, it is possible to
make a link between randomized estimators and the method of penalized
likelihood maximization, or more generaly penalized empirical risk mini-
mization.

In chapter 7, we will study the behaviour of Markov chains with “rare”
transitions. This is a clue to estimate the convergence rate of stochastic sim-
ulation and optimization methods, such as the Metropolis algorithm and
simulated annealing. These methods are part of the statistical learning pro-
gram sketched above, since the posterior distributions on the parameter space
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ρ̂(Z1,...,ZN ) we talked about have to be estimated in practice and cannot, ex-
cept in some special important cases, be computed exactly. Therefore we have
to resort to approximate simulation techniques, which as a rule consist in
simulating some Markov chain whose invariant probability distribution is the
one to be simulated. Those posterior distributions used in statistical inference
are hopefully sharply concentrated around the optimal values of the parame-
ter when the observed sample size is large enough. Consequently, the Markov
chains under which they are invariant have uneven transition rates, some
of them being a function of the sample size converging to zero at exponen-
tial speed. This is why they fall into the category of (suitably generalized)
Metropolis algorithms. Simulated annealing is a variant of the Metropolis al-
gorithm where the rare transitions are progressively decreased to zero as time
flows, resulting in a nonhomogeneous Markov chain which may serve as a
stochastic (approximate) maximization algorithm and is useful to compute in
some cases the mode of the posterior distributions we already alluded to.



1

Universal lossless data compression

1.1 A link between coding and estimation

1.1.1 Coding and Shannon entropy

We consider in this chapter a finite set E, called in this context the alphabet,
and a E valued random process (Xn)n∈N.

The problem of lossless compression is to find, for each input length N , a
“code” c that is a one to one map

c : EN −→ {0, 1}∗

where {0, 1}∗ =
⋃+∞

n=1{0, 1}n stands for the set of finite sequences of zeros
and ones with arbitrary length. Given any s ∈ {0, 1}∗, its length will be noted
�(s). It is defined by the relation s ∈ {0, 1}�(s).

We will look for codes with the lowest possible mean length

E
(
�
(
c(X1, . . . , XN)

))
. (1.1.1)

If no other requirements are imposed on c, the optimal solution to this
problem is obviously to sort the blocks of length N , (x1, . . . , xN ) in de-
creasing order according to their probability to be equal to (X1, . . . , XN ). Let
(bi)

|E|N
i=1 be such an ordering of EN , which satisfies

P
(
(X1, . . . , XN ) = bi

)
≤ P

(
(X1, . . . , XN ) = bi−1

)
, i = 2, . . . , |E|N .

Let us introduce

B(i) def=
(⌊

i+ 1
2j

⌋
mod 2

)�log2(i+1)�−1

j=0

, i = 1, . . . , |E|N ,

the binary representation of i + 1 from which the leftmost bit (always equal
to 1) has been removed. The code

O . Catoni : L N M 1851, J. Pi car d (Ed. ), pp. 5–54, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



6 1 Universal lossless data compression

c(bi)
def= B(i) (1.1.2)

obviously minimizes (1.1.1). Indeed,

N∗ −→ {0, 1}∗
i �−→ B(i)

is a bijection and i �→ �
(
B(i)

)
is non decreasing. Starting with any given code,

we can modify it to take the same values as c by exchanging binary words with
shorter ones taken from the values of (1.1.2). We can then exchange pairs of
binary words without increasing the code mean length to make it eventually
equal to (1.1.2), which is thus proved to be optimal.

The mean length of the optimal code, defined by equation (1.1.1), is linked
with Shannon’s entropy, defined below.

Definition 1.1.1. The Shannon entropy H(p) of a probability distribution
p, defined on a finite set X is the quantity

H(p) = −
∑
x∈X

p(x) log2

(
p(x)

)
.

The notation log2 stands for the logarithm function with base 2. Entropy is
thus measured in bits. It is a concave function of p, linked with the Kullback
Leibler divergence function with respect to the uniform distribution µ on X

by the identity

H(p) = log2(|X|) − 1
log(2)

K(p, µ).

It cancels on Dirac masses and is equal to log2(|X|) for µ.

Let us recall a basic fact of ergodic theory :

Proposition 1.1.1. For any stationary source (Xn)n∈N, the map
N �→ H

(
P(dXN

1 )
)

is sub-additive, proving the existence of the limit

lim
N→+∞

H
(
P(dXN

1 )
)

N
= inf

N∈N∗

H
(
P(dXN

1 )
)

N

def= H̄
(
P(dX+∞

1 )
)
.

which is called the (Shannon) entropy of the source (Xn)n∈N.

Next proposition shows that Shannon’s entropy measures in first approx-
imation the optimal compression rate.

Proposition 1.1.2. For any finite source XN
1 distributed according to P, the

mean length of the optimal code is such that

H
(
P(dXN

1 )
)
(1 − 1/N) − 1 − log2(N)

≤ sup
α>1

1
α
H
(
P(dXN

1 )
)−1+

log2(α − 1)
α

≤ E
(
�
(
c(XN

1 )
)) ≤ H

(
P(dXN

1 )
)
+1.
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Thus, for any infinite stationary source (Xn)n∈N with distribution P,

lim
N→+∞

1
N

E
(
�
(
c(XN

1 )
))

= H̄(P).

Proof. Let us adopt the short notation

P
((
X1, . . . , XN

)
= bi

)
def= p(bi).

The chain of inequalities

p(bi) ≤ i−1

E
(
�
(
c(XN

1 )
))

=
|E|N∑
i=1

p(bi) (	log2(i+ 1)
)

≤
|E|N∑
i=1

−p(bi) log2

(
p(bi)

)
+ 1

= H(p) + 1

shows that the mean length of the optimal code is upper-bounded by the
Shannon entropy of the distribution of blocks of length N (up to one bit at
most).

On the other hand, for any α > 1,

E
{
�
[
c(XN

1 )
]} ≥

|E|N∑
i=1

p(bi)
(
log2(i+ 1) − 1

)

≥ − 1
α

|E|N∑
i=1

p(bi) log2

(
α− 1

(i+ 1)α

)
− 1 +

log2(α− 1)
α

.

We can then notice that bi �→ α−1
(i+1)α is a sub-probability distribution. This

shows, along with the fact that the Kullback divergence is non-negative, that

−
|E|N∑
i=1

p(bi) log2

(
α− 1

(i+ 1)α

)
≥ −

|E|N∑
i=1

p(bi) log2

(
p(bi)

)
,

and consequently that

E
(
�
(
c(XN

1 )
)) ≥ − 1

α

|E|N∑
i=1

p(bi) log2

(
p(bi)

)− 1 +
log2(α− 1)

α
.

Then we can e.g. choose α = (1 − 1/N)−1, to obtain

E
{
�
[
c(XN

1 )
]} ≥ H

(
P(dXN

1 )
)
(1 − 1/N) − 1 − log2(N).

��



8 1 Universal lossless data compression

It is to be remembered from this first discussion about lossless data com-
pression that it requires, to be done efficiently, a fairly precise knowledge of
the distribution of the source, and that for any stationary source of infinite
length, the optimal compression rate per symbol tends towards the entropy
H̄ .

1.1.2 Instantaneous codes

In the previous sections, we have considered arbitrary binary codes, our pur-
pose being to show that the compression rate could not be significantly lower
than Shannon’s entropy, whatever choice of code is made. We are now going
to focus on the restricted family of prefix codes, which share the property to
be instantaneously separable into words, when the codes for many blocks are
concatenated together before being sent through a transmission channel.

The optimal code (1.1.2), described previously, indeed suffers from a major
drawback : it cannot be used to code more than a single block. Indeed, if the
codes for two successive blocks of length N (or more) are concatenated to be
sent through a transmission channel, the receiver of this message will have no
mean to find out how it should be decomposed into block codes. Such a code
is called non separable, or non uniquely decodable or decipherable. Moreover,
even if only one block is to be transmitted, the receiver has no mean to know
whether the received message is completed, or whether more data should be
waited for (such a code is said to be non instantaneous).

Instantaneous codes have a very simple characterization : a code is instan-
taneous if and only if no codeword is the beginning of another codeword. For
this reason, such a code is also said to be a prefix code.

Definition 1.1.2. We will say that a finite subset D ⊂ {0, 1}∗ of finite
binary words is a prefix dictionary if any two distinct words ar

1 and bs1 of D

of respective lengths r ≤ s are always such that ar
1 �= br1. In other words we

require that no word of the dictionary should be the prefix of another one.
We will say that the map

c : EN −→ {0, 1}∗

is a prefix code if it is one to one with values in a prefix dictionary.

Proposition 1.1.3 (Kraft inequality). For any prefix dictionary D∑
m∈D

2−�(m) ≤ 1.

Proof. This inequality can be proved using a construction which will lead also
to arithmetic coding, to be described further below.

The set of finite binary sequences {0, 1}∗ ∪ {∅} (where ∅ is the “void
sequence” of null length) can be put into one to one correspondence with the
set D of dyadic intervals, defined by
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D =
{
[k 2−n, (k + 1) 2−n[ : n ∈ N, k ∈ N ∩ [0, 2n[

}
,

putting for any sequence

s = (si)
�(s)
i=1 ∈ {0, 1}∗,

I(s) def= [k 2−n, (k + 1) 2−n[,

where n = �(s), k =
∑�(s)

i=1 si2n−i and putting moreover I(∅) = [0, 1[.
It is then easy to see that no one of two codewords s and s′ is the prefix of

the other if and only if the corresponding dyadic intervals I(s) and I(s′) are
disjoint. It immediately follows that the sum of the lengths of the intervals
attached to the words of a prefix dictionary cannot exceed one (because all
these dyadic intervals are subsets of the unit interval): this is precisely the
Kraft inequality. This proof also shows that the Kraft inequality remains true
for infinite dictionaries. ��
Proposition 1.1.4 (Inverse Kraft inequality). For any sequence (ri)T

i=1 ∈
(N∗)T of positive integers such that

T∑
i=1

2−ri ≤ 1,

there exists a prefix code

c : {1, . . . , T} −→ {0, 1}∗

such that
�
(
c(i)
)

= ri, i = 1, . . . , T.

Proof. Without loss of generality, the sequence (ri)T
1 may be assumed to be

non decreasing. It is then easy to check that the intervals [αi, βi[ defined by

αi =
i−1∑
j=1

2−rj ,

βi = αi + 2−ri ,

are dyadic in the sense defined in the proof of the Kraft inequality. Moreover,
they are obviously non overlaping. The code c(i) def= I−1([αi, βi[) is therefore
a prefix code. Let us remark here again that this proof holds also for infinite
sequences. ��
Definition 1.1.3. A prefix dictionary D is said to be complete (as well as
any code using such a dictionary) if it is maximal for the inclusion relation,
that is if any prefix dictionary D′ such that D ⊂ D′ is in fact equal to it.
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To a prefix dictionary D corresponds a binary tree, whose vertex set and
edge set are defined as

N =
⋃

s∈D

{I ∈ D : I(s) ⊂ I},

A =
{
(I, I ′) ∈ N2 : I ′ ⊂ I

}
.

It is the same thing to say that the dictionary D is complete or that
the corresponding binary tree (N, A) is complete in the usual sense that its
vertices have either zero or two sons (in other words, any interior vertex has
exactly two sons).

Proposition 1.1.5 (Kraft equality). A prefix dictionary D is complete if
and only if ∑

m∈D

2−�(m) = 1.

Proof. The tree (N,A) is complete if and only if the set F =
{
I(s) : s ∈ D

}
of its leaves is a partition of the unit interval [0, 1[.

Indeed, the two sons of I ∈ N are the two half length dyadic intervals into
which it decomposes.

An interval I belongs to N if and only if it contains a leaf I ′ ∈ F. In the
case when F is a partition, it is either a leaf itself, or its two sons belong to
the tree.

On the other hand, let us assume that some point x ∈ [0, 1[ does not
belong to any leaf. Let I be the largest dyadic interval containing x and not
overlaping with F. The “father” of this interval thus meets F, therefore its
other son belongs to N, proving that the tree (N, A) is not complete. ��
Proposition 1.1.6. Any prefix code satisfies

E
{
�
[
c(XN

1 )
]} ≥ H

[
P(dXN

1 )
]
.

Proof. It is enough to notice that, from the Kraft inequality,

EN −→ [0, 1]

xN
1 �−→ 2−�

(
c(xN

1 )
)

defines a subprobability, and to follow the same reasoning as in the proof of
proposition 1.1.2. ��
Theorem 1.1.1. There exists a complete prefix code c such that

H
[
P
(
dXN

1

)] ≤ E
{
�
[
c(XN

1 )
]}

< H
[
P
(
dXN

1

)]
+ 1.
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Proof. The sequence of positive integers{
r(b) =

⌈− log2

(
p(b)
)⌉

: b ∈ EN , p(b) > 0
}

satisfies the Kraft inequality. Thus, there exists a prefix code c′ defined on the
support of p such that

�
[
c′(b)

]
= �− log2

[
p(b)
]�, b ∈ EN , p(b) > 0.

From any prefix code c′, a complete prefix code c can be built in such a
way that �

[
c(b)
] ≤ �

[
c′(b)

]
, for any block b ∈ EN such that p(b) > 0, by

“erasing the non coding bits” (the ith bit of (sr
1) ∈ D′ is “non coding” if

I
[
(si−1

1 , 1 − si)
]
/∈ N′). This code c is therefore such that

E
{
�
[
c(XN

1 )
]}

<
∑

b∈EN

p(b)
[
− log2

(
p(b)
)

+ 1
]

= H
[
P
(
dXN

1

)]
+ 1.

��
Remark 1.1.1. One sees that looking for an optimal prefix code is, up to some
rounding errors, strictly equivalent to estimating the distribution of the blocks
of length N .

Proposition 1.1.7 (Huffman code). Let p be a probability distribution on
the set {1, . . . ,M} giving a positive weight to each point. Let i and j be any
two indices satisfying

max{p(i), p(j)} ≤ min
{
p(k) : k /∈ {i, j}}.

Let c be an optimal prefix code for the probability vector
[
p(k)k/∈{i,j}, p(i) +

p(j)
]
. The prefix code c′ : {1, . . . ,M} → {0, 1}∗ defined by



c′(k) = c(k), k /∈ {i, j},
c′(i) =

[
c
(
(i, j)

)
, 0
]
,

c′(j) =
[
c
(
(i, j)

)
, 1
] (1.1.3)

is optimal.

Proof. Let c be a code on {1, . . . ,M} \ {i, j} ∪ {(i, j)}. Let c′ be the code on
{1, . . . ,M} defined by (1.1.3). Obviously

E
[
�(c′)

]
= E

[
�(c)
]
+ p(i) + p(j).

The code c is thus optimal if and only if the code c′ is optimal within the set
C′ of prefix codes such that the codewords for i and j differ only in their last
bit. In the case when p(i) + p(j) is minimal, C′ contains a subset of the set of
optimal prefix codes. Indeed, let c′′ be an optimal prefix code for (pk)k=1,...,M
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and i and j two indices such that p(i)+p(j) is minimal. Exchanging codewords
if necessary, we can build from c′′ an optimal prefix code c′ such that c′(i)
and c′(j) are of maximal length and differ only in their last bit (c′′ being
necessarily complete, there is to be a pair of codewords of maximal length
satisfying this property). ��

Huffman codes are not easily built in practice for long codewords, since it
requires to sort appropriately the block probabilities. We are going to describe
next arithmetic coding, which is almost as efficient and does not share this
weakness.

Proposition 1.1.8. A vector of positive probabilities p(i)T
i=1 being given (and

ordered in some arbitrary way), let us build the corresponding partition of [0, 1[
in the following way

ξ(i) =
i−1∑
j=1

p(j), i = 1, . . . , T + 1.

An arithmetic (or Shannon-Fano-Elias) code is then defined by putting

I(i) = max
{
I ∈ D : I ⊂ [ξ(i), ξ(i+ 1)

[}
,

c(i) = I−1
(
I(i)
)
.

Arithmetic codes are prefix codes satisfying

Ep

(
�
(
c(i)
))

< H(p) + 2.

Proof. The dyadic intervals defined along with arithmetic coding are non over-
laping, therefore it is a prefix code. Moreover any interval of length p(i) con-
tains at least one dyadic interval of length 2−n, as long as 2−n ≤ p(i)/2. The
smallest valid integer n thus satisfies 2−n+1 > p(i)/2, or 2−n > p(i)/4. ��
Remark 1.1.2. Arithmetic coding of a block xN

1 ∈ {1, . . . ,M}N of length N
is fast when the blocks are ordered lexicographically. Indeed one gets

ξ(xN
1 ) =

N∑
k=1

∑
y<xk

p
[
(xk−1

1 , y)
]
.

This quantity can be computed by the following induction :

π0 = 1,
ξ0 = 0;

...

πk = πk−1 p
(
xk |xk−1

1

)
,
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ξk = ξk−1 +
∑

yk<xk

πk−1 p
(
yk |xk−1

1

)
;

...

ξ(xN
1 ) = ξN ;

p(xN
1 ) = πN ;

I(xN
1 ) = 2−L(xN

1 )
(⌈
ξ(xN

1 )2L(xN
1 )
⌉

+ [0, 1[
)
, where

L(xN
1 ) = �− log2

(
p(xN

1 )
)� + 1.

In the worst case this computation requires N |E| computations of conditional
probabilities, N |E| multiplications and N |E| sums.

1.2 Universal coding and mixture codes

We have seen that building a prefix code for blocks of length N was up to
some details equivalent to choosing a probability distribution EN . Such a
distribution is called a coding distribution, or an “ideal code”.

If a source with a known distribution is to be coded, the highest mean
compression rate will be obtained using this distribution as the coding distri-
bution. There are anyhow many cases where the distribution of the source is
unknown, and the only sample of the source to be observed is the one to be
coded and presumably transmitted.

“Universal coding theory” is devoted to the compression of a source with
an unknown — or at least partially unknown — distribution.

Definition 1.2.1. The performance of the coding distribution Q applied to
a source distributed according to P is measured by the redundancy

R(P,Q) =
1

log(2)
K(P,Q)

=


EP

(
log2

(
P

Q

))
when P � Q

+∞ otherwise.

Remark 1.2.1. Up to rounding errors, redundancy measures the difference
between the mean length of a prefix code built from Q and an optimal prefix
code.

In these matters of universal coding, mixtures of distributions play a promi-
nent role. Let us begin with a definition.

Definition 1.2.2. Let
{
Pθ ∈ M+

1 (X) : θ ∈ Θ
}

be a family of probability
distributions on the finite set X (which in the applications to compression will
be the set EN of blocs of length N produced by some random source). Let us
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assume that the parameter set is a measurable space (Θ,T). Let us assume
also that the map

θ �−→ Pθ(x)

is measurable for any x ∈ X. Let ρ ∈ M1
+(,T) be a probability distribution on

the parameter space. Let Pρ be the mixture of Pθ with respect to the prior
distribution ρ on the parameter space :

Pρ(x) =
∫

Θ

Pθ(x)ρ(dθ).

We will describe three possible points of view on universal coding: the
Bayesian approach, the minimax approach and “oracle” inequalities.

1.2.1 The Bayesian approach

Mixtures of coding distributions appear as optimal coding distributions when,
like in the Bayesian approach to statistical inference, one minimizes the mean
redundancy with respect to some prior distribution ρ defined on the parameter
set Θ.

Definition 1.2.3. Let ρ be a probability distribution defined on the pa-
rameter space (Θ,T) (where T is a sigma-algebra) of a parametric model{
Pθ ∈ M1

+(X) : θ ∈ Θ
}

consisting in a family of distributions on the finite
set X. Let us assume that for any x ∈ X, θ �−→ Pθ(x) is measurable. For any
coding distribution Q, the mean redundancy with respect to ρ will be defined
as

Rρ(Q) = Eρ(dθ)

(
R
(
Pθ,Q

))
.

The following proposition is straightforward :

Proposition 1.2.1. With the notations and under the hypotheses of defini-
tions 1.2.2 and 1.2.3, the mixture Pρ is the unique coding distribution which
minimizes the mean redundancy with respect to ρ :

Rρ(Pρ) = inf
{
Rρ(Q) : Q ∈ M1

+(X)
}
.

Proof. It is easy to check that

Rρ(Q) = Eρ(dθ)

[
R(Pθ,Pρ)

]
+ R(Pρ,Q)

= Rρ(Pρ) + R(Pρ,Q).

We conclude using the fact that the redundancy function is positive and can-
cels only on the diagonal. ��

The optimal mean redundancy Rρ(Pρ) is equal to the mutual information
between θ and X under the joint distribution

Pρ

(
d(θ, x)

)
= ρ(dθ)Pθ(dx).
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Definition 1.2.4. The mutual information between two random variables X
and Y defined on the same probability space is defined as

I(X,Y ) =
1

log(2)
K
(
P(dX, dY ),P(dX) ⊗ P(dY )

)
=

1
log(2)

EP(dY )K
(
P(dX |Y ),P(dX)

)
.

Proposition 1.2.2. As for the Kullback Leibler divergence function, there
is a decomposition formula for mutual information : let (X1, . . . , Xn, Y ) be
a vector of random variables defined on the product X1 × · · · × Xn × Y of
two Polish spaces equiped with their Borel sigma-algebras. (This implies the
existence of regular conditional probabilities.) Then

I
(
(X1, . . . , Xn), Y

)
=

n∑
k=1

E
P(dXk−1

1 )

(
I
(
Xk, Y |Xk−1

1

))
,

where I(Xk, Y |Xk−1
1 ) is the mutual information of the conditional joint dis-

tribution of (Xk, Y ) knowing (X1, . . . , Xk−1) :

I(Xk, Y |Xk−1
1 )

=
1

log(2)
K
[
P(dXk, dY |Xk−1

1 ),P(dXk |Xk−1
1 ) ⊗ P(dY |Xk−1

1 )
]

=
1

log(2)
E

P(dY |Xk−1
1 )

{
K
[
P(Xk |Xk−1

1 , Y ), P(Xk |Xk−1
1 )

]}
.

This is an easy consequence of the decomposition formula for the Kull-
back divergence function, which is recalled and proved in proposition 1.7 of
appendix 1.5.4. See also [31, Appendice D].

Proposition 1.2.3. Let (X,Y ) be a couple of random variables taking their
values in the product X×Y of two Polish spaces equiped with their Borel sigma
algebras. For any probability distribution Q on Y,

I(X,Y ) + R
(
P(dY ),Q

)
= EP(dX)

[
R
(
P(dY |X),Q

)]
.

Consequently, in the case when X × Y is a finite set,

I(X,Y ) = H
(
P(dY )

)− EP(dX)

(
H(P(dY |X)

))
.

1.2.2 The minimax approach

Another point of view on universal coding is to assume that the source distri-
bution belongs to a parametric family

{
Pθ : θ ∈ Θ

}
of possible distributions,

without assuming anyhow that the parameter θ itself is a random variable.
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The question to be solved is to find a coding distribution Q, independent of
θ, which minimizes the worst case redundancy

R(Q) = sup
θ∈Θ

R(Pθ,Q).

This is similar to the minimax approach to parametric statistical inference :
the source (which takes the place of the observed sample) follows a distribution
belonging to some parametric family, and the aim is to find the code which
“performs the best in the worst case”.

The following property introduces the notion of “least favourable prior”.
It shows how to get lower and upper bounds for the minimax redundancy
with the help of mixtures of coding distributions.

Proposition 1.2.4. Let {Pθ ∈ M1
+(X) : θ ∈ Θ} be a family of probability

distributions on X. Let us assume that the parameter space Θ is equiped with
a sigma algebra T and that θ �→ Pθ(x) is measurable for any x ∈ X. Then for
any probability distribution ρ ∈ M1

+(Θ,T) on the parameter space,

ess inf
ρ(dθ)

R(Pθ,Pρ) ≤ Eρ(dθ)

(
R(Pθ,Pρ)

)
≤ inf

Q∈M1
+(X)

sup
θ∈Θ

R(Pθ,Q) ≤ sup
θ∈Θ

R(Pθ,Pρ).

Consequently, if ρ̂
[
R(Pθ,Pρ̂) = supθ∈Θ R(Pθ,Pρ̂)

]
= 1, that is if θ �→

R(Pθ,Pρ̂) is constant ρ̂ almost surely, and everywhere not greater than this
value, Pρ̂ is the (unique) minimax coding distribution. The distribution ρ̂ is
then called a “least favourable prior”. It indeed solves the following maximiza-
tion problem:

Rρ̂(Pρ̂) = sup
ρ∈M1

+(Θ)

Rρ(Pρ).

Proof. For any probability distribution ρ ∈ M1
+(Θ) on the parameter space,

ess inf
ρ(dθ)

R(Pθ,Pρ) ≤ Eρ(dθ)

(
R(Pθ,Pρ)

)
= inf

Q∈M1
+(X)

Eρ(dθ)

(
R(Pθ,Q)

) ≤ inf
Q∈M1

+(X)
sup
θ∈Θ

R(Pθ,Q)

≤ sup
θ∈Θ

R(Pθ,Pρ).

The coding distribution Pρ̂ is indeed unique. Assume that Q̂ is another min-
imax coding distribution. Then

sup
θ∈Θ

R(Pθ, Q̂) = Eρ̂(dθ)

[
R(Pθ,Pρ̂)

]
,

and therefore
Eρ̂(dθ)

[
R(Pθ, Q̂)

] ≤ Eρ̂(dθ)

[
R(Pθ,Pρ̂)

]
.
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As moreover

Eρ̂(dθ)

[
R(Pθ, Q̂)

]
= Eρ̂(dθ)

[
R(Pθ,Pρ̂)

]
+ R(Pρ̂, Q̂),

this shows that
R(Pρ̂, Q̂) = 0,

and consequently that Q̂ = Pρ̂. ��
In the minimax approach, mixtures of distributions from the model used

for the source outperform any other choice of coding distribution. This is
shown in the following theorem, which further explores the properties of the
“least favourable prior”.

Theorem 1.2.1 (Csiszar, Körner, Gallager). Let
{
Pθ ∈ M1

+(X) : θ ∈ Θ}
be a parametric family of probability distributions. Let, as above, X be a finite
set, which will be equal to EN , the set of values of blocks of length N , in the
data compression problem. Let us assume that Θ is a measurable set for some
sigma algebra T and that for any x ∈ X

Θ −→ [0, 1]
θ �−→ Pθ(x)

is measurable. Let us also assume that the set
{
Pθ : θ ∈ Θ} is closed (and

therefore compact, because the simplex of all probability distributions on the
finite set X is compact). The set of all mixtures, that is of all the distribu-
tions of the form Pρ where ρ is a probability distribution on (Θ,T) is then
also a compact set (generated by the distributions ρ which can be written as
the convex combinations of at most |X| Dirac masses, from Carathéodory’s
theorem).

Let Q be a coding distribution which dominates at least one of the distribu-
tions Pθ, θ ∈ Θ, and Pρ∗ its projection on the mixtures {Pρ : ρ ∈ M+

1 (Θ,T)}
with respect to Kullback divergence, that is the unique probability distribution
such that

K(Pρ∗ ,Q) = inf
ρ∈M+

1 (Θ)
K(Pρ,Q).

(Existence comes from compactness, uniqueness from the fact that the Kull-
back divergence function is strictly convex in its first argument.)

The coding distribution Pρ∗ then performs strictly better than Q as soon
as it differs from it, in the sense that, for any θ ∈ Θ

R(Pθ,Q) ≥ R(Pθ,Pρ∗) + R(Pρ∗ ,Q) > R(Pθ,Pρ∗).

Let ρ̂ ∈ M1
+(Θ) be some distribution maximizing

M1
+(Θ) −→ R+

ρ �−→ Eρ(dθ)R(Pθ,Pρ).
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The existence of ρ̂ comes from the weak compactness of M1
+

({
Pθ : θ ∈ Θ

})
.

The map

Θ −→ R+

θ �−→ R
[
Pθ,Pρ̂

]
is constant ρ̂ almost surely. More precisely for any θ ∈ Θ

R(Pθ,Pρ̂) ≤ Eρ̂(dθ)

[
R(Pθ,Pρ̂)

]
.

This implies that Pρ̂ is the (unique) minimax coding distribution :

sup
θ∈Θ

R(Pθ,Pρ̂) = inf
Q∈M1

+(X)
sup
θ∈Θ

R(Pθ,Q).

Proof. We will more generally prove that for any closed convex subset C of
the set M+

1 (X) of probability distributions, for any distribution Q ∈ M+
1 (X)

which dominates at least one distribution of C, the projection P∗ of Q on C
according to the Kullback divergence function, namely the only probability
distribution P∗ ∈ C such that

K(P∗,Q) = inf
P∈C

K(P,Q),

satisfies the following triangular inequality : for any probability distribution
P ∈ C

K(P,Q) ≥ K(P,P∗) + K(P∗,Q).

To see this, let us first notice that the above inequality is trivial in the case
when K(P,Q) = +∞. Otherwise K(P∗,Q) ≤ K(P,Q) < +∞, therefore both
P and P∗, and consequently λP+ (1 − λ)P∗ for any λ ∈ [0, 1], are absolutely
continuous with respect to Q. The base space X being finite, the convex func-
tion

λ �→ K(λP + (1 − λ)P∗,Q) : [0, 1] → R+

is a finite sum of elementary functions, and the computation of its right-hand
derivative at point λ = 0 is straightforward. This derivative may be finite or
equal to −∞, due to the convexity of the function, and is indeed non-negative,
because K(P∗,Q) is minimal :

0 ≤ ∂

∂λλ=0
K
[
λP + (1 − λ)P∗, Q

]
= K(P,Q) − K(P,P∗) − K(P∗,Q).

Let us come back to the existence of Pρ̂. As we assume that the parametriza-
tion is measurable, one can without loss of generality assume that Pθ is in-
dexed by itself, namely that Θ = {Pθ : θ ∈ Θ} and that θ �−→ Pθ is the
identity map. It is then possible to write the optimal Bayesian redundancy as

Eρ(dθ)

(
R(Pθ,Pρ)

)
= H(Pρ) − Eρ(dθ)H(Pθ).
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This expression shows that it is a concave function of ρ. It is moreover con-
tinuous for the weak topology of M1

+(Θ) (the topology associated with the
continuity of the integrals of continuous functions defined on the compact set
Θ). Indeed θ �→ Pθ and θ �→ H(Pθ) are continuous, thus by definition of weak
topology, ρ �→ Pρ and ρ �→ Eρ(dθ)H(Pθ) are weakly continuous, therefore
ρ �→ Rρ(Pρ) = H(Pρ)−EρH(Pθ) is also weakly continuous. Moreover the set
M1

+(Θ) is weakly compact, thus ρ �→ Rρ(Pρ) reaches its maximum on this set
at some point ρ̂ (at least).

It is then possible to write

Rν(Pν) − Rρ(Pρ) =
(
Eν(dθ) − Eρ(dθ)

)(
R(Pθ,Pρ)

)
− R(Pν ,Pρ). (1.2.1)

Applying this inequality to ρ = ρ̂ and to ν′ = λν+(1−λ)ρ̂, and differentiating
at point λ = 0, one gets

(
Eν(dθ) − Eρ̂(dθ)

)(
R(Pθ,Pρ̂)

)
≤ 0.

Choosing ν = δθ shows that

R(Pθ,Pρ̂) ≤ Eρ̂(dθ)

(
R(Pθ,Pρ̂)

)
, θ ∈ Θ.

Thus, from proposition 1.2.4, Pρ̂ is the unique minimax coding probability
distribution. ��

This theorem shows that when universal data compression is addressed
in a parametric framework, it is enough to restrict to coding distributions
obtained as mixtures of model distributions.

1.2.3 Oracle inequalities

Another point of view on universal compression is to start with a parametric
family of coding distributions, and not with a parametric family of source
distributions. Given such a family

{
Qθ : θ ∈ Θ

}
, a coding distribution Qu

may be sought which leads in any case to a mean code length of the same
order as the mean length of the best coding distribution in the considered
family. More precisely, we will look for a code Qu such that for any sequence
(x1, . . . , xN ) ∈ EN ,

− log2

(
Qu

(
xN

1

)) ≤ inf
θ∈Θ

{
− log2

(
Qθ

(
xN

1

))
+ γ(θ)

}
,

where the loss function γ(θ) is as small as possible. This third point of view
is analogous to the framework of oracle inequalities in statistics.

The mixtures of a countable family of coding distributions satisfy a
straightforward oracle inequality :
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Proposition 1.2.5. Let {
Qθ ∈ M+

1 (X) : θ ∈ Θ
}

be a countable family of coding distributions on the finite set X, let ρ ∈ M+
1 (Θ)

be a probability distribution on the parameter space and Qρ corresponding
mixture. The following oracle inequality is satisfied : for any x ∈ X,

− log2

(
Qρ(x)

) ≤ inf
θ∈Θ

{
− log2

(
Qθ(x)

)− log2

(
ρ({θ}))}.

Remark 1.2.2. Although the proof is straightforward, it is a far reaching result,
both from the practical and the theoretical point of view. We will see on some
examples how to generalize this type of inequalities to the case when the
parameter space Θ is continuous.

When a source of length N distributed according to some arbitrary prob-
ability measure P ∈ M+

1 (EN ) is coded, we get

1
N

R(P,Qρ) ≤ inf
θ∈Θ

{
1
N

R(P,Qθ) − 1
N

log2

(
ρ({θ}))}.

The strength of this result comes from the fact that it does not require any
hypothesis on the distribution P of the source.

1.3 Lower bounds for the minimax compression rate

We will first consider the case when the parameter set is finite.

Theorem 1.3.1 (Merhav and Feder). Let
{
Pθ ∈ M1

+(X) : θ ∈ Θ
}

be a
finite set of probability distributions on a finite set X. Let θ̂(x) be an estimator
of θ. Let pe be the mean error rate of this estimator:

pe =
1
|Θ|
∑
θ∈Θ

Pθ

(
θ̂(X) �= θ

)
.

For any coding distribution Q ∈ M1
+(X), any ε > 0,

1
|Θ|
∑
θ∈Θ

1
(
R(Pθ,Q) ≤ (1 − ε) log2

(|Θ|)) ≤ pe log2

(|Θ|) + 2
ε log2

(|Θ|) .

Proof. Let µ be the uniform probability distribution on Θ. Let us consider on
Θ × X the distribution defined by

Pµ({θ, x}) = µ(θ)Pθ(x).
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Let B be the set

B =
{
θ ∈ Θ : R

(
Pθ,Q) ≤ (1 − ε)H(µ)

}
.

Let us introduce on the product probability space Θ×X the random variables

Z = 1(θ ∈ B),

T = 1
(
θ̂(X) = θ

)
.

Let us notice first that I(Z,X | θ) = 0, because P(dZ | θ) always is a Dirac
mass. Thus

I
(
(θ, Z), X) = I(θ,X) + Eµ(dθ)

(
I(Z,X | θ)

)
,

= I(θ,X).

On the other hand

I
(
(θ, Z), X

)
= I(Z,X) + EP(dZ)

(
I
(
θ,X |Z))

≤ H
(
P(dZ)

)
+ µ(B)I(θ,X |Z = 1) +

(
1 − µ(B)

)
I(θ,X |Z = 0)

≤ H
(
P(dZ)

)
+ µ(B)Eµ(dθ |Z=1)

(
R(Pθ,Pµ(dθ |Z=1))

)
+
(
1 − µ(B)

)
H(µ)

≤ H
(
P(dZ)

)
+ µ(B)Eµ(dθ |Z=1)

(
R(Pθ,Q)

)
+
(
1 − µ(B)

)
H(µ)

≤ H
(
P(dZ)

)
+ µ(B)(1 − ε)H(µ) +

(
1 − µ(B)

)
H(µ)

= H
(
P(dZ)

)
+
(
1 − εµ(B)

)
H(µ).

Let us compute now a lower bound for I(θ,X), making use of the random
variable T :

I(θ,X) = H
(
µ(dθ)

) − EP(dX)H
(
P(dθ |X)

)
.

H
(
P(dθ, dT |X)

)
= H

(
P(dθ |X)

)
+ EP(dθ |X)H

(
P(dT |X, θ))

= H
(
P(dθ |X)

)
.

EP(dX)

(
H
(
P(dθ, dT |X)

))
= EP(dX)

(
H
(
P(dT |X)

))
+ EP(dX,dT )

(
H
(
P(dθ |X,T )

))
≤ H(P(dT )) + P(T = 0)H

(
µ(dθ)

)
+ P(T = 1)EP(dX | T=1)

(
H
(
P(dθ |X,T = 1)

)
︸ ︷︷ ︸

=0

)
.

Let us notice that this last identity is satisfied only when µ is the uniform
measure, whereas the previous ones are true for any choice of µ. Putting the
previous inequalities together, one sees that
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1−P(T = 0)

)
H(µ)−H

(
P(dT )

) ≤ I(θ,X) ≤ H
(
P(dZ)

)
+
(
1− εµ(B)

)
H(µ).

Upper bounding H
(
P(dT )

)
and H

(
P(dZ)

)
by 1, we conclude that

µ(B) ≤ P(T = 0)H(µ) + 2
εH(µ)

.

��
Corollary 1.3.1. Let X be a finite set and

{
Pθ : θ ∈ Θ

}
a family of probability

distributions indexed by a measurable set (Θ,T). Let us assume that θ �−→
Pθ(x) is measurable for any x ∈ X. Let ρ ∈ M1

+(Θ,T) be a probability measure
on the parameter space. Let µ be a distribution on

(
ΘM ,T⊗M

)
, such that

1
M

M∑
i=1

µ(θi ∈ A) = ρ(A), A ∈ T,

(where (θ1, . . . , θM ) is the canonical process on ΘM ). Let us consider for any
M -tuple θM

1 an estimator

θ̂θM
1

: X −→ {θi : i = 1, . . . ,M}.
For any coding distribution Q, the redundancy is lower bounded by

ρ
(
R(Pθ,Q) ≤ (1 − ε) log2(M)

)

≤ 1
ε log2M

(
Eµ(dθ1,...,dθM)

(
1
M

M∑
i=1

Pθi

(
1
(
θ̂θM

1
(X) �= θi

)))
log2(M) + 2

)
.

Theorem 1.3.2 (Rissanen). Let us consider a parameter set consisting in
a compact subset of Rd of the type Θ = [0, D]d. Let E be a finite set. For any
integer N , let us consider a family of distributions

{
Pθ,N ∈ M1

+(EN ) : θ ∈ Θ
}

such that θ �−→ Pθ,N(xN
1 ) is measurable for any xN

1 ∈ EN . Let us assume that
there exists an estimator θ̂N : EN −→ Θ such that for any θ ∈ Θ

Pθ,N

(
‖θ̂N (XN

1 ) − θ‖> c√
N

)
≤ α(c), (1.3.1)

with lim
c→+∞α(c) = 0. Then for any family of coding distributions QN ∈

M1
+

(
EN
)
,

lim sup
N→+∞

1
log2(N)

R
(
Pθ,N(dXN

1 ),QN

) ≥ d

2
, (1.3.2)

except maybe on a subset of Θ of null Lebesgue measure. Moreover

lim inf
N→+∞

1
log2(N)

sup
θ∈Θ

R
(
Pθ,N(dXN

1 ),QN

) ≥ d

2
.
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Remark 1.3.1. It is interesting to notice that equation (1.3.2) can be used
to derive a weak asymptotic lower bound for the non-cumulated risk. Let us
assume indeed that the distributions Pθ,N are compatible, in the sense that
Pθ,N(dXn

1 ) = Pθ,n(dXn
1 ), for n < N , so that there exists Pθ ∈ M1

+(EN) such
that Pθ,N = Pθ(dXN

1 ). For each positive integer n, let Q(dXn |Xn−1
1 ) be some

estimator of Pθ(dXn |Xn−1
1 ) based on the observed sample (X1, . . . , Xn−1).

Let us form QN (dXN
1 ) =

∏N
n=1 Q(dXn |Xn−1

1 ). It is easily seen from inequal-
ity (1.3.2) that

lim sup
N→+∞

NE
Pθ(dXN−1

1 )

{
K
[
Pθ

(
dXN |XN−1

1

)
,Q
(
dXN |XN−1

1

)]} ≥ d

2
. (1.3.3)

To prove this lower bound, let us put

uN(θ) = E
Pθ(dXN−1

1 )

{
K
[
Pθ(dXN |XN−1

1 ),Q(dXN |XN−1
1 )

]}
.

For any θ such that (1.3.2) holds, equation (1.3.2) can be written as

lim sup
N→+∞

1
log(N)

N∑
n=1

un(θ) ≥ d

2
. (1.3.4)

As log(N) ∼
N→+∞

N∑
n=1

1
n

, this implies that lim sup
n→+∞

nun(θ) ≥ d

2
. Indeed, if it

were not the case, there would exist N1 and ε > 0 such that

un(θ) ≤ (1 − ε)
d

2n
, n ≥ N1,

implying the following contradiction with (1.3.4):

lim sup
N→+∞

1
log(N)

N∑
n=1

un(θ)

≤ lim sup
N→+∞

1
log(N)

N∑
n=N1

(1 − ε)
d

2n
+ lim sup

N→+∞

1
log(N)

N1−1∑
n=1

un(θ) = (1 − ε)
d

2
.

In particular, in the i.i.d. case when Pθ,N = P⊗N
θ , any estimator θ̂(XN

1 )
satisfying the hypothesis (1.3.1) of the theorem is such that

lim sup
N→+∞

NEP⊗N
θ (dXN

1 )

[
K
(
Pθ, Pθ̂(XN

1 )

)] ≥ d

2
(1.3.5)

for almost any θ ∈ Θ. Thus from the quite weak asymptotic upper bound
(1.3.1) on the risk of θ̂ measured by the Euclidean distance in the parameter
space (where no precise constant is involved), it is possible to infer an asymp-
totic lower bound on the risk of θ̂ measured by the Kullback divergence in the
sample distribution space, with a precise constant d

2 .
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Proof. Let λ be the Lebesgue measure on Rd. Up to some rescaling of the
parametrization of

{
Pθ,N

}
, we may assume without loss of generality that

D = 1. Let us apply the corollary of the previous theorem, choosing for µ the
probability distribution of a random lattice with step size 1/K, where K is
an integer to be chosen in the following as a function of N . Let us consider
the value M = Kd and some indexation

{ni, i = 1, . . . ,M} = {0, . . . ,K − 1}d

of the finite d-dimensional lattice {0, . . . ,K−1}d. Let us define the probability
distribution µ by the formula

µ(θM
1 ∈ A) =

∫
θ∈[0,1/K[d

1
[(
θ +K−1ni

)M
i=1

∈ A
]
Kdλ(dθ),

A ⊂ ([0, 1]d
)M

, A measurable.

In other words, µ is the distribution of a regular lattice whose origin is chosen
randomly according to the Lebesgue measure. The assumption required by
corollary 1.3.1 is therefore satisfied :

K−d
Kd∑
i=1

µ
(
θi ∈ A

)
= λ(A), A ⊂ [0, 1]d, A measurable.

The estimator θ̂θM
1

(XN
1 ) will be defined as the closest point θi to θ̂(XN

1 ) :

‖θ̂θM
1

(XN
1 ) − θ̂(XN

1 )‖ = min
i=1,..., M

‖θi − θ̂(XN
1 )‖.

Obviously, µ(dθM
1 ) almost surely,

Pθi,N

(
θ̂θM

1
(XN

1 ) �= θi

) ≤ Pθi,N

(
‖θi − θ̂(XN

1 )‖ > 1
2K

)
≤ α

(√
N

2K

)
.

According to the corollary 1.3.1 of the previous theorem, it follows that

λ
(
R(Pθ,N ,QN) ≤ (1 − ε)d log2(K)

)
≤
α
(√

N
2K

)
d log2(K) + 2

ε d log2(K)
.

Let us choose K =
√
N/ log(N), to get

λ
(
R(Pθ,N ,QN) ≤ (1 − ε)

(d
2

log2(N) − d log2

(
log(N)

))

≤ 1
ε

(
α
(
log(N)/2

)
+

2
d log2

(√
N/ log(N)

)
)
.
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Thus
lim

N→+∞
λ
( 2
d log2(N)

R(Pθ,N ,QN) ≤ (1 − 2ε)
)

= 0, (1.3.6)

and therefore

λ

((
lim sup
N→+∞

2
d log2(N)

R(Pθ,N ,QN)
)
< (1 − 2ε)

)
= 0.

The first assertion of the theorem then follows by letting ε tend to zero. The
second assertion is also a consequence of equation (1.3.6). Indeed it shows
that for N large enough

λ

(
R(Pθ,N ,QN ) ≤ (1 − 2ε)

d log2(N)
2

)
< 1,

and therefore that

sup
θ∈Θ

2
d log2(N)

R(Pθ,N ,QN) ≥ (1 − 2ε),

whence
lim inf
N→+∞

sup
θ∈Θ

2
d log2(N)

R(Pθ,N ,QN) ≥ (1 − 2ε),

and the second part of the theorem is obtained by letting ε tend to 0. ��

1.4 Mixtures of i.i.d. coding distributions

This section is a preliminary to the following one on double mixture codes.
Here again, we model a source using a finite alphabet E by the canonical
process (Xn)n∈N on EN. All the following discussion deals with the coding
of a block of size N . We consider a family of coding distributions {Qθ : θ ∈
M1

+(E)} for the blocks of size N defined by Qθ = θ⊗N . We are looking for
a prior distribution on the parameters which produces a mixture of coding
distributions close to the minimax estimator for the model {Pθ = Qθ : θ ∈ Θ}.
According to proposition 1.2.4, it is suitable to look for a prior distribution ρ
such that

θ �−→ R(Qθ,Qρ)

is approximately constant (at least on the support of ρ). Let us notice that

R(Qθ,Qρ) = EQθ(dXN
1 )

(
log2

(
exp
(−NK(P̄XN

1
, θ)
)

Eρ(dθ) exp
(−NK(P̄XN

1
, θ)
)
))

= −NEQθ(dXN
1 )

(
R(P̄XN

1
, θ)
)

− EQθ(dXN
1 )

(
log2

(
Eρ(dθ) exp

(−NK(P̄XN
1
, θ)
)))

,
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where P̄xN
1

∈ M1
+(E) is the empirical probability distribution of the sample

xN
1 , namely

P̄xN
1

=
1
N

N∑
i=1

δxi .

It is easy to check that

lim
N→+∞

NEQθ(dXN
1 )

(
R(P̄XN

1
, θ)
)

=
|E| − 1
2 log(2)

,

noticing that

R(P̄XN
1
, θ) =

1
log(2)

Eθ(dx)

(
Φ

(
P̄XN

1
(x)

θ(x)

))

where
Φ(r) = 1 − r + r log(r) ∼

r→1

1
2
(1 − r)2.

Moreover, if ρ(dθ) = f(θ)λ(dθ), where λ is the Lebesgue measure on the
simplex Θ and where f is a smooth function, it is easy to check 1, using the
Laplace method, that for any xN

1 such that P̄xN
1

belongs to the interior of the
simplex:

Eρ(dθ)

(
exp
(−NK(P̄xN

1
, θ)
))

1 The second equivalence can be obtained by choosing as coordinate system for the
simplex the d−1 first coordinates of the ambient space Rd, namely (θ1, . . . , θd−1).
(One assumes in this computation that E = {1, . . . , d} and uses the notations
θ(x) = θx, P̄xN

1
(x) = πx.) The Lebesgue measure on the simplex is equal to the

restriction of the exterior differential form
√

d ∂θ1∧ . . .∧∂θd−1. Indeed one checks

that
√

d ∂θ1 ∧ . . . ∧ ∂θd−1 ∧ ∂n, where ∂n = (d− 1
2 , . . . , d− 1

2 ) is the normal vector
to the simplex, is the volume form on Rd. Thus we have to compute an equivalent
for

∫
Θ

exp

(
−N

2

(
d−1∑
i=1

(θi − πi)
2

πi
+

(1 −∑d−1
i=1 θi − πd)2

πd

))√
d ∂θ1 ∧ . . . ∧ ∂θd−1.

It is given by
√

d

(
2π

N

) d−1
2

(Det(M))−1/2, where M is the matrix:

M =




π−1
1 + π−1

d π−1
d π−1

d . . . π−1
d

π−1
d π−1

2 + π−1
d π−1

d . . . π−1
d

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
π−1

d π−1
d π−1

d . . . π−1
d−1 + π−1

d


 ,

whose determinant is equal to
∏d

i=1 π−1
i

∑d
i=1 πi =

∏d
i=1 π−1

i .
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∼
N→+∞

∫
Θ

exp

(
−
∑
x∈E

N

2

(
θ(x) − P̄xN

1
(x)
)2

P̄xN
1

(x)

)
f(P̄xN

1
)λ(dθ)

∼
N→+∞

√
|E|f(P̄XN

1
)
(

2π
N

) |E|−1
2 ∏

x∈E

P̄xN
1

(x)1/2.

This little asymptotic evaluation suggests to choose for ρ(dθ) the Dirichlet
distribution with parameter 1/2, defined by

ρ(dθ) =
1√|E|

Γ
(

|E|
2

)
Γ
(

1
2

)|E|
∏
x∈E

θ(x)−
1
2 λ(dθ). (1.4.1)

Lemma 1.4.1.

Qρ(xN
1 ) =

Γ
(

|E|
2

)∏
x∈E Γ

(
NP̄xN

1
(x) + 1

2

)
Γ
(

1
2

)|E|
Γ
(
N + |E|

2

) ,

where Γ (z) =
∫
R+

tz−1 exp(−t)dt stands for the Gamma function.

Proof. Let us prove that for any (αi)d
i=1 ∈] − 1,+∞[d,

∫
Θ

d∏
i=1

θαi

i λ(dθ) =
√
d

∏d
i=1 Γ (αi + 1)

Γ (
∑d

i=1 αi + d)
, (1.4.2)

where Θ is the simplex of Rd, and λ is the Lebesque measure on the simplex.
This identity is obtained by a change of variables:

∫
Rd

+

d∏
i=1

tαi

i e−tidti =
∫
R+

∫
θ∈Θ

d∏
i=1

θαi

i s
∑d

i=1 αie−ssd−1λ(dθ)
ds√
d
,

where we have put s =
∑d

i=1 ti et θi = ti/s. ��
Proposition 1.4.1 (Krichevski - Trofimov). For any xN

1 ∈ EN ,

Qρ(xN
1 ) ≥ 2

−NH(P̄
xN
1

)

|E|N |E|−1
2

=
1

|E|N |E|−1
2

sup
θ∈Θ

Qθ(xN
1 ).

Proof. Let us put for any a = (ai)d
i=1 ∈ Nd,

∆(a) =
Γ
(

d
2

)
Γ
(

1
2

)d
∏d

i=1 Γ
(
ai + 1

2

)
Γ
(∑d

i=1 ai + d
2

)
(∑d

i=1 ai

)∑
i ai+

d−1
2

∏d
i=1 a

ai

i

.
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We have to show that ∆(a) ≥ 1
d . To this purpose, let us notice that

∆
(
(1, 0, . . . , 0)

)
= 1

d , that ∆(a) is invariant under any permutation of the
ais. It is therefore enough to check that ∆(a) ≥ ∆

(
(a1 − 1, a2, . . . , ad)

)
. Let

us put s =
∑d

i=1 ai and t = a1. With these simplified notations,

∆(a) = ∆(a1 − 1, ad
2)

(t− 1
2 )(t− 1)t−1

tt
ss+ d−1

2

(s+ d
2 − 1)(s− 1)s−1+ d−1

2

.

We have to check that

(t− 1
2 )(t− 1)t−1

tt
ss+ d−1

2

(s+ d
2 − 1)(s− 1)s−1+ d−1

2

≥ 1, t ≥ 1, s ≥ 2.

We are going to show that

f(t) = log
(

(t− 1
2 )(t− 1)t−1

tt

)
≥ −1,

g(s) = log

(
ss+ d−1

2

(s− 1)s−1+ d−1
2 (s+ d

2 − 1)

)
≥ 1.

Let us notice first that

lim
t→+∞ f(t) = lim

t→+∞ log
(

1 − 1
2t

)
+ (t− 1) log

(
1 − 1

t

)
= −1,

lim
s→+∞ g(s) = lim

s→+∞−
(
s− 1 +

d− 1
2

)
log
(

1 − 1
s

)
− log

(
1 +

d− 2
2s

)
= 1.

It is enough to conclude to show that f ′(t) ≤ 0 and g′(s) ≤ 0. But

f ′(t) =
1

t− 1
2

+ log
(
t− 1
t

)
,

lim
t→+∞ f ′(t) = 0,

f ′′(t) = − 1(
t− 1

2

)2 +
1

t(t− 1)

= − 1(
t− 1

2

)2 +
1(

t− 1
2

)2 − 1
4

≥ 0,
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showing that f ′(t) ≤ 0 for any t > 1. In the same way 2

g′(s) = log
(

s

s− 1

)
+
d− 1

2

(
1
s
− 1
s− 1

)
− 1
s+ d

2 − 1
,

lim
s→+∞ g′(s) = 0,

g′′(s) ≥ 0.

It follows that g′(s) ≤ 0 for any s ≥ 2. ��
The previous proposition can be made more precise in the following way:

Proposition 1.4.2 (Barron and Xie). For any xN
1 ∈ EN ,

exp


−

∑
y∈X

[
1(P̄xN

1
(y) �= 0)

23NP̄xN
1

(y)
+

1(P̄xN
1

(y) = 0)

2
log(2)

]
− (|E| − 1)2

4N




2

g′′(s) =
1

s
− 1

s − 1
+

d − 1

2

(
1

(s − 1)2
− 1

s2

)
+

1(
s + d

2
− 1
)2

=
(d − 1)

(
s − 1

2

)
(s − 1)2s2

− 1

(s − 1)s
+

1(
s + d

2
− 1
)2

=
(d − 1)

(
s − 1

2

)
(s − 1)2s2

− (d − 1)s + (d−2)2

4

s(s − 1)
(
s + d

2
− 1
)2

=
(d − 1)

(
s − 1

2

) (
s + d

2
− 1
)2 −

(
(d − 1)s + (d−2)2

4

)
s(s − 1)

s2(s − 1)2
(
s + d

2
− 1
)2

= (d − 1)

(
d − 3

2
− (d−2)2

4(d−1)

)
s2 +

(
(d−2)2

4
− d−2

2
+ (d−2)2

4(d−1)

)
s − (d−2)2

8

s2(s − 1)2
(
s + d

2
− 1
)2

It is then easily checked (by taking derivatives) that the numerator of this last
expression is a non decreasing function of s for any s ≥ 2 and d ≥ 2. It follows
that

g′′(s) ≥ (d − 1)
4d − 6 − (d−2)2

d−1
+ (d−2)2

2
− d + 2 + (d−2)2

2(d−1)
− (d−2)2

8

s2(s − 1)2
(
s + d

2
− 1
)2

= (d − 1)
3d − 4 + 3(d−2)2

8
− (d−2)2

2(d−1)

s2(s − 1)2
(
s + d

2
− 1
)2 ≥ (d − 1)

3d − 4 + 3(d−2)2

8
− (d−2)

2

s2(s − 1)2
(
s + d

2
− 1
)2

= (d − 1)
5
2
d − 3 + 3(d−2)2

8

s2(s − 1)2
(
s + d

2
− 1
)2 ≥ 2(d − 1)

s2(s − 1)2
(
s + d

2
− 1
)2 ≥ 0,
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≤
(
N

2π

) |E|−1
2 Γ

(
1
2

)|E|

Γ
(

|E|
2

) Qρ(xN
1 )

sup
θ∈Θ

Qθ(xN
1 )

≤ exp


−

∑
y∈X

[
1(P̄xN

1
(y) �= 0)

29NP̄xN
1

(y)
+

1(P̄xN
1

(y) = 0)

2
log(2)

]
 . (1.4.3)

In particular

exp
[
− |E|

2 log(2) − (|E| − 1)2

4N

]

≤
(
N

2π

) |E|−1
2 Γ

(
1
2

)|E|

Γ
(

|E|
2

) Qρ(xN
1 )

sup
θ∈Θ

Qθ(xN
1 )

≤ exp
(
− |E|

29N

)
≤ 1. (1.4.4)

Proof. Let us recall first Stirling’s formula (see e.g. [39, tome 1] page 54):

√
2πnn+ 1

2 exp
(
−n+ 1

12n+1

)
< n! <

√
2πnn+ 1

2 exp
(−n+ 1

12n

)
.

To simplify computations, let us use the same notations as in the previous
proof and put d = |E| and (ai)d

i=1 =
(
NP̄xN

1
(y)
)
y∈X

, so that (ai)d
i=1 ∈ Nd.

With these notations, let us put moreover

∆
def=
(
N

2π

) |E|−1
2 Γ

(
1
2

)|E|

Γ
(

|E|
2

) Qρ(xN
1 )

sup
θ∈Θ

Qθ(xN
1 )

= (2π)−
d−1
2

∏d
i=1 Γ (ai + 1

2 )
Γ (N + d

2 )
NN+ d−1

2∏d
i=1 a

ai

i

.

Let us remark now that for any integer a

Γ (a+ 1
2 ) = Γ

(
1
2

) a∏
k=1

(
a− k + 1

2

)
=

(2a)!
22aa!

√
π.

Thus, from Stirling’s formula,

(2a)2a+ 1
2 exp

(
−2a+ 1

24a+1

)
22aaa+ 1

2 exp
(−a+ 1

12a

) √
π ≤ Γ

(
a+ 1

2

)

≤ (2a)2a+ 1
2 exp

(−2a+ 1
24a

)
22aaa+ 1

2 exp
(
−a+ 1

12a+1

)√π,
or putting it otherwise

exp
(
− 1

23a

)
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≤ exp
(

1
24a+ 1

− 1
12a

)
≤ Γ

(
a+ 1

2

)
√

2πaa exp(−a) ≤ exp
(

1
24a

− 1
12a+ 1

)

≤ exp
(
− 1

29a

)
.

Let us put I = {i : ai > 0}. It follows that

∏
i∈I

exp
(
− 1

23ai

)
≤ ∆2

d−|I|
2 exp(N)Γ

(
N + d

2

)
√

2πNN+ d−1
2

≤
∏
i∈I

exp
(
− 1

29ai

)
. (1.4.5)

When d is even, one gets that

∏
i∈I

exp
(
− 1

23ai

)

× exp
(

d−2
2 − (d−|I|) log(2)

2 − 1
12N+6d−12 − (N + d−1

2 ) log(1 + d−2
2N )

)
≤ ∆ ≤

∏
i∈I

exp
(
− 1

29ai

)

× exp
(

d−2
2 − (d−|I|) log(2)

2 − 1
12N+6d−11 − (N + d−1

2 ) log(1 + d−2
2N )

)
.

Let us notice that sup
r>0

r − (1 + r) log(1 + r) < 0, it shows that

exp

{
−
∑
i∈I

1
23ai

− (d−|I|) log(2)
2 − (d−1)2

4N

}

≤ ∆ ≤ exp

{
−
∑
i∈I

1
29ai

− (d−|I|) log(2)
2

}
.

In the case when d is odd,

Γ (N + d
2 ) = Γ (N + d−1

2 + 1
2 ),

where N + d−1
2 is an integer, whence

exp
(
− 1

23(N+ d−1
2 )

)
≤ Γ (N + d

2 ) exp(N + d−1
2 )√

2π(N + d−1
2 )(N+ d−1

2 )
≤ exp

(
− 1

29(N+ d−1
2 )

)
.

Coming back to (1.4.5), we conclude that

exp
{
−
∑
i∈I

1
23ai

− (d−|I|) log(2)
2 − (d−1)2

4N

}
≤

exp
{
−
∑
i∈I

1
23ai

+ d−1
2 − (d−|I|) log(2)

2
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+ 1
29(N+ d−1

2 )
− (N + d−1

2

)
log
(
1 + d−1

2N

)}

≤ ∆ ≤ exp
{
−
∑
i∈I

1
29ai

+ d−1
2 − (d−|I|) log(2)

2

+ 1
23(N+ d−1

2 )
− (N + d−1

2

)
log
(
1 + d−1

2N

)}

≤ exp
{
−
∑
i∈I

1
29ai

− (d−|I|) log(2)
2

}
.

The last of these inequalities is established by noticing that

r − (1 + r) log(1 + r) =
∫ r

0

− log(1 + s)ds

≤
∫ r∧1

0

(−s+ s2

2 )ds ≤ − (r∧1)2

2 + (r∧1)3

6 ≤ − (r∧1)2

3 ,

and therefore that

N
[

d−1
2N − (1 + d−1

2N ) log(1 + d−1
2N )

]
+ 1

23(N+ d−1
2 )

≤ − 1
3N
(

d−1
2N ∧ 1

)2
+ 1

23(N+ d−1
2 )

≤ 0.

Let us remark also that we could have used instead of Stirling’s formula for
n! the bounds for the Gamma function given in [81, page 253] : for any real
number r > 0

− 1
360r3 < log[Γ (r)] − (r − 1

2 ) log(r) + r − 1
2 log(2π) − 1

12r < 0.

��
Corollary 1.4.1. The Krichevski - Trofimov mixture of coding distributions
is such that for any probability distribution P ∈ M1

+

(
EN
)

R(P,Qρ) ≤ inf
θ∈Θ

R(P,Qθ) +
|E| − 1

2
log2(N) + log2|E|.

More precisely, for any d > 2, equation (1.4.4) implies that

R(P,Qρ) ≤ inf
θ∈Θ

R(P,Qθ) +
|E| − 1

2
log2

(
2N

|E|−2

)
+ |E|

2 log(2) + (|E|−1)2

4N log(2) .

Remark 1.4.1. This is an “oracle” inequality, comparing the performances of a
family of coding distributions for an arbitrary source. It applies in particular to
the case when the distribution of the source is one of the coding distributions
used in the mixture, namely in the case when P ∈ {Qθ : θ ∈ Θ}. Rissanen’s
theorem 1.3.2 then shows that the quantity |E|−1

2 log2(N) is asymptotically
optimal.
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1.5 Double mixtures and adaptive compression

1.5.1 General principle

Let us assume that we have built a sequence of parametric models
{
Pθ ∈

M1
+(X) : θ ∈ Θi

}
, i ∈ N, where X is, as previously, a finite set. Let us assume

that we know for each i ∈ N of some probability measure ρi ∈ M1
+(Θi) on the

parameter space, which is “almost minimax” in the sense that

supθ∈Θi
R(Pθ,Pρi)

Eρi(dθ)

(
R(Pθ,Pρi)

) ≤ (1 + εi).

Let us consider an (arbitrary) probability measure π ∈ M1
+(N) on the integers,

and let us define on Θ =
⊔

i∈NΘi (the disjoint union of Θi, i ∈ N) the “double
mixture” α ∈ M1

+(Θ) defined as

α(A) =
∑
i∈N

π(i)ρi(A ∩Θi).

Proposition 1.5.1. Under the above hypotheses and with the above notations,
the coding distribution Pα is adaptively of minimax order in the sense that

sup
θi∈Θi

R(Pθi ,Pα) ≤ (1 + εi) inf
Q∈M1

+(X)
sup

θi∈Θi

R(Pθi ,Q) − log
(
π(i)
)
, i ∈ N.

Remark 1.5.1. If X = EN is the set of blocks of length N and if the sets Θi are
parametric sets of dimension di in the sense of Rissanen’s theorem 1.3.2, the
minimax redundencies of the left member are of order di log2(N)/2. If more-
over the prior distribution π on the integer indices is chosen independently of
N , then the quantity − log

(
π(i)
)

is of a smaller order of magnitude than the
minimax redundancy of model number i when N tends to infinity.

Proof. As Pα(x) ≥ π(i)Pρi (x), for any θi ∈ Θi,

R(Pθi ,Pα) ≤ R(Pθi ,Pρi) − log
(
π(i)
)
.

The conclusion comes from proposition 1.2.4. ��

1.5.2 The context tree weighting coding distribution

We are going to describe in some details the case of context tree models. We
will show for these models an oracle inequality of the same type as for the
Krichevski-Trofimov estimator.

In this section we will deal with a source using a finite alphabet E, which
we will represent by the canonical process (Xn)n∈Z on EZ.
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Definition 1.5.1. A source is said to be a finite memory source, if there is a
finite set E and a function

f : EZ− −→ E

x−1
−∞ �−→ e

such that for any xn−1
−∞ ∈ E]−∞,n−1], any xn ∈ E,

P
(
Xn = xn |Xn−1

−∞ = xn−1
−∞
)

= P
(
X1 = xn | f(X0

−∞) = f
(
xn−1
−∞ )

)
.

The function f is called the context function.

Definition 1.5.2. A bounded memory source is a finite memory source whose
context function f depends only on a finite number of coordinates. (A bounded
memory source is a homogenous Markov chain).

Remark 1.5.2. This definition may seem to coincide with the definition of a
homogeneous Markov chain of rank k. Anyhow, introducing the context func-
tion f affords a distinction, among the chains of order k, between submodels
defined by a restricted number of parameters — equal to |E| × (|E| − 1) —
instead of |E|k(|E| − 1) for a “generic” Markov source of rank k.

Definition 1.5.3. A context tree source is a bounded memory source whose
context function f is defined with the help of some complete suffix dictionary
3 D by the identity:

fD(x−1
−∞) = x−1

−k ∈ D.

Let us consider a coding application in which the receiver knows the initial
context X0

−D and wants to transmit the block of data XN
1 . Let �(D) be the

maximal length of the words of the suffix dictionary D. Our aim will be to
build an adaptive coding distribution satisfying an oracle inequality involving
all the the context tree coding distributions based on dictionaries of length
�(D) not geater than D.

A context tree coding distribution is parametrized by a complete suffix
dictionary D and by a family ΘD = {θm ∈ M1

+(E) : m ∈ D} of conditional
probablity measures. One interpretation of this situation is to consider that
the dictionary D defines a “model” of the source, and that ΘD is the parameter
space for this source model.

For each model D, let ρD be the prior distribution on the parameter space
defined by

ρD(dθ) =
∏

m∈D

ρ(dθm),

3 By definition, a complete suffix dictionary D is a finite set of finite words such
that the set of reversed words {(x1, . . . , xk) : (xk, . . . , x1) ∈ D} forms a complete
prefix dictionary. This property ensures that for any sequence of past symbols
x−1
−∞ ∈ EZ− , there is a unique index k, which may change from one sequence to

the other, such that x−1
−k ∈ D.
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where ρ is the Krichevski-Trofimov distribution defined by equation (1.4.1).
Let FD = {D : �(D) ≤ D} be the set of complete suffix dictionaries (which
may be void) of length not greater than D. By convention, we consider that
the void dictionary contains a single word “of null length”, noted ∅. With
this convention, i.i.d. coding distributions are a special case of context tree
coding model, corresponding to the void context dictionary. Each dictionary
D can be seen as the genealogy tree of a realization of a branching process
whose survival probability at generation number D is null. More precisely let
us consider a branching process in which each individual has a probability α
to give birth to an offspring exactly equal to E and a probablity 1−α to have
no offspring at all, this being valid up to the Dth generation for which the
probability to have an offspring is null. This branching process defines on FD

the probability distribution

π(D) =
∏

m∈
◦
D

α
∏

m∈D;
�(m)<D

(1 − α), (1.5.1)

where
◦
D is the interior of D, that is the set of words m ∈ E∗ ∪{∅} which are

strict suffixes of words of D. It is easy to check by induction that

|D| = |
◦
D|(|E| − 1) + 1.

This allows to write

π(D) = α
|D|−1
|E|−1 (1 − α)|{m∈D:�(m)<D}|.

Consider on the set of parameters Θ =
⊔

D∈FD
ΘD the double mixture

distribution µ ∈ M1
+(Θ) defined by

µ(A) =
∑

D∈FD

π(D)ρD(A ∩ΘD).

For any couple (D, θ) where θ ∈ ΘD, let us define the coding distribution

QD,θ

(
xN

1 |x0
−D+1

)
=

N∏
i=1

θD(xi−1
i−D)(xi),

where we have used the short notation fD

(
xi−1
−∞
)

= D
(
xi−1

i−D

)
. Let us consider

the mixture
Qµ =

∫
Θ

QD,θdµ.

Proposition 1.5.2. The computation of Qµ(xN
1 |x0

1−D) from the counters

ay
m(xN

1 ) =
N∑

k=1

1
(
xk−1

k−�(m) = m, xk = y
)
, m ∈ E∗ ∪∅, y ∈ E,
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bm(xN
1 ) =

∑
y∈E

ay
m(xN

1 );

Km(xN
1 ) =

Γ
(

|E|
2

)∏
y∈E Γ

(
ay

m

(
xN

1

)
+ 1

2

)
Γ
(

1
2

)|E|
Γ
(
bm
(
xN

1

)
+ |E|

2

) ;

is given by the following identity:

Qµ(xN
1 |x0

1−D) =
∑

D∈FD

π(D)
∏

m∈D

Km(xN
1 ).

This expression may itself be computed by the following induction on words of
length not greater than D:

Υm(xN
1 ) = Km(xN

1 ), m ∈ ED,

...

Υm(xN
1 ) = (1 − α)Km(xN

1 ) + α
∏
y∈E

Υ(y,m)(xN
1 ), m ∈ E∗ ∪ {∅}, �(m) < D,

...

Υ∅(xN
1 ) = Qµ

(
xN

1 |x0
1−D

)
.

The counters may moreover be updated on the fly while the xn are being
read, according to the following update rules:

ay
m(∅) = 0;
bm(∅) = 0;
Km(∅) = 1;
Υm(∅) = 1;

...

ay
m(xn

1 ) =

{
ay

m(xn−1
1 ) + 1 if m = xn−1

n−�(m) and y = xn,

ay
m(xn−1

1 ) otherwise;

bm(xn
1 ) =

{
bm(xn−1

1 ) + 1 if m = xn−1
n−�(m),

bm(xn−1
1 ) otherwise;

Km(xn
1 ) =


Km(xn−1

1 ) axn
m (xn

1 )− 1
2

bm(xn
1 )+ |E|

2 −1
if m = xn−1

n−�(m),

Km(xn−1
1 ) otherwise;
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Υm(xn
1 ) =




Υm(xn−1
1 ) if xn−1

n−�(m) �= m,

Km(xn
1 ) if xn−1

n−D = m,

(1 − α)Km(xn
1 )

+ αΥxn−1
n−�(m)−1

(xn
1 )

×
∏

y∈E\{xn−�(m)−1}
Υ(y,m)(x

n−1
1 )

if xn−1
n−�(m) = m,

and �(m) < D.

To perform this computation, one can choose to store in memory only the
visited nodes, namely those for which bm(xN

1 ) > 0. Nodes can be created dy-
namically as the xns are being read. When a block xN

1 of length N is processed,
at most DN nodes are thus created (allocated into memory). The induction
formulas also show that the number of operations needed to compute Υ∅(xN

1 )
and therefore Qµ(xN

1 |x0
1−D), increases with N and D as DN . A modified

algorithm where the dependence with D is cancelled will be described subse-
quently.

Proof. Let us show first that∫
θ∈ΘD

QD,θ(xN
1 |x0

1−D)ρD(dθ) =
∏

m∈D

Km(xN
1 ).

It is only a matter of remembering the definitions and using equation (1.4.2):

QD,θ(xN
1 |x0

1−D) =
∏

m∈D

∏
y∈E

θm(y)ay
m(xN

1 ),

∫
θ∈ΘD

QD,θ(xN
1 |x0

1−D)ρD(dθ)

=
∏

m∈D


 Γ

(
|E|
2

)
√|E|Γ ( 1

2

)|E|

∫
θ∈M1

+(E)

∏
y∈E

θ(y)ay
m(xN

1 )− 1
2 λ(dθ)




=
∏

m∈D

Γ
(

|E|
2

)
Γ
(
ay

m(xN
1 ) + 1

2

)
Γ
(

1
2

)|E|
Γ
(
bm(xN

1 ) + |E|
2

) ,
as announced. This shows that

Qµ(xN
1 |x0

1−D) =
∑

D∈FD

π(D)
∏

m∈D

Km(xN
1 ).

Let us prove by induction with respect to �(m) = D, . . . , 0 that

Υm(xN
1 ) =

∑
D∈FD−�(m)

πD−�(m)(D)
∏
s∈D

K(s,m)(xN
1 ), (1.5.2)
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where πD−�(m) is the distribution of the genealogy tree of a branching process
stopped at depth D − �(m).

Let us notice first that

FD−�(m) =
{{

(s, y) : y ∈ E, s ∈ Dy

}
: Dy ∈ FD−�(m)−1

}
∪
{{
∅

}}
,

with

πD−�(m)

({
(s, y) : y ∈ E, s ∈ Dy

})
= α

∏
y∈E

πD−�(m)−1(Dy),

πD−�(m)({∅}) = 1 − α.

Let us assume that (1.5.2) has been proved for words of length d, which is
easily checked in the case when d = D. Let m be a word of length d− 1.

Υm(xN
1 ) = (1 − α)Km(xN

1 ) + α
∏
y∈E

∑
D∈FD−d

πD−d(D)
∏
s∈D

K(s,y,m)(xN
1 )

= (1 − α)Km(xN
1 ) +

∑
Dy∈FD−d

α
∏
y∈E

πD−d(Dy)
∏

s∈Dy

K(s,y,m)(xN
1 )

= πD−�(m)(∅)Km(xN
1 )

+
∑

Dy∈FD−d

πD−�(m)

({
(s, y) : s ∈ Dy

}) ∏
(s,y)∈Dy×E

K(s,y,m)(xN
1 )

=
∑

D∈FD−�(m)

πD−�(m)(D)
∏
s∈D

K(s,m)(xN
1 ).

This shows (1.5.2) for m and thus completes the proof by induction. It is thus
a proved fact that

Υ∅(xN
1 ) =

∑
D∈FD

π(D)
∏

m∈D

Km(xN
1 ) = Qµ(xN

1 |x0
1−D).

The fact that Υm(xN
1 ) = 1 when Km(xN

1 ) = 1 is a direct consequence of
equation (1.5.2), given that it implies Ksm(xN

1 ) = 1 for any s ∈ E∗.
Alternatively, a more probabilistic proof of the induction formula for

Υm(xN
1 ) can be provided. Let us write w ≥ m when the word m ∈ E∗ ∪ {∅}

is a suffix of the word w ∈ E∗ ∪ {∅} and D ≥ m when the suffix dictionary
D contains a word w such that w ≥ m.

Let us also for any word m ∈ E∗ ∪ {∅} and any dictionary D ∈ FD such
that D ≥ m define

Dm
def= {w ∈ D : w ≥ m}

and
FD(m) def= {D ∈ FD : D ≥ m}.

Let us notice that FD(m) is a product set :
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FD(m) � {Dm : D ∈ FD(m)} × {D \ Dm : D ∈ FD(m)}.

The branching property of π can be expressed as

π(D |D ≥ m) = π(Dm |D ≥ m)π(D \ Dm |D ≥ m). (1.5.3)

The quantities Υm can then be defined as

Υm
def= Eπ(dD|D≥m)

( ∏
w∈Dm

Kw

)
,

and decomposed into

Υm = π(m ∈ D |D ≥ m)Km

+ π(m �∈ D |D ≥ m)Eπ(dD|D≥m,m 
∈D)

( ∏
w∈Dm

Kw

)
.

Noticing the identity of events

{D ∈ FD(m) : m �∈ D} = {D ∈ FD(m) : D ≥ (x,m)}, x ∈ E,

we can repeatedly apply the branching property (1.5.3) to the words (x,m),
x ∈ E, to show that

π(D |D ≥ m,m �∈ D) =
∏
x∈E

π
(
D(x,m) |D ≥ (x,m)

)
,

and thus that

Υm = π(m ∈ D |D ≥ m)Km + π(m �∈ D |D ≥ m)
∏
x∈E

Υ(x,m).

As π(m ∈ D |D ≥ m) = (1 − α), this ends the proof of proposition 1.5.2.
��

The following theorem gives an upper bound for the redundancy of the
coding distribution Qµ :

Theorem 1.5.1. Let γ : R+ → R+ be the smallest concave function upper
bounding on R+ the map

x �→




0 if x = 0
|E|−1

2 log2(x) + min
{

log2(|E|),

− |E|−1
2 log2

(
|E|−2

2

)
+ (|E|−1)2

4x log(2) + |E|
2 log(2)

} if x > 0.
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Let us notice that when |E| ≥ 6 and x is large enough

γ(x) = |E|−1
2 log2

(
2x

|E|−2

)
+ |E|

2 log(2) + (|E|−1)2

4x log(2) .

Let us also notice that

γ(x) ≤
{
x |E|−1

2 exp
(

2 log(|E|)
|E|−1 − 1

)
if x ≤ exp

(
1 − 2 log(|E|)

|E|−1

)
|E|−1

2 log2(x) + log2(|E|) otherwise.

With these notations

− log2

(
Qµ

(
xN

1 |x0
1−D

)) ≤ inf
D∈FD

{
inf

θ∈ΘD

− log2

(
QD,θ

(
xN

1 |x0
1−D

))

+ |D|γ
(

N
|D|
)
− |D|−1

|E|−1 log2(α) − |D| log2(1 − α)

}
.

0 10 20 30 40 50 60 70 80 90 100
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Fig. 1.1. This diagram represents the function of which γ is the concave upper
envelope in the case when |E| = 20.

Proof. From proposition 1.4.1

− log2

(∫
ΘD

QD,θ(xN
1 |x0

1−D)ρD(dθ)
)

≤ inf
θ∈ΘD

− log2

(
QD,θ(xN

1 |x0
1−D)

)
+
∑

m∈D

γ
[
bm
(
xN

1

)]
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= inf
θ∈ΘD

− log2

(
QD,θ(xN

1 |x0
1−D)

)
+ |D|

∑
m∈D

1
|D|γ

[
bm
(
xN

1 )
]

≤ inf
θ∈ΘD

− log2

(
QD,θ(xN

1 |x0
1−D)

)
+ |D|γ

(
N

|D|
)
,

where it is needed to use the property that function γ is concave to obtain
the last inequality. It implies that

− log2

(
Qµ(xN

1 |x0
1−D)

) ≤ inf
D∈FD

(
inf

θ∈ΘD

− log2

(
QD,θ(xN

1 |x0
1−D)

)

+ |D|γ
(
N

|D|
)
− log2

(
π(D)

))
.

��

1.5.3 Context tree weighting without initial context

It is easy to adapt the double mixture of context trees to the case when the
initial context X0

1−D is unavailable. The idea is to restraint from coding, or
more precisely to code according to the uniform coding distribution the xns
for which the context is not observed. One way to put it is to add to E an
extra letter ε and to define consequently Ẽ = E ∪ {ε}. The sequence xN

1 may
then be extended to x̃n

−∞ defined by

x̃n =

{
xn if n > 0,
ε if n ≤ 0.

Any complete suffix dictionary D of E∗ may be extended to the smallest
complete suffix dictionary D̃ of Ẽ∗ which contains it: it is obtained by adding
to D all the strict suffixes of the words of D, preceded by the letter ε. The
parameter vector θ ∈ ΘD may then be extended to the parameter vector
θ̃ ∈ ΘD̃, defined by θ̃m(ε) = 0 and

θ̃m(y) =

{
θm(y) if y ∈ E,m ∈ D,

|E|−1 if y ∈ E,m ∈ D̃ \ D.

(Letters with a non fully observed context are not coded.)
It is then possible to modify the definition of the coding distributions QD,θ

putting for any word m ∈ Ẽ∗:

ãy
m(xN

1 ) =
N∑

k=1

1
(
x̃k

k−�(m) = (m, y)
)
,
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b̃m(xN
1 ) =

∑
y∈E

ãy
m


=

∑
y∈Ẽ

ãy
m


 ,

Q̃D,θ(xN
1 ) =

N∏
k=1

θD̃(x̃n−1
−∞ )(x̃n)

=
∏

m∈D̃

∏
y∈E

(
θ̃m(y)

)ãy
m(xN

1 )
.

Let us use the same prior distribution µ as before. We get as above

Q̃ρD
(xN

1 ) =
∏

m∈D̃

K̃m(xN
1 ),

where

K̃m(xN
1 ) =




Γ

( |E|
2

) ∏
y∈E

Γ

(
ãy

m(xN
1 ) +

1
2

)

Γ

(
1
2

)|E|
Γ

(
b̃m(xN

1 ) +
|E|
2

) if m ∈ D,

|E|−b̃m(xN
1 ) = |E|−1 if m ∈ D̃ \ D.

Let us also notice that

0 ≤
∑

m∈D̃\D

b̃m(xN
1 ) ≤ max

m∈D
�(m).

Moreover
Q̃µ(xN

1 ) =
∑

D∈FD

π(D)
∏

m∈D

K̃m(xN
1 ).

It can therefore be computed along the following induction scheme:

Q̃µ(xN
1 ) = Υ∅(xN

1 ),

Υm(xN
1 ) =

{
K̃m(xN

1 ) if �(m) = D,

(1 − α)K̃m(xN
1 ) + α

∏
y∈E Υ(y,m)(xN

1 ) otherwise.

This induction may as in the previous case be updated sequentially as the xns
are being read.

Proposition 1.5.3. With the preceding notations and definitions, for any
block xN

1−D ∈ EN+D,

− log2

(
Q̃µ(xN

1 )
) ≤ inf

D∈FD

{
inf

θ∈ΘD

− log2

(
QD,θ(xN

1 |x0
1−D)

)
+ �(D) log2

(|E|)
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+ |D|γ
(

N
|D|
)
− |D|−1

|E|−1 log2(α) − |D| log2(1 − α)

}
,

where �(D) = maxm∈D �(m).

Proof. The same computation as in the proof of theorem 1.5.1 shows that

− log2

(
Q̃µ(xN

1 )
) ≤ inf

D∈FD

{
inf

θ∈ΘD

− log2

(
Q̃D,θ(xN

1 )
)

+ |D|γ
(∑

m∈D b̃m(xN
1 )

|D|
)
− |D|−1

|E|−1 log2(α) − |D| log2(1 − α)

}
.

To complete the proof, it is then enough to remark that
∑

m∈D b̃m(xN
1 ) ≤ N

and that

inf
θ∈ΘD

{
− log2

[
Q̃D,θ(xN

1 )
]}

≤ inf
θ∈ΘD

{
− log2

[
QD,θ(xN

1 |x0
1−D)

]}
+ log2

(|E|)max
m∈D

�(m).

��

1.5.4 Weighting of trees of arbitrary depth

In this section, we will extend the context tree weighting method to the set
F∞ of all complete suffix dictionaries (of arbitrary length). From a theoretical
point of view, this generalization is straightforward: it is just a matter of
considering on F∞ the distribution of a branching process without stopping
rule at generation D. We will therefore put here, for any D ∈ F∞

π(D) = α
|D|−1
|E|−1 (1 − α)|D|.

(When α is super-critical, this is only a sub-probability distribution on F∞).
It remains to show how to perform the computation in practice.
Let us assume for a while that D is finite, but that it is larger than N , and

let us show that the computation of Υm(xN
1 ) does not depend on the choice of

D in this case. This will show that the same computation is still valid when
D tends to infinity.

Let us notice first that in the case when b̃m(xN
1 ) = 0, namely when the

context m has not been observed yet, Υm(xN
1 ) = 1, as it was established

above. In the same way, when b̃m(xN
1 ) = 1, K̃m(xN

1 ) = |E|−1, and it is easy
to check from the inductive definition of Υ that Υm(xN

1 ) = |E|−1 in this case.
Eventually in the case when b̃(m,s)(xN

1 ) = b̃s(xN
1 ), namely in the case when

no branching has occured in the trees of observed contexts between nodes s
and (m, s),
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Υs(xN
1 ) =

(
1 − α�(m)

)
K̃s(xN

1 ) + α�(m)Υ(m,s)(xN
1 ).

It is thus possible to choose the following finite representation of the infinite
context tree of x̃N

−∞ :

• Let us decide first to represent only the nodes m ∈ Ẽ∗ which have been
visited, that is such that b̃m(xN

1 ) > 0. Let us code these nodes by a couple
of integers (t, n) such that m = x̃n

t .
• Among these visited nodes, let us represent only those for which

b̃m0
2−�(m)

(xN
1 ) > b̃m(xN

1 ).

Thus we only represent in the computer memory the context nodes following
a branching. As all the infinite contexts

(
x̃n
−∞
)N
n=1

are distinct, each of them
contributes for exactly one more branching. If this branching is made at a
point where a previous branching already occured, it leads to represent into
memory one more node. If it occurs at a point where there was no branching
before, it leads to represent into memory two more nodes. The number of
nodes stored in memory is thus bounded by 2N . The number of operations
needed to compute Q̃µ(xN

1 ) grows in the worst case as N2, if the tree of visited
contexts is very ill-balanced (it will for instance be the case when the observed
sequence xN

1 is constant).
Weighting trees of arbitrary depths provides a way to compress with the

best possible asymptotic compression rate any stationary source:

Proposition 1.5.4. The mixture of coding distributions Q̃µ obtained by the
context tree weighting method applied to trees of arbitrary depths without
knowledge of the initial context is such that for any stationary source dis-
tributed according to P

(
d(Xn)n∈Z

)
lim

N→+∞
− 1
N

E
(
log2

(
Q̃µ(XN

1 )
))

= H̄
(
P(dX)

)
.

Moreover, if P(dX) is ergodic,

lim
N→+∞

− 1
N

log2

[
Q̃µ(XN

1 )
]

= H̄
[
P(dX)

]
, in L1

(
P(dX)

)
. (1.5.4)

The random variables 1
N log2

[
Q̃µ(XN

1 )
]

being uniformly bounded, convergence
in L1 implies convergence in all the Lp(P (dX)) spaces. Almost sure conver-
gence also holds:

lim
N→+∞

− 1
N

log2

(
Q̃µ(XN

1 )
)

= H̄
(
P(dX)

)
, P p.s..

Proof. Let us apply proposition 1.5.3 to the void dictionary D = {∅} and to
the uniform distribution on EN , we get that
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0 ≤ − 1
N

log2

[
Q̃µ(XN

1 )
] ≤ log2(|E|)

+
1
N

{
(|E| − 1)

2
log2(N) + log2(|E|) − log2(1 − α)

}
,

which proves that the random variables − 1
N log2

[
Q̃µ(XN

1 )
]

are uniformly
bounded. Let us consider now the dictionary D = Ed. Proposition 1.5.3 shows
that for N large enough,

− 1
N

log2

(
Q̃µ

(
XN

1

)) ≤ − 1
N

N∑
n=1

log2

(
P(Xn |Xn−1

n−d)
)

+
1
N

{
d log2(|E|)

+

(|E| − 1
)|E|d

2

[
log2

(
N

|E|d
)

+ 2 log2(|E|)
|E|−1

]

− |E|d − 1
|E| − 1

log2(α) − |E|d log2(1 − α)
}
. (1.5.5)

Let us introduce now the conditional Shannon entropies

Hd(P) = −EP(dX1
1−d

)

(
log2

(
P(X1 |X0

1−d)
))
.

The concavity of Shannon’s entropy implies that the sequence Hd(P) is non
increasing with respect to d, and therefore has a limit when d tends to +∞.
Moreover

1
D + 1

D∑
d=0

Hd(P) =
1

D + 1

D∑
d=0

EP

(
log2

(
P(Xd |Xd−1

0 )
))

=
H
(
P(dXD

0 )
)

D + 1
.

A converging sequence having the same limit as its Cesaro mean, we get

lim
d→+∞

Hd(P) = H̄(P). (1.5.6)

Integrating (1.5.5) gives

lim sup
N→+∞

− 1
N

EP(dXN
1 )

(
log2

(
Q̃µ(XN

1 )
)) ≤ H̄(P).

As

− 1
N

EP(dXN
1 )

(
log2

(
Q̃µ(XN

1 )
)) ≥ H

(
P(dXN

1 )
)

N
,

this implies that

− lim
N→+∞

1
N

EP(dXN
1 )

(
log2

(
Q̃µ(XN

1 )
))

= H̄(P).

In the case when the source is ergodic, the ergodic theorem shows that
que
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lim
N→+∞

− 1
N

N∑
n=1

log2

(
P(Xn |Xn−1

n−d)
)

= Hd(P), P a.s. and in L1. (1.5.7)

(Let us notice that the random variable log2

[
P(X1 |X0

1−d)
]

takes only a finite
number of finite values P a.s. and therefore belongs to L∞(P), implying that
convergence in all the spaces Lp(P), 1 ≤ p <∞ are equivalent.)

Let us put Sd(N) = − 1
N

∑N
n=1 log2 P(Xn |Xn−1

n−d). Equation (1.5.5) shows
that

− 1
N log2

[
Q̃µ(XN

1 )
] ≤ Sd(N) + εd(N),

where lim
N→+∞

εd(N) = 0 for any d. Hence

E
(∣∣ 1

N log2

[
Q̃µ(XN

1 )
]
+ Sd(N)

∣∣) ≤ E
(

1
N log2

[
Q̃µ(XN

1 )
]
+ Sd(N)

)
+ 2εd(N)

≤ E
(

1
N log2

[
Q̃µ(XN

1 )
])

+Hd(P) + 2εd(N)

≤ 2εd(N) +Hd(P) − 1
NH
[
P(dXN

1 )
]
,

and therefore

E
(∣∣ 1

N log2

[
Q̃µ(XN

1 )
]
+ H̄

∣∣)
≤ 2εd(N) +Hd(P) − 1

N
H
[
P(dXN

1 )
]

+ E
[∣∣Sd(N) −Hd(P)

∣∣]+Hd(P) − H̄.

Convergence in L1(P) (1.5.4) is obtained by letting N and then d tend to
+∞.

Let us consider now the issue of almost sure convergence. Equation (1.5.5)
shows that

lim sup
N→+∞

− 1
N

log2

(
Q̃µ

(
XN

1

)) ≤ Hd(P), P a.s..

A countable union of events of null measure being of null measure, we get

lim sup
N→+∞

− 1
N

log2

(
Q̃µ

(
XN

1

)) ≤ lim
d→+∞

Hd(P) = H̄(P), P a.s..

Moreover if we had

P
(
lim sup
N→+∞

− 1
N

log2

(
Q̃µ(XN

1 )
)
< H̄(P)

)
> 0,

this would imply that

lim sup
N→+∞

E
(
− 1
N

log2

(
Q̃µ(XN

1 )
)) ≤ E

(
lim sup
N→+∞

− 1
N

log2

(
Q̃µ(XN

1 )
))

< H̄(P).
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As this strict inequality is in contradiction with the first part of the proposi-
tion, which has already been proved, it implies

lim sup
N→+∞

− 1
N

log2

(
Q̃µ

(
XN

1

))
= H̄(P), P a.s..

The lower bound of the inferior limit is valid for any probability distribu-
tion Q ∈ M1

+(EN), and is a consequence of the Shannon-McMillan Breiman
theorem. More precisely,

P

(
1
N

log2

[
Q(XN

1 )
] ≥ 1

N
log2

[
P(XN

1 )
]
+ ε

)
= P

(
Q(XN

1 )
P(XN

1 )
≥ eNε

)

≤ e−NεEP

(
Q(XN

1 )
P(XN

1 )

)
= e−Nε.

This last upper bound being summable with respect to N , it follows that

lim inf
N→+∞

− 1
N

log2

[
Q(XN

1 )
] ≥ lim inf

N→+∞
− 1
N

log2

[
P(XN

1 )
]− ε, P a.s.

It is enough then to consider a sequence of values of ε decreasing to 0, to
obtain

lim inf
N→+∞

− 1
N

log2

[
Q(XN

1 )
] ≥ lim inf

N→+∞
− 1
N

log2

[
P(XN

1 )
]
, P a.s.

According to the Shannon-McMillan-Breiman theorem,

lim
N→+∞

− 1
N

log2

[
P(XN

1 )
]

= H̄, P a.s.,

showing consequently that

lim inf
N→+∞

− 1
N

log2

[
Q(XN

1 )
] ≥ H̄ P a.s.

Let us notice that we have confined in this proof the use of the Shannon-
McMillan-Breiman theorem to a minimum, but that a shorter proof would
result from showing first a.s. convergence: as the concerned variables are uni-
formly bounded, it implies convergence in all the Lp(P) spaces, for 1 ≤ p <∞.
The proof of equality for the almost sure superior limit also becomes super-
fluous once the lower bound for the inferior limit is proved. ��



Appendix

1.6 Fano’s lemma

It is interesting to compare theorem 1.3.1 with Fano’s lemma as it is for
instance stated in [8, page 198] :

Lemma 1.6.1. Let {Pθ ∈ M1
+(X) : θ ∈ Θ} be a regular family of probability

distributions and d a distance defined on Θ.
If there exists a finite subset S ⊂ Θ such that d(θ, θ′) ≥ J for any θ �= θ′ ∈

S and such that

sup
θ,θ′∈S

K(Pθ, Pθ′) ≤ γ log(|S|) − log(2),

then for any estimator θ̂(X) of θ

1
|S|
∑
θ∈S

EPθ

[
d(θ̂, θ)q

] ≥ (1 − γ)2−qJq.

Proof. Let us consider on S × X the probability distribution

P
({θ} ×A

)
=

1
|S|Pθ(A)

and let µ denote the uniform distribution on S. We have seen in the proof of
theorem 1.3.1 that

I(θ,X) ≥ H(µ) − 1 −H(µ)P
[
d(θ̂, θ) ≥ J/2

]
.

On the other hand, θ′ being some fixed point in S,

I(θ,X) = Eµ(dθ)

[
R
(
Pθ, Pµ

)]
≤ Eµ(dθ)

[
R
(
Pθ, Pθ′

)]
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≤ γ
log(|S|)
log(2)

− 1

= γH(µ) − 1.

It follows that P
[
d(θ̂, θ) ≥ J/2

] ≥ 1 − γ, and therefore that Fano’s lemma is
satisfied. ��

1.7 Decomposition of the Kullback divergence function

Proposition 1.7.1. Let ρ and µ be two probability distributions defined on
some measurable set (Θ,T). Let {Pθ ∈ M1

+(X,F) : θ ∈ Θ} and {Qθ ∈
M1

+(X,F) : θ ∈ Θ} be two families of probability distributions defined on some
other measurable set (X,F). Let us assume that for any measurable subset
B ∈ F the functions

θ �→ Qθ(B) : Θ → R+

and θ �→ Pθ(B) : Θ → R+ are measurable.

For any subset F ⊂ Θ × X which is measurable with respect to the product
σ-algebra T ⊗ F, we let Fθ = {x ∈ X : (θ, x) ∈ F} be the trace of F with
respect to θ. In this case Fθ ∈ F, and the functions

P : T ⊗ F → R+ Q : T ⊗ F → R+

F �→
∫

Θ

Pθ(Fθ)ρ F �→
∫

Θ

Qθ(Fθ)µ

are probability distributions on (Θ × X,T ⊗ X). Let us assume moreover that
one of the following conditions are satisfied:

1. F = σ(G), where G is a countable family of subsets of X.
2. Θ is countable.

In this case, the function

θ �→ K
(
Pθ, Qθ

)
: Θ → [0,∞]

is “pseudo-integrable” with respect to ρ, in the sense that its upper integral
is equal to its lower integral: letting L+(Θ,T) denote the set of measurable
functions with values ranging in [0,∞],

sup
{∫

Θ

fρ : f ∈ L+(Θ,T) and f(θ) ≤ K(Pθ, Qθ) for any θ ∈ Θ

}

= inf
{∫

Θ

fρ : f ∈ L+(Θ,T) and f(θ) ≥ K(Pθ, Qθ) for any θ ∈ Θ

}
.



1.7 Decomposition of the Kullback divergence function 51

(With this definition, any function equal to +∞ on a set of positive measure is
pseudo-integrable. Moreover a pseudo-integrable function with a finite integral
is measurable with respect to the completion of the σ-algebra T with respect to
the measure ρ.)

Under these hypotheses, the Kullback divergence function satisfies the fol-
lowing decomposition formula:

K(P,Q) = K(ρ, µ) + Eρ(dθ)

[
K
(
Pθ, Qθ

)]
.

Proof. The fact that Fθ is measurable is a classical preliminary to the proof
of Fubini’s theorem: the sets F ∈ T ⊗ F which satisfy this property form a
σ-algebra containing the rectangles. It can then be established that for any
F ∈ T ⊗ F

θ �→ Pθ(Fθ)

is measurable. Indeed, this property holds for disjoint unions of rectangles, it
is also stable when increasing and decreasing limits of subsets are taken (a
pointwise limit of measurable functions being measurable), therefore it holds
for any set of the product σ-algebra, according to the monotone class theorem.

The fact that P and Q are measures on (Θ×X,T⊗F) is then a consequence
of the monotone convergence theorem.

Another consequence is that for any function h(θ, x) ∈ L+(T ⊗ X),

θ �→
∫

X

h(θ, x)Pθ(dx)

is measurable. Indeed, in the case when h is bounded, it can be uniformly
approximated by a sequence of simple functions (that is by finite linear com-
binations of indicator functions of measurable sets). The property is then
extended to non bounded functions h : any such function is the increasing
limit of a sequence of bounded functions, to which the monotone convergence
theorem can be applied for each value of Pθ.

Let us also notice that for any function h(θ, x) ∈ L+(Θ × X,T ⊗ F)∫
hP =

∫
Θ

[∫
X

h(θ, x)Pθ(dx)
]
ρ(dθ),

and that the same holds for Q. Indeed, in the case when h is bounded, it
can be uniformly approximated by simple functions. The case when h is not
bounded is dealt with the help of the monotone convergence theorem.

Let us discuss first the case when P � Q. As ρ(A) = P (A × X) and
µ(A) = Q(A × X), it follows that ρ � µ. Let P

Q and ρ
µ be some versions

of the Radon Nikodym density of the corresponding measures. Let f(θ, x) =
P
Q

[
ρ
µ

]−1

1
(

ρ
µ �= 0

)
. We are going to show for ρ almost all θ that Pθ � Qθ

and that x �→ f(θ, x) is a version of the density of Pθ with respect to Qθ.
Indeed, for any A ∈ T and any B ∈ F,
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A

[∫
B

f(θ, x)Qθ(dx)
]
ρ(dθ)

=
∫

A

{∫
B

P
Q (θ, x)

[
ρ
µ(θ)

]−1

1
(

ρ
µ(θ) �= 0

)
Qθ(dx)

}
ρ
µ (θ)µ(dθ)

=
∫

A

{∫
B

P
Q (θ, x)1

(
ρ
µ �= 0

)
Qθ(dx)

}
µ(dθ)

=
∫

A×B

P
Q1
(

ρ
µ �= 0

)
Q.

Moreover ∫
A×B

P
Q1
(

ρ
µ = 0

)
Q =

∫
A×B

1
(

ρ
µ (θ) = 0

)
P
(
d(θ, x)

)
=
∫

A

1
(

ρ
µ(θ) = 0

)
Pθ(B)ρ(dθ)

=
∫

A

ρ
µ(θ)1

(
ρ
µ(θ) = 0

)
Pθ(B)µ(dθ)

= 0.

This shows that∫
A

[∫
B

f(θ, x)Qθ(dx)
]
ρ(dθ) =

∫
A×B

P
QQ = P (A×B) =

∫
A

Pθ(B)ρ(dθ).

Consequently, for any B ∈ F

ρ
(∫

B

f(θ, x)Qθ(dx) �= Pθ(B)
)

= 0. (1.7.1)

When Θ is countable, putting N =
{
θ ∈ Θ : ρ({θ}) = 0

}
, one concludes that

for any B ∈ F and any θ ∈ Θ \N∫
B

f(θ, x)Qθ(dx) = Pθ(B),

and therefore that for all these values of θ, x �→ f(θ, x) is a version of Pθ

Qθ
.

On the other hand, if it is assumed that F = σ(G) where G is countable,
the following reasoning can be carried. Let G′ = {B ∈ F : X \ B ∈ G} ∪
G, let G′′ be the set of finite intersections of sets of G′ and G′′′ the finite
unions of sets of G′′. It is easily seen that these three sets are countable,
because a countable union of countable sets is countable. Moreover, G′′′ is the
algebra generated by G: it is closed with respect to taking finite intersections,
finite unions and complements (because any Boolean expression can be put
in disjunctive normal form). Identity (1.7.1) is true for any B ∈ G′′′. As G′′′

is countable, the union of these events is still of null probability with respect
to ρ:
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ρ

(∫
B

f(θ, x)Qθ(dx) = Pθ(B) for any B ∈ G′′′
)

= 1.

But for any fixed value of θ,
{
C ∈ F :

∫
C
fQθ = Pθ(C)

}
is a monotone class

of F (from the monotone convergence theorem). It is therefore, according to
the monotone class theorem, equal to the whole σ-algebra F, since it contains
G′′′. This proves that for some N ∈ T such that ρ(N) = 0, for any θ ∈ Θ \N ,∫

B

fQθ = Pθ(B) for any B ∈ F.

Consequently, for any θ ∈ Θ \N , x �→ f(θ, x) is a version of Pθ

Qθ
. Thus

K(Pθ , Qθ) =
∫

log
[
f(θ, x)

]
Pθ(dx)

=
∫

log
[
f(θ, x)

]
+
Pθ(dx) −

∫
log
[
f(θ, x)

]
−Pθ(dx), θ ∈ Θ \N,

where [r]+ = max{r, 0} and [r]− = −min{r, 0}. Let us notice that the last
equality makes sense because x �→ log

[
f(θ, x)

]
− belongs to L1(Pθ):∫

log
[
f(θ, x)

]
−Pθ(dx) =

∫
f(θ, x) log

[
f(θ, x)

]
−Qθ(dx) ≤ e−1, θ ∈ Θ\N,

(because r log[r]− ≤ e−1). This shows that the function θ �→ K(Pθ , Qθ) is
measurable on Θ \N , and therefore that it is measurable on Θ with respect
to the completion of the σ-algebra T with respect to the measure ρ.

Let us now prove that the function [log(f)]− belongs to L1(P ). Indeed∫
[log(f)]−P =

∫
Θ

{∫
X

[log(f)]−Pθ

}
ρ(dθ)

=
∫

Θ

{∫
X

[
log
(

Pθ

Qθ

)]
−
Pθ

}
ρ(dθ)

=
∫

Θ

{∫
X

Pθ

Qθ

[
log
(

Pθ

Qθ

)]
−
Qθ

}
ρ(dθ)

≤ e−1.

In the same way (θ, x) �→ log
[

ρ
µ(θ)

]
−

is in L1(P ). As P ( ρ
µ = 0) = 0, we can

write

K(P,Q) =
∫

1( ρ
µ �= 0) log

(
P
Q

)
P

=
∫
{ ρ

µ 
=0}

[
log(f) + log

(
ρ
µ

)]
P

=
∫
{ ρ

µ 
=0}
log(f)P +

∫
{ ρ

µ 
=0}
log
(

ρ
µ

)
P
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=
∫
{ ρ

µ 
=0}

{∫
X

log
[
f(θ, x)

]
Pθ(dx)

}
ρ(dθ) +

∫
θ

log
(

ρ
µ

)
ρ(dθ)

=
∫

θ

K(Pθ, Qθ)ρ(dθ) + K(ρ, µ).

Let us discuss now the case when P is not absolutely continuous with
respect to Q. Let us introduce the auxiliary probability distribution

Q′(F ) =
∫

Θ

Qθ(Fθ)ρ(dθ).

In the case when P � Q′, then θ �→ K(Pθ, Qθ) is Tρ measurable (where
Tρ is the completion of T with respect to the measure ρ). In the case when
P is not absolutely continuous with respect to Q′, there exists F ∈ T ⊗ X

such that P (F ) > 0 and Q′(F ) = 0. As P (F ) =
∫

θ
Pθ(Fθ)ρ(dθ), there is

some set A ∈ T such that ρ(A) > 0 and Pθ(Fθ) > 0 for any θ ∈ A. On the
other hand Q′(F ) =

∫
Θ
Qθ(Fθ)ρ(dθ), which proves that Qθ(Fθ) = 0 for any

θ ∈ Θ \N where N ∈ T is some set such that ρ(N) = 0. It follows that Pθ is
not absolutely continuous with respect to Qθ at any point θ in the set A \N
of measure ρ(A \N) > 0. This implies that θ �→ K(Pθ , Qθ) is equal to +∞ on
the set A \N of positive measure ρ(A \N). It is therefore pseudo-integrable
with respect to ρ in the sense indicated in the proposition.

Now that measurability and integrability issues are settled, it remains to
prove the identity K(P,Q) = K(ρ, µ) +

∫
Θ K(Pθ, Qθ)ρ(dθ). The lefthand side

being equal to +∞, it is to be shown that one of the two terms on the righthand
side is necessarily also equal to +∞ (as they both take their values in [0,+∞],
there is no ambiguity about the definition of the sum). In the case when
K(ρ, µ) = +∞, we are done, thus we can assume that K(ρ, µ) < +∞. In this
latter case, ρ� µ, and as it was assumed that P �� Q, there exists F ∈ T⊗F

such that P (F ) > 0 and Q(F ) = 0. The identities P (F ) =
∫

Θ
Pθ(Fθ)ρ(dθ) and

Q(F ) =
∫

Θ
Qθ(Fθ)µ(dθ) show that there are two T measurable sets A and N

such that ρ(A) > 0, µ(N) = 0, Pθ(Fθ) > 0 for any θ ∈ A, and Qθ(Fθ) = 0 for
any θ ∈ Θ \N . As ρ� µ, we also have ρ(N) = 0, and therefore ρ(A \N) > 0.
On this last set K(Pθ, Qθ) = +∞, because Pθ �� Qθ. The conclusion is that∫

Θ K(Pθ, Qθ)ρ(dθ) = +∞. ��
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Links between data compression and statistical
estimation

The aim of this chapter is to show how lossless data compression theory pro-
vides statistical inference methods with a controled cumulated risk and a con-
troled asymptotic risk. We will discuss three kinds of problems : density esti-
mation with respect to the Kullback Leibler divergence, pattern recognition
and least square regression.

2.1 Estimating a conditional probability distribution
with respect to the Kullback divergence

As was mentioned about the Rissanen theorem, the decomposition

R
(
P (dXN

1 ), Q(dXN
1 )
)

=
N∑

k=1

1
log(2)

EP (dXk−1
1 )

[
K
[
P (dXk |Xk−1

1 ), Q(dXk |Xk−1
1 )

]]

shows how to infer from an upper bound on the redundancy of the coding
distribution Q(dXN

1 ) of a block of length N an upper bound for the cumulated
risk of the estimator Q(dXk |Xk−1

1 ) of the conditional probability distribution
of Xk knowing Xk−1

1 . This allows to deal in the same framework with the
sequential prediction of a sequence of dependent data and the estimation of a
probability distribution from an i.i.d. sample.

From an upper bound of the form

K
(
P (dXN

1 ), Q(dXN
1 )
) ≤ inf

θ∈Θ
K
(
P (dXN

1 ), Qθ(XN
1 )
)

+A log(N) +B

it is moreover possible to deduce an asymptotic speed of convergence of the
type

sup
θ∈Θ

lim inf
N→+∞

N
{
EP (dXN−1

1 )

[
K
(
P (dXN |XN−1

1 ), Q(dXN |XN−1
1 )

)

O . Catoni : L N M 1851, J. Pi car d (Ed. ), pp. 55–69, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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− K(P (dXN |XN−1
1 ), Qθ(dXN |XN−1

1 )
)]} ≤ A.

Let us notice that this type of result is not completely satisfactory for more
than one reason:

• This is an asymptotic result, in which the influence of constant B is not
felt.

• It would be more satisfactory if the inferior limit could be replace with
a true limit. It is only proved that for any ε > 0, there is an increas-
ing sequence of sample sizes for which the risk is upper bounded by the
bias term augmented with A+ε

N . Although it is natural to conjecture that
this property will be true for any large enough sample sizes in numerous
situations, it does not provide a proof of it.

• This is a result for a fixed value of θ: a result about limN supθ∈Θ of the
same quantity would be more uniform and therefore more informative
about the adaptivity of the estimator for a fixed size of problem.

However, the bounds obtained from compression theory have the priceless
advantage to be universally robust with respect to what the true distribution
of the source P (dXN

1 ) may be, because they are valid for individual sequences,
and therefore do not require to make any hypothesis about the source.

2.2 Least square regression

The least square regression problem is concerned with the observation of an
i.i.d. sequence (Xi, Yi)N

i=1 ∈ (X×R)N , where (X,F) is a measurable space and
(R,B) is the real line with the Borel sigma algebra. Its aim is to estimate solely
the conditional expectation E(Y |X) and not the full conditional distribution
of Y knowing X In this framework, an estimator is described as a regression
function f : X → R (depending on the observation (Xi, Yi)N

i=1), and its quality
is measured by the quadratic risk

R(f) = E
[(
Y − f(X)

)2]
.

A countable family of estimators{
f̂θ : X ×

⊔
n∈N

(X ×R)n → R ; θ ∈ Θ
}

being given, data compression theory shows how to build the following adap-
tive estimator. Let us choose a constant λ > 0 (we will set its value later),
and let us define for any i = 1, . . . , N the Gaussian conditional probability
density (with respect to the Lebesgue measure on the real line)

qθ(Yi |XN
1 , Y

i−1
1 ) =

√
λ

2π
exp
[
−λ

2

(
Yi − f̂θ(Xi, Z

i−1
1 )

)2]
,
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where we have put Zi = (Xi, Yi) to shorten notations. Let us notice that this
density does not depend on XN

i+1, meaning that Yi is conditionally indepen-
dent from XN

i+1 knowning (Xi, Z
i−1
1 ).

We can then consider the global conditional probability density:

qθ
(
Y N

1 |XN
1

)
=

N∏
i=1

qθ
(
Yi |XN

1 , Y
i−1
1

)
=

N∏
i=1

qθ
(
Yi |Xi, Z

i−1
1

)
.

Coding theory invites us to introduce a prior distribution π ∈ M1
+(Θ) and to

put
q
(
Y N

1 |XN
1

)
=
∑
θ∈Θ

π(θ)qθ
(
Y N

1 |XN
1 ).

Let us notice that the conditional independence property mentioned above
still holds for the mixture q:

q
(
Yi |XN

1 , Y
i−1
1

)
=

Eπ(dθ)

[
qθ
(
Y i

1 |XN
1

)]
Eπ(dθ)

[
q
(
Y i−1

1 |XN
1

)]
=

Eπ(dθ)

[
qθ
(
Y i

1 |X i
1

)]
Eπ(dθ)

[
q
(
Y i−1

1 |X i−1
1

)]
= q
(
Yi |Xi, Z

i−1
1

)
.

Obviously, for any sequence (Xi, Yi)N
i=1 ∈ (X ×R)N ,

− log
[
q
(
Y N

1 |XN
1

)] ≤ inf
θ∈Θ

− log
[
qθ
(
Y N

1 |XN
1

)]− log
[
π(θ)

]
.

Let us notice that this also can be written as

−
N∑

i=1

log
[
q
(
Yi |Xi, Z

i−1
1

)] ≤ inf
θ∈Θ

[
−

N∑
i=1

log
[
qθ
(
Yi |Xi, Z

i−1
1

)]]− log
[
π(θ)

]
.

To make this formula more explicit, we can introduce the posterior distribu-
tions

ρi(θ) =
qθ
(
Y i−1

1 |X i−1
1

)
π(θ)

Eπ(dθ′)
[
qθ′
(
Y i−1

1 |X i−1
1

)] .
With this new notations, the previous inequality can also be written as

−
N∑

i=1

log
{
Eρi(dθ)

[
qθ
(
Yi |Xi, Z

i−1
1

)]}

≤ inf
θ∈Θ

−
N∑

i=1

[
log
[
qθ
(
Yi |Xi, Z

i−1
1

)]]− log
[
π(θ)

]
.

More explicitely, we obtain
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−
N∑

i=1

logEρi(dθ)

[
exp
{
−λ

2
(
Yi − f̂θ(Xi, Z

i−1
1 )

)2}]

≤ inf
θ∈Θ

λ

2

N∑
i=1

(
Yi − f̂θ(Xi, Z

i−1
1 )

)2 − log
[
π(θ)

]
.

Let us assume then that the random variable Yi is almost surely bounded.
Namely, let us assume that for some positive constant B, P (|Yi| > B) = 0. In
this case, we can also assume without loss of generality that |f̂θ(Xi, Z

i−1
1 )| ≤

B, truncating if necessary the regression functions. Due to the fact that the
Gaussian function x �→ exp(−x2/2) is concave on the interval [−1, 1], the
inequality

Eρi(dθ)

[
exp
{
−λ

2
(
Yi − f̂θ(Xi, Z

i−1
1 )

)2}]

≤ exp
[
−λ

2

{
Yi − Eπ(dθ)

(
f̂θ(Xi, Z

i−1
1 )

)}2
]
.

is satisfied when λ = 1
4B2 . We have proved the following proposition.

Proposition 2.2.1. In the case when λ = 1
4B2 , the estimators f̂θ being trun-

cated to the interval [−B,B], for any probability distribution
P ∈ M1

+

(
(X ×R)N ,

(
F ⊗ B

)⊗N
)

such that P (|Yi| > B) = 0, i = 1, . . . , N

1
N

N∑
i=1

EP (dZi−1
1 ,dXi)

{[
EP

(
Yi |Xi, Z

i−1
1

)− Eρi(dθ)

[
f̂θ

]
(Xi, Z

i−1
1 )

]2}

≤ inf
θ∈Θ

{
1
N

N∑
i=1

EP (dZi−1
1 ,dXi)

{[
EP

(
Yi |Xi, Z

i−1
1

)− f̂θ(Xi, Z
i−1
1 )

]2}

− 8B2

N
log
[
π(θ)

]}
.

Remark 2.2.1. This result is given as an example of what can be obtained. We
will see further on how to deal with the case when the noise is unbounded. One
distinctive feature of this kind of results is that the hypotheses about P are
very weak. In particular the preceding proposition covers the autoregressive
case when Xi = (Yj)i−1

j=i−D , P a.s..

2.3 Pattern recognition

This framework is close to the regression one, with the difference that Y is
now a finite set and that the considered risk is the error rate. More precisely,
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let us consider a measurable space (X,F) and a finite set (Y,P) where P is the
trivial sigma algebra consisting in all the subsets of Y. Let {fθ : X → Y ; θ ∈
Θ} be a family of classification rules, and let the risk to be minimized be
P (fθ(X) �= Y ) where P ∈ M1

+

(
X×Y,F⊗P) is known through an i.i.d. sample

ZN
1 = (Xi, Yi)N

i=1 distributed according to P⊗N . Universal data compression
theory invites us to consider the slightly more general framework, where a
probability distribution P ∈ M1

+

(
(X×Y)N , (F⊗P)⊗N

)
is considered and the

cumulated risk of any classification estimator

f̂ : X ×
⊔

n∈N

(X × Y)n → Y,

is defined to be RN (f̂) =
1
N

N∑
i=1

P
(
f̂(Xi, Z

i−1
1 ) �= Yi

)
.

For a parameter λ ∈ R+ to be chosen afterwards, let us consider the expo-
nential models

Qθ(Yi |Xi) =
1

W (λ)
exp
{
−λ1(fθ(X) �= Y

)}
,

where W (λ) =
(|Y|−1

)
exp(−λ)+1. We will use the notation Qθ(Y N

1 |XN
1 ) =∏N

i=1Qθ(Yi |Xi) and consider the mixture

Q(Y N
1 |XN

1 ) = Eπ(dθ)

[
Qθ(Y N

1 |XN
1 )
]
,

where π ∈ M1
+(Θ,T) is a prior distribution on the parameter space. At this

stage, some difference between least square regression and classification is al-
ready perceptible: whatever the nature of the parameter space (Θ,T) may be,
(countable or continuous), the set {Qθ(Y N

1 |XN
1 ) : θ ∈ Θ} of values taken by

the likelihood when θ ranges in Θ is always finite and therefore corresponds to
a finite partition of Θ. In order to get a partition not depending on the values
of Y , let us consider the partition defined by the traces (i.e. the restrictions)

t(fθ) = fθ{Xi:i=1,...,N} ∈ YN

of the functions fθ to the finite set {Xi : i = 1, . . . , N}. It is immediately seen
that {θ′ : t(fθ′) = t(fθ)} ⊂ {θ′ : Qθ′(Y N

1 |XN
1 ) = Qθ(Y N

1 |XN
1 )}. This implies

that

− log
[
Q(Y N

1 |XN
1 )
] ≤ inf

θ∈Θ
− log

[
Qθ(Y N

1 |XN
1 )
]− log

[
π({θ′ : t(fθ′) = t(fθ)})

]
.

Let us put

ρi(dθ) =
Qθ(Y i−1

1 |X i−1
1 )π(dθ)

Eπ(dθ′)
[
Qθ′(Y i−1

1 |X i−1
1 )

] .
We get
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− 1
N

N∑
i=1

log
{
Eρi(dθ)

[
Qθ(Yi |Xi)

]}

≤ inf
θ∈Θ

− 1
N

N∑
i=1

log
[
Qθ(Yi |Xi)

]− log
[
π
({θ′ : t(fθ′) = t(fθ)}

)]
N

.

We can then notice that

log
{
Eρi(dθ)

[
Qθ(Yi |Xi)

]}
+ log

[
W (λ)

]
= log

{
Eρi(dθ)

[
exp
(
−λ1(Yi �= fθ(Xi)

))]}
= log

{
1 + (e−λ − 1)ρi

(
Yi �= fθ(Xi)

)}
≤ −(1 − e−λ)ρi

(
Yi �= fθ(Xi)

)
,

hence

1
N

N∑
i=1

ρi

(
Yi �= fθ(Xi)

)

≤ inf
θ∈Θ

λ

1 − e−λ

1
N

N∑
i=1

1
(
Yi �= fθ(Xi)

)

− log
[
π
({θ′ : t(fθ) = t(fθ′)})]
N(1 − e−λ)

.

Proposition 2.3.1.
For any probability distribution P ∈ M1

+

(
(X × Y)N , (F ⊗ P)⊗N

)
,

1
N

N∑
i=1

EP (dZi−1
1 )Eρi(dθ)

[
P
(
Yi �= fθ(Xi) |Zi−1

1

)]

≤ inf
θ∈Θ

λ

1 − e−λ

1
N

N∑
i=1

P
(
Yi �= fθ(Xi)

)

−
EP (dXN

1 )

{
log
[
π
({θ′ : t(fθ′) = t(fθ)}

)]}
N(1 − e−λ)

.

The quantity EP (dXN
1 )

{
log
[
π
({θ′ : t(fθ′) = t(fθ)}

)]}
measures the mean

margin of fθ.

Remark 2.3.1. If it is known that for some value θ ∈ Θ, Yi = fθ(Xi) P almost
surely, then it is advisable to take λ = +∞, and thus to use the maximum
likelihood estimator (randomized to chose between ties), if it is known that
infθ∈Θ

1
N

∑N
i=1 P

(
Yi �= fθ(Xi)

)
is of order 1/N , then it is advisable to take λ

of order 1, and if this same quantity is of order 1, then it is advisable to take
λ of order 1/

√
N .
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A possible variant to this approach consists in making use of the Vapnik
entropy of the family {fθ : θ ∈ Θ}, considering a measure π depending on
the “design” XN

1 . Let us assume that the space of parameters is decomposed
into the countable disjoint union of several models Θ =

⊔
j∈NΘj . We have

in mind here a partition of Θ made on a quite arbitrary basis, reflecting the
way the statistician has chosen to introduce some “structure” in his set of
parameters. For any j ∈ N, let us consider the quotient set Θj/τ , where τ is
the relation t(fθ) = t(fθ′). This quotient set is finite and can be equiped with
the uniform probability measure πj(θ) = |Θj/τ |−1. Let us moreover consider
some probability measure α ∈ M1

+(N) and define the prior distribution π ∈
M1

+

(⊔
j∈N

(
Θj/τ

))
by the formula π(A) =

∑
j∈N α(j)πj

[
A ∩ (Θj/τ

)]
. A

computation similar to the one precedingly carried shows that the posterior
distributions ρi(dθ) ∝ Qθ(Y

i−1
1 |X i−1

1 )π(dθ) are such that

Proposition 2.3.2. For any probability distribution P ∈ M1
+

(
(X×Y)N , (F⊗

P)⊗N
)
,

1
N

N∑
i=1

EP (dXN
1 ,dY i−1

1 )Eρi(dθ)

[
P
(
Yi �= fθ(Xi) |XN

1 , Y
i−1
1

)]

≤ inf
j∈N

inf
θ∈Θj

λ

1 − e−λ

1
N

N∑
i=1

P
(
Yi �= fθ(Xi) |XN

1

)

+
EP (dXN

1 )

{
log
[|Θj/τ |

]}− log
[
α(j)

]
N(1 − e−λ)

.

In the binary classification case when Y = {0, 1}, the quantity
EP (dXN

1 )

{
log
[|Θj/τ |

]}
is called the Vapnik entropy of the model

{fθ : θ ∈ Θj}; it measures its complexity for the classification problems
where the patterns to be recognized are distributed according to P (dXN

1 ).
Moreover when the Vapnik Cervonenkis dimension dj of Θj is finite, for any

(X1, . . . , XN ) ∈ XN , log
[|Θj/τ |

] ≤ dj

(
log
(
N/dj) + 1

)
.

Remark 2.3.2. More details about Vapnik’s entropy and the Vapnik Cervo-
nenkis dimension can be found in [76]. It is defined as

dj = max
{
N : max

xN
1 ∈XN

|Θj/τ(xN
1 )| = 2N

}
,

where τ(xN
1 ) = {(θ, θ′) ∈ Θ2 : fθ(xi) = fθ′(xi), i = 1, . . . , N}. For example,

the family of half spaces in dimension d has a Vapnik Cervonenkis dimension
equal to d+ 1.

It is to be noticed that the posterior distribution ρi(dθ) here depends on
(X1, . . . , XN ).
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2.3.1 Prediction from classification trees

In the previous chapter about data compression, we have seen how to build
a coding distribution which mixes context tree models in an asymptotically
optimal way when the quantity to be maximized is the log-likelihood. In a
classification problem, it is often the case that a pattern x is to be recognized
through the successive answers to a series of questions. If the order in which
the questions are asked is fixed, it is natural (after some change of variables)
to consider that X = EZ− where E is the finite set of the possible answers
to the questions (most of the time it will be {0, 1}, generalization to the case
when E depends on the question is also possible and left as an exercise). Let
Y be a finite set of labels. Let us consider the classification functions of the
type

fD,θ(x0
−∞) = θ

[
D(x0

−∞)
]
, x0

−∞ ∈ X = EZ−,

where D ∈ FD is a complete suffix tree of depth not greater than D, where
D(x0

−∞) is the (unique) suffix of x0
−∞ belonging to D, and where θ ∈ YD def=

ΘD is a function from D to Y. Let us notice also that this framework covers
the autoregressive case when a sequence (Zi)i∈Z ∈ EZ is being considered and
when the observation is made of the couples of random variables (Xi, Yi)N

i=1 =
(Zi−1

−∞, Zi)N
i=1. Let us define the parameter space Θ =

⊔
D∈FD

ΘD and the
conditional distribution models

QD,θ(y |x) = W (λ)−1 exp
{
−λ1[y �= fD,θ(x)

]}
, θ ∈ ΘD, (x, y) ∈ X × Y,

where W (λ) = (|Y| − 1) exp(−λ) + 1. Let us consider for any D ∈ FD the
uniform distribution νD on ΘD, defined by νD(θ) = |Y|−|D| for any θ ∈
ΘD. Let us also consider the branching distribution π ∈ M1

+(FD) defined by
equation (1.5.1), and let us build the “double mixture” prior distribution on
Θ

µ(θ) =
∑

D∈FD

1(θ ∈ ΘD)π(D)νD(θ).

Proposition 2.3.3. For any sequence of observations
(
x(i), y(i)

) ∈ (X×Y)N ,
the posterior distributions ρi(θ) ∝

∏i−1
j=1QD,θ

(
y(j) |x(j))µ(θ) are such that

1
N

N∑
i=1

ρi

[
fθ

(
x(i)
) �= y(i)

]

≤ inf
D∈FD

inf
θ∈ΘD

λ

N(1 − e−λ)

N∑
i=1

1
[
fθ

(
x(i)
) �= y(i)

]
+

|D| log(|Y|)
N(1 − e−λ)

− (|D| − 1)
N(1 − e−λ)(|E| − 1)

log(α) − |D|
N(1 − e−λ)

log(1 − α).

To implement this randomized classification scheme, we have to compute
the random choice of θ according to the distribution ρi(dθ). More precisely, we
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have to draw at random fθ[x(i)], which depends on two quantities: D[x(i)] and
θD

(
D[x(i)]

)
, because fθ[x(i)] = θD

(
D[x(i)]

)
. Therefore, we can simulate in a

first step the random variable τ = �
[
D
(
x(i)
)]

according to the distribution
ρi(τ), (because τ defines D

(
x(i)
)

= x(i)01−τ ), and once τ has been chosen,
we can simulate in a second step θD

[
x(i)01−τ

]
according to the distribution

ρi(dθ | τ).
To express ρi, it is useful to introduce the counters

ay
m(i) =

i−1∑
j=1

1
[(
x(j)01−�(m), y(j)

)
= (m, y)

)]
,

bm(i) =
∑
y∈Y

ay
m(i).

We have

i−1∏
j=1

QD,θ

(
y(j) |x(j)) =

∏
m∈D

W (λ)−bm(i) exp
[
−λ(bm(i) − aθ(m)

m (i)
)]
.

This shows immediately that

ρi(θ |D) ∝
∏

m∈D

exp
[
λaθ(m)

m (i)
]
,

and therefore that

ρi

[
fθ

[
x(i)
]

= y | τ
]

=

(∑
z∈Y

exp
[
λaz

x(i)01−τ

])−1

exp
[
λay

x(i)01−τ

]
.

Moreover

ρi(D) ∝ π(D)EνD(dθ)




i−1∏
j=1

QD,θ

[
y(j) |x(j)]




which can also be written as

ρi(D) ∝ π(D)
∏

m∈D

Km(i),

with
Km(i) = W (λ)−bm(i)|Y|−1

∑
y∈Y

exp
{
−λ[bm(i) − ay

m(i)
]}
.

We thus see that ρi(D) is a branching process. More precisely, with the nota-
tions of the proof of proposition 1.5.2 of chapter 1,

ρi(D |D ≥ m) ∝ π(Dm |D ≥ m)
∏

w∈Dm

Kw(i)
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× π(D \ Dm |D ≥ m)
∏

w∈D\Dm

Kw(i).

Therefore for any m ∈ E∗ ∪ {∅},

ρi(m ∈ D |D ≥ m) =
π(m ∈ D |D ≥ m)Km(i)

Eπ(dD|D≥m)

( ∏
w∈Dm

Kw(i)

) ,

where π(m ∈ D |D ≥ m) = 1 − α and, as in chapter 1, the quantities Υm =

Eπ(dD |D≥m)

( ∏
w∈Dm

Kw(i)

)
can be computed by induction as

Υm(i) = Km(i), �(m) = D,

Υm(i) = (1 − α)Km(i) + α
∏
x∈E

Υ(x,m)(i), �(m) < D.

As a special case,

ρi(τ = k | τ ≥ k) = ρi(x(i)01−k ∈ D |D ≥ x(i)01−k) =
(1 − α)Kx(i)01−k

Υx(i)01−k

.

Using this last formula, we can simulate the distribution of τ in no more than
D steps.

2.3.2 Noisy non ambiguous classification

Propositions 2.3.1, 2.3.2 and 2.3.3 can be improved in the case when the
sample of labeled patterns is noisy (more precisely in the case when P (Y |X) is
far from being concentrated on one label), but when there exists a classification
rule whose error rate is almost everywhere the best among the considered
rules.

Let us consider here again the general case of an observation (Xi, Yi)N
i=1 ∈

(X × Y)N , where Y is a finite set and (X,F) is a measurable space. Let us
assume that we observe an arbitrary sequence XN

1 and that the conditional
distribution of Y N

1 knowingXN
1 is P (dY N

1 |XN
1 ). Let us consider a measurable

parameter space (Θ,T) and a family {fθ : X → Y : θ ∈ Θ} of classification
rules. Let us consider some fixed distinguished value θ̃ of θ the margin at
time i

α(i) def= min
{
P
(
Yi �= fθ(Xi) |XN

1 , Y
i−1
1

)− P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)
: θ ∈ Θ, fθ(Xi) �= fθ̃(Xi)

}
.

Let us start then from inequality
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− EP (dY N
1 |XN

1 )

{
N∑

i=1

log

[
Eρi(dθ)

{
exp
[
−λ
{
1
[
Yi �= fθ(Xi)

]

− 1
[
Yi �= fθ̃(Xi)

]}]}]}

≤ inf
θ∈Θ

λ

N∑
i=1

(
P
[
Yi �= fθ(Xi) |XN

1

]
− P

[
Yi �= fθ̃(Xi) |XN

1

])

− log
[
π
({
θ′ ∈ Θ : t(fθ′) = t(fθ)

})]
,

which is nothing else than proposition 2.3.1, where we have added the same
constant to the left-hand and right-hand sides.

In the case when α(i) ≥ α, where α is a strictly positive constant, it is to
be noticed that

log

[
Eρi(dθ)

{
exp
[
−λ
{
1
[
Yi �= fθ(Xi)

]− 1
[
Yi �= fθ̃(Xi)

]}]}]

≤ Eρi(dθ)

{
(e−λ − 1)1

[
Yi = fθ̃(Xi) �= fθ(Xi)

]
+ (eλ − 1)1

[
Yi = fθ(Xi) �= fθ̃(Xi)

]}
= Eρi(dθ)

{
(e−λ − 1)

[
1
[
Yi �= fθ(Xi)

]− 1
[
Yi �= fθ̃(Xi)

]]
+ (eλ − 1)(1 − e−λ)1

[
Yi = fθ(Xi) �= fθ̃(Xi)

]}
.

Moreover, again in the case when α(i) ≥ α

P
(
Yi = fθ(Xi) �= fθ̃(Xi) |XN

1 , Y
i−1
1

)
= 1
(
fθ(Xi) �= fθ̃(Xi)

)
P
(
Yi = fθ(Xi) |XN

1 , Y
i−1
1

)
≤ 1 − α

2
1
(
fθ(Xi) �= fθ̃(Xi)

)
≤ 1 − α

2α

[
P
(
Yi �= fθ(Xi) |XN

1 , Y
i−1
1

)− P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)]
.

When α(i) < α, one can use the upper bound given in proposition 2.3.1:

log
{
Eρi(dθ)

[
exp
{
−λ
[
1
[
Yi �= fθ(Xi)

]− 1
[
Yi �= fθ̃(Xi)

]]}]}

≤ (e−λ − 1)Eρi(dθ)

{
1
[
Yi �= fθ(Xi)

]}
+ λ1

[
Yi �= fθ̃(Xi)

]
= (e−λ − 1)Eρi(dθ)

{
1
[
Yi �= fθ(Xi)

]− 1
[
Yi �= fθ̃(Xi)

]}
+ (e−λ − 1 + λ)1

[
Yi �= fθ̃(Xi)

]
.
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Consequently

(1−e−λ)Eρi(dθ)

{
P
(
Yi �= fθ(Xi) |XN

1 , Y
i−1
1

)−P (Yi �= fθ̃(Xi) |XN
1 , Y

i−1
1

)}
− 1
[
α(i) ≥ α

]
(1 − e−λ)(eλ − 1)

1 − α

2α

× Eρi(dθ)

{
P
(
Yi �= fθ(Xi) |XN

1 , Y
i−1
1

)− P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)}
− 1
[
α(i) < α

]
(e−λ − 1 + λ)P

(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)
≤ −EP (dYi|XN

1 ,Y i−1
1 )

{
log

[
Eρi(dθ)

{
exp
[
−λ
{
1
[
Yi �= fθ(Xi)

]

− 1
[
Yi �= fθ̃(Xi)

]}]}]}
.

We therefore have proved the following.

Proposition 2.3.4. With the notations introduced previously,

EP (dY N
1 |XN

1 )

{
1
N

N∑
i=1

Eρi(dθ)

[
P
(
Yi �= fθ(Xi) |XN

1 , Y
i−1
1

)]}

≤ 1
N

N∑
i=1

P
(
Yi �= fθ̃(Xi) |XN

1

)

+ C1(λ)
1
N

N∑
i=1

P
[
α(i) < α |XN

1

]
+ C2(λ)

1
N

N∑
i=1

P
[
α(i) < 0 |XN

1

]

+ inf
θ∈Θ

{
C3(λ)

1
N

N∑
i=1

{
P
(
Yi �= fθ(Xi) |XN

1

)− P
(
Yi �= fθ̃(Xi) |XN

1

)}

− C4(λ)
N

log
{
π
[{
θ′ ∈ Θ : t(fθ′) = t(fθ)

}]}}
,

where

C1(λ) =
[
1 − (eλ − 1)

1 − α

2α

]−1 (e−λ − 1 + λ)
(1 − e−λ)

∼
λ↓0

λ

2

C2(λ) =
[
1 − (eλ − 1)

1 − α

2α

]−1

(eλ − 1)
1 − α

2α
∼

λ↓0
1 − α

2α
λ

C3(λ) =
[
1 − (eλ − 1)

1 − α

2α

]−1
λ

(1 − e−λ)
∼

λ↓0
1

C4(λ) =
[
1 − (eλ − 1)

1 − α

2α

]−1 1
(1 − e−λ)

∼
λ↓0

1
λ
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Remark 2.3.3. It is possible to integrate with respect to XN
1 the inequality

stated in this proposition. As the posterior distribution ρi(dθ) depends only on
(X i−1

1 , Y i−1
1 ), and not on (XN

i , Y
N
i ), we get an upper bound of the quantity

EP (dXN
1 ,dY N

1 )

{
1
N

N∑
i=1

Eρi(dθ)

[
P
(
Yi �= fθ(Xi) |X i−1

1 , Y i−1
1

)]}

which remains valid in the autoregressive case when Xi = Y i−1
−∞ .

Remark 2.3.4. Propositions 2.3.2 and 2.3.3 can be transposed in the same
way to adapt to the case of noisy non ambiguous classification problems.

2.3.3 Non randomized classification rules

In the case when a randomized classification rule is not wanted, it is possible
to build from the posterior distributions ρi(dθ) a deterministic classification
rule obtained by voting:

f̂i(Xi) = arg max
y∈Y

ρi

[
fθ(Xi) = y

]
,

and to remark that

ρi

[
Yi �= fθ(Xi)

] ≥ 1
2
1
[
Yi �= f̂i(Xi)

]
.

(Indeed the distribution of fθ(Xi) under ρi(dθ) can put a weight larger than
1/2 to at most one point of E). Upper bounds for the mean cumulated risk
of randomized estimators obtained in propositions 2.3.1, 2.3.2 and 2.3.3 are
therefore still valid for f̂i, with this difference that the righthand side member
has to be multiplied by a factor 2.

In the noisy non ambiguous case, the following reasonning can be made:
as soon as α(i) ≥ α,

Eρi(dθ)

{
P
(
Yi �= fθ(Xi) |XN

1 , Y
i−1
1

)− P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)}
≥ α

2
1
[
f̂i(Xi) �= fθ̃(Xi)

]
≥ α

2

[
P
(
Yi �= f̂i(Xi) |XN

1 , Y
i−1
1

)− P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)]
On the other hand, when α(i) < α

Eρi(dθ)

[
P
(
Yi �= fθ(Xi) |XN

1 , Y
i−1
1

)] ≥ 1
2
P
(
Yi �= f̂i(Xi) |XN

1 , Y
i−1
1

)
.
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Therefore

− EP (dYi|XN
1 ,Y i−1

1 )

{
log

[
Eρi(dθ)

{
exp
[
−λ
{
1
[
Yi �= fθ(Xi)

]

− 1
[
Yi �= fθ̃(Xi)

]}]}]}

≥ 1
[
α(i) ≥ α

]α
2

(1 − e−λ)
[
1 − (eλ − 1)

(1 − α)
2α

]
×
[
P
(
Yi �= f̂i(Xi) |XN

1 , Y
i−1
1

)− P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)]

+ 1
[
α(i) < α

]{

1
2
(1 − e−λ)

[
P
(
Yi �= f̂i(Xi) |XN

1 , Y
i−1
1

)− P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)]

−
[1
2
(1 − e−λ) + (e−λ − 1 + λ)

]
P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)}

≥ α

2
(1 − e−λ)

[
1 − (eλ − 1)

(1 − α)
2α

]
×
[
P
(
Yi �= f̂i(Xi) |XN

1 , Y
i−1
1

)− P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)]

+ 1
[
α(i) < α

]{

1
2
(1 − e−λ)

{
1 − α

[
1 − (eλ − 1)

(1 − α)
2α

]}

×
[
P
(
Yi �= f̂i(Xi) |XN

1 , Y
i−1
1

)− P
(
Yi �= fθ̃(Xi) |XN

1 , Y
i−1
1

)]

−
[1
2
(1 − e−λ) + (eλ − 1 + λ)

]}

This proves the following proposition.

Proposition 2.3.5. With the previous notations,

1
N

N∑
i=1

P
(
Yi �= f̂i(Xi) |XN

1

) ≤ 1
N

N∑
i=1

P
(
Yi �= fθ̃(Xi) |XN

1

)

+ C1(λ)
1
N

N∑
i=1

P
[
α(i) < α |XN

1

]
+ C2(λ)

1
N

N∑
i=1

P
[
α(i) < 0 |XN

1

]

+ inf
θ∈Θ

{
C3(λ)

1
N

[
P
(
Yi �= fθ(Xi) |XN

1

)− P
(
Yi �= fθ̃(Xi) |XN

1

)]
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− C4(λ)
N

log
[
π
({θ′ ∈ Θ : t(fθ′) = t(fθ)}

)]}
,

where

C1(λ) =
1 + 2

eλ − 1 + λ

1 − e−λ

α
[
1 − (eλ − 1)

1 − α

2α

] ∼
λ↘0

1
α

C2(λ) = α−1
[
1 − (eλ − 1)

1 − α

2α

]−1

− 1 ∼
λ↘0

1
α
− 1

C3(λ) =
2λ
α

(1 − e−λ)−1
[
1 − (eλ − 1)

1 − α

2α

]−1

∼
λ↘0

2
α

C4(λ) =
2
α

(1 − e−λ)−1
[
1 − (eλ − 1)

1 − α

2α

]−1

∼
λ↘0

2
αλ

.



3

Oracle inequalities for the non-cumulated
mean risk

The aim of this chapter and the following is to present two pseudo-Bayesian
methods to mix estimators (or fixed probability distributions), for which it
is possible to prove non asymptotic oracle inequalities for the non cumulated
mean risk. As in the previous chapter, we will begin with estimating con-
ditional probability distributions, and will afterwards deduce applications to
mean square regression and classification. The first method to be presented,
called here the progressive mixture rule, is a simple modification of the com-
pression setting, which gives satisfactory results for countable families of es-
timators. The second method, called here the Gibbs estimator, introduces a
temperature parameter and uses inequalities inspired by statistical mechanics,
which give improved results for “continuous” families of estimators (or of fixed
distributions). Whereas the results of previous chapters were proved for any
sample distribution (and indeed for any individual sequence of observations),
those of this chapter apply to an exchangeable sample (Xi, Yi)N

i=1 ∈ (X× Y)N

(i.e. any sample whose joint distribution is invariant under any permutation
of the indices).

3.1 The progressive mixture rule

3.1.1 Estimation of a conditional density

Let (X,F) and (Y,B) be two measurable spaces and (Xi, Yi)N
i=1 ∈ (X× Y)N a

finite sequence of random variables distributed according to an exchangeable
probability measure P ∈ M1

+

(
(X×Y)N , (F⊗B)⊗N

)
. This means by definition

that for any permutation σ ∈ SN and any measurable set A ⊂ (F ⊗ B)⊗N ,

P
(
(Xi, Yi)N

i=1 ∈ A
)

= P
(
(Xσ(i), Yσ(i))N

i=1 ∈ A
)
.

In order to shorten notations, we will write Z = X × Y and Zi = (Xi, Yi).
Our aim will be to estimate the conditional distribution P

(
dYN |XN

1 ,

Y N−1
1

)
from the observed sample ZN−1

1 . To this purpose, we will use a count-
able family of estimators built from:

O . Catoni : L N M 1851, J. Pi car d (Ed. ), pp. 71–95, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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• A reference measure µ ∈ M1
+(Y,B),

• A family of conditional probability density functions{
qθ
(
yN |xN , z

K
1

)
: θ ∈ Θ

}
,

where (Θ, T) is a measurable space of parameters and where

Θ × (X × Y)K+1 → R+

(θ, xN , yN , z
k
1 ) �→ qθ

(
yN |xN , z

K
1

)
is a measurable function with respect to the sigma algebra T⊗(F⊗B)K+1,
such that∫

Y

qθ
(
yN |xN , z

K
1 )µ(dyN ) = 1, θ ∈ Θ, xN ∈ X, zK

1 ∈ ZK .

To avoid dealing with integrability issues, we will assume that there is a
positive constant ε such that

ε ≤ qθ(yN |xN , z
K
1 ) ≤ ε−1, (zN , z

K
1 ) ∈ ZK+1.

This hypothesis is not really a restriction since the bounds we will prove will
not depend on the value of ε and since the estimators qθ are built by the
statistician at his convenience (as opposed to the unknown distribution of
observations P).

The conditional likelihoods
∏N−1

i=K+1 qθ
(
Yi |Xi, Z

K
1

)
will be used to

build a posterior distribution ρ(dθ) on the parameter space for which
Eρ(dθ)

[
qθ
(
YN |XN , Z

K
1

)]
µ(dYN ) is almost as good an approximation of

P
(
dYN |XN , Z

K
1

)
as the best estimator qθ(YN |XN , Z

K
1

)
µ(dYN ), in the sense

that

− EP(dZN
1 )

{
log
[
qρ
(
YN |XN , Z

K
1

)]}
≤ inf

θ∈Θ
−EP(dZN

1 )

{
log
[
qθ
(
YN |XN , Z

K
1

)]}
+ γ(θ,N), (3.1.1)

where γ(θ,N) is a universal bound, that is a bound which does not depend
on P. Let us remark that equation (3.1.1) has a corollary expressed in terms
of the Kullback divergence function:

E
P(dZN−1

1 ,dXN )

{
K
[
P
(
dYN |XN , Z

N−1
1

)
, qρ
(
YN |XN , Z

K
1

)
µ(dYN )

]}
≤ inf

θ∈Θ
−EP(dZN−1

1 ,dXN )

{
K
[
P
(
dYN |XN , Z

N−1
1

)
, qθ
(
YN |XN , Z

K
1

)
µ(dYN )

]}
+ γ(θ,N). (3.1.2)

However, this latter equation is slightly weaker than the former: indeed, in
the case when P

(
dYN |XN , Z

N−1
1

)
is not absolutely continuous with respect
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to the reference measure µ(dYN ) on a set of positive measure under P, the
two members of equation (3.1.2) are equal to +∞, whereas equation (3.1.1)
still makes sense. Moreover, to give a rigorous meaning to (3.1.2), one has to
assume that P

(
dYN |XN , Z

N−1
1

)
is a regular conditional probability distribu-

tion and that B is generated by a countable basis, these conditions being for
instance satisfied if (X,F) and (Y,B) are Polish spaces with their Borel sigma
algebras. We refer to the appendix 1.5.4.1.7 for more details on the existence
and integrability of conditional Kullback divergence functions.

Definition 3.1.1. Let us consider a random probability measure depending
on the observation points (often called the design) (X1, . . . , XN ) in a measur-
able and exchangeable way, namely a conditional probability π(dθ |XN

1 ) such
that

• For any xN
1 ∈ XN ,

T → R+

A �→ π(A |xN
1 )

is a probability measure on (Θ,B);
• For any A ∈ T

XN → R+

(x1, . . . , xN ) �→ π(A |xN
1 )

is a measurable and exchangeable function.

Let us define the progressive mixture posterior distribution by the formula

ρ(dθ) =
1

N −K

N−1∑
M=K

M∏
i=K+1

qθ(Yi |Xi, Z
K
1 )

Eπ(dθ′)

[
M∏

i=K+1

qθ′(Yi |Xi, Z
K
1 )

]π(dθ |XN
1 ),

where by convention
∏K

i=K+1 qθ(. . . ) = 1. Although we did not make it ex-
plicit in the notations, ρ(dθ) is indeed a conditional probability distribution
depending on (Y N−1

1 , XN
1 ), and it would be more accurate, although somehow

cumbersome to write it as ρ(dθ |XN
1 , Y

N−1
1 ).

In this definition of progressive mixture, we described a situation where
the observations are gathered into two pools: a training set, on which the base
estimators are computed, and a validation set, which is used to decide how to
combine them.

The interest of the progressive mixture posterior comes from the following
theorem, in which we put

qρ(YN |XN , Z
K
1 ) def= Eρ(dθ |ZN−1

1 ,XN )

[
qθ(YN |XN , Z

K
1 )
]
.
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Theorem 3.1.1 (Barron). Under the previous hypotheses, for any exchange-
able probability measure P ∈ M1

+

(
(X × Y)N

)
,

− EP(dZN
1 )

{
log
[
qρ
(
YN |XN , Z

K
1

)]}

≤ − 1
N −K

EP (dZN
1 )

{
log

[
Eπ(dθ)

(
N∏

i=K+1

qθ
(
Yi |Xi, Z

K
1

))]}
. (3.1.3)

Corollary 3.1.1. Due to this theorem, it is possible to apply to the progres-
sive mixture estimator all the upper bounds established for mixtures of coding
distributions in the previous chapters. For instance:

− EP(dZN
1 )

{
log
[
qρ
(
YN |XN , Z

K
1

)]}

≤ inf
θ∈Θ

−EP(dZN
1 )

{
log
[
qθ
(
YN |XN , Z

K
1

)]}−
EP(dXN

1 )

{
log
[
π
({θ})]}

N −K
.

Proof. To shorten notations, we have omitted in the following computations
the dependence in ZK

1 . Concavity of the logarithm function and exchange-
ability yield

− EP(dZN
1 )

{
log
[
qρ
(
YN |XN

)]}

≤ − 1
N −K

N−1∑
M=K

EP(dZN
1 )




log



Eπ(dθ)

{
qθ(YN |XN )

M∏
i=K+1

qθ(Yi |Xi)

}

Eπ(dθ)

{
M∏

i=K+1

qθ(Yi |Xi)

}






= − 1
N −K

N−1∑
M=K

EP(dZN
1 )




log



Eπ(dθ)

{
M+1∏

i=K+1

qθ(Yi |Xi)

}

Eπ(dθ)

{
M∏

i=K+1

qθ(Yi |Xi)

}






= − 1
N −K

EP(dZN
1 )

{
log

[
Eπ(dθ)

(
N∏

i=K+1

qθ(Yi |Xi)

)]}
.

��

3.1.2 Some variants of the progressive mixture estimator

The progressive mixture posterior distribution is heavy to compute, inasmuch
as it requires the computation of a sum of N−K terms. It is possible to avoid
this inconvenience in two different ways: one is to use a dichotomic scheme.
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Definition 3.1.2 (Dichotomic progressive mixture). Let us choose some
integers K and N such that N −K = 2r. Let us then define the dichotomic
progressive mixture posterior distribution as

αr(dθ) = π(dθ),
...

αj(dθ) =
1
2




K+2j+1−1∏
i=K+2j

qθ(Yi |Xi)αj+1(dθ)

Eαj+1(dθ′)


K+2j+1−1∏

i=K+2j

qθ′(Yi |Xi)




+ αj+1(dθ)



,

...

α0(dθ) =
1
2


 qθ(YK+1 |XK+1)α1(dθ)

Eπ(dθ′)

(
qθ′(YK+1 |XK+1)

) + α1(dθ)


 ,

ρ(dθ) def= α0(dθ).

Definition 3.1.3 (Randomized progressive mixture). Let µ be the uni-
form measure on the set [K,N−1]∪N of integers lying between K and N−1.
Let (Mj)r

j=1 × (Zi)N
i=1 be the canonical process on ([K, N − 1] ∩N)r × ZN .

Let us define the randomised progressive mixture posterior distribution as

ρ(dθ) =
1
r

r∑
j=1

Mj∏
i=K+1

qθ(Yi |Xi)

Eπ(dθ′)


 Mj∏

i=K+1

qθ′(Yi |Xi)



π(dθ).

The proof of the following proposition is left as an exercise.

Proposition 3.1.1. The dichotomic progressive mixture posterior distribu-
tion satisfies equation (3.1.3). The randomised progressive mixture posterior
distribution satisfies

− Eµ(dMr
1 )

{
EP(dZN

1 )

{
log
[
qρ
(
YN |XN , Z

K
1

)]}}

≤ − 1
N −K

EP (dZN
1 )

{
log

[
Eπ(dθ)

(
N∏

i=K+1

qθ
(
Yi |Xi, Z

K
1

))]}
. (3.1.4)
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3.2 Estimating a Bernoulli random variable

In the previous section, we described a two step scheme which uses a pool of
base estimators qθ(YN |XN , Z

K
1 ). In some cases, nearly optimal results can be

derived for a one step scheme, which corresponds to choosing K = 0 and mix-
ing fixed (conditional) distributions. In other situations, the one step scheme
does not yield the optimal convergence speed. For instance, mixing context
trees with a one step scheme would provide a convergence speed of the Kull-
back divergence off from the optimal by a log(N) factor. A two step scheme
can mend this imperfection, as long as appropriate base estimators are avail-
able. These base estimators have to satisfy sharp enough oracle inequalities.
We are going to provide some in the important case of the estimation of a
distribution on a finite set (often called a Bernoulli distribution).

3.2.1 The Laplace estimator

Definition 3.2.1. Let E be a finite set with d + 1 elements. Let us use the
notations of section 1.4 of chapter 1. The Laplace estimator is the Bayesian
estimator built from the uniform distribution 1√

d+1
λ(dθ) on the simplex. It

can be expressed in the two following ways:

Qλ

(
xN |xN−1

1

)
=

(N − 1)P̄xN−1
1

(xN ) + 1

N + d

=
NP̄xN

1
(xN )

N + d
.

(These two expressions of the Laplace estimator have an interest of their own:
the former uses the empirical distribution of the observed sample, whereas it
is possible to guess from the latter the oracle inequality stated in the next
proposition.)

Proposition 3.2.1. For any exchangeable probability distribution P ∈
M1

+(EN ),

−EP(dXN
1 )

{
log
[
Qλ(XN |XN−1

1 )
]} ≤ inf

θ∈M1
+(E)

−EP(dXN )

{
log
[
θ(XN )

]}
+

d

N
.

Proof.

−EP(dXN
1 )

{
log
[
Qλ(XN |XN−1

1 )
]}

= −EP(dXN
1 )

{
log

NP̄XN
1

(XN )

N + d

}

= −EP(dXN
1 )

{
log
[
P̄XN

1
(XN )

]}
+ log

(
1 +

d

N

)
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= −EP(dXN
1 )

{
1
N

N∑
i=1

log
[
P̄XN

1
(Xi)

]}
+ log

(
1 +

d

N

)

= EP(dXN
1 )

{
inf

θ∈M1
+(E)

− 1
N

N∑
i=1

log
[
θ(Xi)

]}
+ log

(
1 +

d

N

)

≤ inf
θ∈M1

+(E)
−EP(dXN

1 )

{
1
N

N∑
i=1

log
[
θ(Xi)

]}
+

d

N

= inf
θ∈M1

+(E)
−EP(dXN

1 )

{
log
[
θ(XN )

]}
+

d

N
.

��

3.2.2 Some adaptive Laplace estimator

The Laplace estimator is not well suited to the case when the support of the
distribution to be estimated is much smaller than the base space E itself. It
is then possible to get better results with a modified estimator which adapts
to the size of the support which can be guessed from the observed data.

Definition 3.2.2. In the previously described context, let us define the adap-
tive Laplace estimator as

Q̃(XN |XN−1
1 ) def=

(N − 1)P̄XN−1
1

(XN ) +
1

d+ 1
N

= P̄XN
1

(XN ) − d

(d+ 1)N
.

We will use the following notations:

S̄ = supp
[
P̄XN

1

]
S = |S̄|,
S̄′ =

{
y ∈ E : NP̄XN

1
(y) = 1

}
,

S′ = |S̄′|.

Proposition 3.2.2. For any exchangeable distribution P ∈ M1
+(XN ),

EP(dXN
1 )

{
− log

[
Q̃(XN |XN−1

1 )
]}

≤ inf
θ∈M1

+(E)
−EP(dXN

1 )

{
log
[
θ(XN )

]}
+
γ(N,P)
N

,

where



78 3 Non cumulated mean risk

γ(N,P) = −EP(dXN
1 )



∑
x∈S̄

NP̄XN
1

(x) log

(
1 − d

(d+ 1)NP̄XN
1

(x)

)


≤ ∣∣supp
[
P(dXN )

]∣∣ d

d+ 1
EP(dXN

1 )


 1

|S̄|
∑
x∈S̄

(
1 − d

(d+ 1)NP̄XN
1

(x)

)−1

 .

Remark 3.2.1. The reminder term γ(N,P) can also be upper bounded by

γ(N,P) ≤ EP(dXN
1 )

{
S′ log(d+ 1) + 2(S − S′)

}
.

Moreover, when P(dXN
1 ) = θ⊗N (dXN

1 ) is a product distribution, it is easily
seen from the law of large numbers and Lebesgue’s dominated convergence
theorem that (as NP̄XN

1
(x) ≥ 1, x ∈ S̄,)

lim
N→+∞

γ(N, θ⊗N ) =
d

d+ 1

∣∣supp(θ)
∣∣.

Proof. From the definition of the adaptive Laplace estimator and the ex-
changeability of the distribution P it is straightfoward to see that

EP(dXN
1 )

{
− log

[
Q̃(XN |XN−1

1 )
]}

= EP(dXN
1 )



∑
x∈S̄

−P̄XN
1

(x) log
[
P̄XN

1
(x) − d

(d+ 1)N

]


= EP(dXN
1 )



∑
x∈S̄

−P̄XN
1

(x) log
[
P̄XN

1
(x)
]

+ EP(dXN
1 )



∑
x∈S̄

−P̄XN
1

(x) log

[
1 − d

(d+ 1)NP̄XN
1

(x)

]


≤ EP(dXN
1 )


 inf

θ∈M1
+(E)

∑
x∈S̄

−P̄XN
1

(x) log
[
θ(x)

]+
γ(N,P)
N

≤ inf
θ∈M1

+(E)
−EP(dXN

1 )

{
log
[
θ(XN )

]}
+
γ(N,P)
N

.

The upper bounds for γ(N,P) stated in the proposition and in the following
remark can be deduced from the inequality − log(1−r) = log

[
1+r/(1−r)] ≤

r/(1 − r). ��

3.3 Adaptive histograms

We will here deal with the estimation of a probability measure on an arbi-
trary measurable space (X,F) by histograms. In order to describe the family
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of models to be used, we need a reference measure µ ∈ M1
+(X) and a count-

able family S of partitions of X. Let us assume that all these partitions are
composed of measurable subsets of X with a strictly positive finite measure
under µ. For any partition S ∈ S, let us consider the set of continuous param-
eters ΘS

def= M1
+(S) and let us define the following probability densities with

respect to µ :

qS,θ(x)
def=
∑
I∈S

θ(I)
µ(I)

1(x ∈ I).

For a fixed partition S ∈ S, it is possible to consider the Laplace estimator

qS(XN |XK
1 ) def=

∑
I∈S

(
KP̄XK

1
(I) + 1

K + |S|

)(
1(XN ∈ I)

µ(I)

)
.

As log
[
qS,θ(x)

]
is equal to log

[
θ(I)

]
up to a constant term independent of θ,

we can apply the results proved for the Laplace estimator of a distribution
on the finite sample S to show that for any exchangeable probability measure
P ∈ M1

+(XN ),

−EP(dXN
1 )

{
log
[
qS(XN |XK

1 )
]}≤ inf

θS∈ΘS

−EP(dXN
1 )

{
log
[
qS,θ(XN )

]}
+
|S| − 1
K + 1

.

For any prior distribution on the partitions π ∈ M1
+(S) the progressive mixture

estimator qρ(XN |XN−1
1 ) thus satisfies

− EP

{
log
[
qρ(XN |XN−1

1 )
]}

≤ inf
S∈S

{
inf

θ∈ΘS

−EP

{
log
[
qS,θ(XN )

]}
+

|S| − 1
K + 1

− 1
N −K

log
[
π(S)

]}
.

For example, if the family of partitions S is “small enough”, so that for some
constant β > 0,

∑
S∈S exp

[−β(|S|−1)
]

= Z(β) < +∞, it is possible to choose
for a prior distribution π(S) = Z(β)−1 exp

[−β(|S| − 1)
]

and to set K = N−β
1+β

(increasing slightly if necessary the value of β to obtain an integer).

Proposition 3.3.1. With the previous notations and choice of π and K,

− EP

{
log
[
qρ
(
XN |XN−1

1

)]}

≤ inf
S∈S

{
inf

θ∈ΘS

−EP

{
log
[
qS,θ(XN )

]}

+ (1 + β)
2(|S| − 1) +

log
[
Z(β)
]

β

N + 1

}
.
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3.4 Some remarks on approximate Monte-Carlo
computations

In this section, we want to point out briefly how stochastic sampling and
optimisation techniques can be used to compute the progressive mixture esti-
mator. This will be useful in the case when no fast deterministic algorithm is
available.

An approximate computation of Eρ(dm)q
K
m(xN |xK

1 ) is legitimate as soon
as the computed value Eρ̃(dm)q

K
m(xN |xK

1 ) satisfies

sup
xN
1 ∈XN

log
Eρ(dm)q

K
m(xN |xK

1 )

Eρ̃(dm)q
K
m(xN |xK

1 )
≤ c

N
,

for some positive constant c of “moderate” size. As we are discussing practical
matters here, we will assume that the index set M of the primary estimators
is finite.

The progressive mixture estimator can be written as a mean of expec-
tations with respect to Gibbs measures of decreasing temperatures: let us

introduce some notations first. Let RxK+M
K+1

=
1
M

K+M∑
n=K+1

δxn be the empiri-

cal distribution of xK+M
K+1 , let L(RxK+M

K+1
, qK

m(· |xK
1 )) be the “Shannon” relative

entropy L(R, q) = ER(− log q), and let

ρM (m) =
π(m) exp

(
−ML(RxK+M

K+1
, qK

m(· |xK
1 ))
)

∑
m′∈M

π(m′) exp
(
−ML(RxK+M

K+1
, qK

m′(· |xK
1 ))
)

be the Gibbs distribution with reference measure π, energy function

m �−→ L(RxK+M
K+1

, qK
m(· |xK

1 ))

and temperature 1/M . Then

Eρ(dm)q
K
m(xN |xN−1

1 ) =
1

N −K

N−K−1∑
M=0

∑
m∈M

ρM (m)qK
m(xN |xK

1 ),

where it should be understood as previously that ρ0 = π. When the sam-
ple distribution is a product measure PN = P⊗N and log qK

m(· |xK
1 ) is in

L1(P), the “empirical Shannon entropies” L(RXK+M
K+1

, qK
m(· |xK

1 )) tends to

L(P, qK
m(· |xK

1 )) when M tends to infinity. Therefore for large values of M ,
the Gibbs measures ρM have almost the same energy function. This gives the
idea to use some kind simulated annealing algorithm with stepwise constant
temperature schedule to compute Eρ(dm)q

K
m(xN |xK

1 ). For this,
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• we need an irreducible reversible Markov matrix

Υ : M × M �→ [0, 1]

with invariant measure π,
• we introduce the thermalized Markov matrices

ΥM (m,m′) = Υ (m,m′) exp
(
−M(LM (m′)−LM (m)

)+)
, m �= m′ ∈ M,

where we have used the abbreviation LM (m) = L
(
RxK+M

K+1
, qK

m(· |xK
1 )
)
,

• we define on the estimator index set M the stepwise homogeneous Markov
chain (Yk)k∈N with transitions

P(Yk = m′ |Yk−1 = m) = ΥM (m,m′),
τM < k ≤ τ(M + 1), 0 ≤M < N −K,

where τ is the step length,
• we compute the approximate Monte-Carlo posterior distribution

ρ̃(m) =
1

τ(N −K)

τ(N−K)∑
k=1

δYk
,

(where δYk
is the Dirac mass at estimator index Yk ∈ M).

It is easy to see that

lim
τ→+∞Eρ̃(dm)q

K
m(xN |xK

1 ) = Eρ(dm)q
K
m(xN |xK

1 ),

by a simple application of the ergodic theorem for homogeneous Markov
chains. Discussing the speed of convergence of this limit would drive us too far
from the main scope of this chapter. The reader can find some results about
the convergence speed of simulated annealing algorithms with a piecewise con-
stant temperature schedule in [28] and in [19], although these two studies are
focused on the convergence in distribution of the marginals towards states of
low energy and not on the ergodic properties of the process. We refer also to
7.7.7 and to [69] for the convergence of homogeneous Markov chains and to
7.7.8, [18] and [75] for a study of the optimal convergence rate of simulated
annealing algorithms.

3.5 Selection and aggregation : a toy example pointing
out some differences

We give this example to show that a selection rule, that selects a single pri-
mary estimator, cannot be substituted to the progressive mixture rule in the-
orem 3.1.1. Some supplementary assumptions on the structure of the family
of estimators have to be added.
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We consider a sample (XN
1 ) ∈ {0, 1}N of binary variables, and two simple

models containing only one distribution. For any real number λ ∈ [0, 1], let
Bλ be the Bernoulli distribution with parameter λ : Bλ(1) = 1 −Bλ(0) = λ.
Let us consider two models, the first one containing only the distribution B1/4

and the second one only the distribution B3/4. The best estimators for these
two models are obviously the constant estimators

QK
−1(· |xK

1 ) = Q−1(·) = B1/4,

QK
+1(· |xK

1 ) = Q+1(·) = B3/4.

Consider the two possible sample distributions

P⊗N
i = B⊗N

1/2+iα/
√

N
, i ∈ {−1,+1},

where α is some positive parameter to be chosen afterwards. We have

K(Pi, B1/4) − K(Pi, B3/4) = i
2α log 3√

N
,

and, according to Pinsker’s inequality (see [56, 29, 66]),

1
2

(
Var
(
P⊗N

+1 ,P
⊗N
−1

))2

≤ K
(
P⊗N

+1 ,P
⊗N
−1

)
= NK (P+1,P−1)

= 2α
√
N log

(
1 +

2α
√
N

(
1 − α√

N

)
)

≤ 4α2

1 − α√
N

Let m̂(XN
1 ) ∈ {−1,+1} be any selection rule between Q−1 and Q+1. The

following inequalities are satisfied :

max
i∈{−1,+1}

(
E

P
⊗N
i

K
(
Pi, Qm̂(XN

1 )

)− min
j∈{−1,+1}

K
(
Pi, Qj

))

= max
i∈{−1,+1}

E
P

⊗N
i

(
1 − i m̂(XN

1 )
)
α log 3√

N

≥ 1
2

∑
i∈{−1,+1}

E
P

⊗N
i

(
1 − i m̂(XN

1 )
)
α log 3√

N

≥ α log 3√
N

∑
xN
1 ∈{−1,+1}N

min
i∈{−1,+1}

P⊗N
i (xN

1 )
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=
α log 3√

N

(
1 − 1

2
Var
(
P⊗N

−1 ,P
⊗N
+1

))

≥ α log 3√
N

(
1 − α

√
2√

1 − α√
N

)
.

When α = 1/4, we get that

max
i∈{−1,+1}

(
EP⊗N

i
K
(
Pi, Qm̂(XN

1 )

)− min
j∈{−1,+1}

K
(
Pi, Qj

)) ≥ log 3
8
√
N
.

This is to be compared with theorem 3.1.1 applied to a sample of size
N + 1 with π(−1) = π(+1) = 1/2 and K = 0, which gives

sup
P∈M1

+({0,1})

(
EP⊗N (dXN

1 )K
(
P,Eρ(dm)Qm

)− inf
j∈{−1,+1}

K
(
P, Qj

)) ≤ log 2
N + 1

.

The reason why this “counter example” works is of course that the map

Bλ �−→ inf
{
K(Bλ, B1/4),K(Bλ, B3/4)

}
is not differentiable at its extremal point λ = 1/2, where it has two non zero
directional first derivatives. In other words if a true selection rule gave an
increase in the risk of order 1/N , it would be possible to estimate λ with a
precision of order 1/N .

This example may seem artificial, since we left a “gap” on purpose in the
model we used. However, it resembles a lot of realistic non-convex situations.
Indeed, when the data to analyse are high dimensional and complex (for ex-
ample in applications to image or speech analysis), one cannot help using a
large family of models with many gaps between them (because it is in practice
impossible to test enough models to fill in all these gaps, even if it is theo-
retically easy to provide huge dense families of models). What we mean by a
gap here is a situation where the true sample distribution is at a distance of
order one from the model and where the minimum distance between the true
distribution and the model is achieved (or almost achieved) at several model
distributions that are themselves far away from each other.

3.6 Least square regression

In this section we will show how to apply the progressive mixture rule to
least square regression. Let us consider a measurable space (X,B) and let
(Xn, Yn)N

n=1
def= (Zn)N

n=1 be the canonical process on (X ×R)N def= ZN . Let
PN be an exchangeable probability distribution on

(
(X ×R)N

, (B ⊗ S)⊗N
)
,

where S is the Borel sigma algebra on the real line.
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Consider a family of regression estimators {fK
m : X × ZK → R ; m ∈

M,K ∈ N}, (that are supposed to be measurable functions) and the least
square aggregation problem of finding a posterior distribution ρ(dm) ∈
M+

1 (M), such that

EPN (dZN
1 )

(
YN − Eρ(dm)f

K
m (XN |ZK

1 )
)2

≤ inf
m∈M

(
EPN (dZN

1 )

(
YN − fK

m (XN |ZK
1 )
)2

+
γ(m)
N

)
.

We will solve this problem under the following assumptions :

• The conditional mean of YN is bounded. Namely , we assume that there
is a constant B such that∣∣EPN (YN |XN , Z

N−1
1 )

∣∣ ≤ B, PN a.s..

When this is the case and B is known, we may assume without loss of
generality that the estimators fK

m are also taken within the same bounds
(if it is not the case, we can threshold them without increasing their risk).
Therefore we will also assume that for any m ∈ M, any K < N ,

|fK
m (XN |ZK

1 )| ≤ B, PN a.s..

In the following we will use the short notation

Y N
def= EPN (YN |XN , Z

N−1
1 ).

• The noise has a uniformly bounded exponential moment. More precisely,
for any positive constant α, we let Mα ∈ R ∪ {+∞} and Vα ∈ R ∪ {+∞}
be such that for any values of XN and ZN−1

1 ,

EPN

(
exp
(
α|YN − Y N |) |XN , Z

N−1
1

) ≤Mα, PN a.s. (3.6.1)

and

EPN

(
(YN − Y N )2eα|YN−Y N | |XN , Z

N−1
1

)
EPN

(
eα|YN−Y N | |XN , Z

N−1
1

) ≤ Vα, PN a.s. (3.6.2)

and we assume that for some small enough positive α > 0 we have Mα <
+∞ and Vα < +∞.

We will also use a prior distribution π ∈ M+
1 (M), and consider for some

positive parameter λ to be chosen afterwards the conditional Gaussian densi-
ties

qK
m(YN |XN , Z

K
1 ) =

(
λ

2π

)1/2

exp
(
−λ

2
(
YN − fK

m (XN |ZK
1 )
)2)

.
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Theorem 3.6.1. Under the previous hypotheses, for any parameter λ such
that

λ−1 ≥M2λB

(
17B2 + 3.4V2λB

)
, (3.6.3)

and in particular for

λ = min
{
α

2B
,
(
Mα

(
17B2 + 3.4Vα

))−1
}
,

the posterior distribution on M

ρ(dm) =
1

N −K

N−1∑
M=K

M∏
k=K+1

qK
m(Yk |Xk, Z

K
1 )

Eπ(dm′)

M∏
k=K+1

qK
m′(Yk |Xk, Z

K
1 )

π(dm)

is such that

EPN (dZN
1 )

(
Y N − Eρ(dm)f

K
m (XN |ZK

1 )
)2

≤ inf
m∈M

(
EPN (dZN

1 )

(
Y N − fK

m (XN |ZK
1 )
)2

+
2

λ(N −K)
log

1
π(m)

)
.

(3.6.4)

Before proving this theorem, let us establish a useful technical lemma.

Lemma 3.6.1. Let us consider some probability distribution ν on some mea-
surable space (Θ,T), and let h : Θ → R be some bounded measurable real
valued function. For any positive parameter γ, let us consider the probability
measure

νγ(dθ) =
exp (γh(θ))

Eν(dθ′) exp (γh(θ′))
ν(dθ).

Let us put also

Vνγ (h) = Vνγ(dθ)(h(θ)) def= Eνγ (dθ)

(
h(θ) − Eνγh

)2 and

M3
νγ

(h) = M3
νγ (dθ)(h(θ)) def= Eνγ (dθ)

(
h(θ) − Eνγh

)3
.

We have the following bound for the “free energy” function:

logEν(dθ) exp(λh(θ)) ≤ λEν(h) +
λ2

2
Vν(h) exp

(
λmax

{
0, sup

γ∈[0,λ]

M3
νγ

(h)
Vνγ (h)

})

Proof. Taking derivatives with respect to λ, we have

logEν(dθ) exp(λh(θ)) = λEν(h) +
∫ λ

0

∫ γ

0

Vνβ
(h)dβdγ
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and
∂

∂β
logVνβ

(h) =
M3

νβ
(h)

Vνβ
(h)

.

Therefore when β ≤ λ we have

Vνβ
(h) ≤ Vν(h) exp

(
λmax

{
0, sup

ξ∈[0,λ]

M3
νξ

(h)
Vνξ

(h)

})
,

and the lemma follows. ��
Proof of theorem 3.6.1. The proof of theorem 3.1.1 does not require the den-
sity estimators qK

m to be normalised to 1, therefore it extends verbatim to the
conditional densities defined above. We thus have that

− EPN (dZN
1 ) logEρ(dm) exp

(
−λ

2
(YN − fK

m (XN ))2
)

≤ inf
m∈M

(
EPN (dZN

1 )

λ

2
(YN − fK

m (XN ))2 +
1

N −K
log

1
π(m)

)
, (3.6.5)

where fK
m (XN ) is a short notation for fK

m (XN |ZK
1 ). Using the previous lemma

and putting

ργ(dm) =
exp
(
−γ

2
(
YN − fK

m (XN )
)2)

Eρ(dm′) exp
(
−γ

2
(
YN − fK

m′(XN )
)2)ρ(dm)

and χ = 0 ∨ sup
γ∈[0,λ]

M3
ργ(dm)

(
−1

2
(YN − fK

m )2
)

Vργ(dm)

(
−1

2
(YN − fK

m )2
) ,

we have

logEρ(dm) exp
(
−λ

2
(
YN − fK

m (XN )
)2)

≤ −λ
2
Eρ(dm)(YN − fK

m (XN ))2 +
λ2

2
eλχVρ(dm)

(
1
2
(YN − fK

m (XN ))2
)
.

Expending

(YN − fK
m (XN ))2 = (YN − Y N )2

+ (Y N − fK
m (XN ))2 + 2(YN − Y N )(Y N − fK

m (XN )),

we see that
χ ≤ 2B2 + 2B|YN − Y N |.
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Moreover

Vρ(dm)

(
1
2
(YN − fK

m (XN ))2
)

≤ 1
4
Vρ(dm)

((
f − Eρf

K
m (XN )

)2 + 2
(
YN − ȲN

)(
f − Eρf

K
m (XN )

)
+ 2
(
ȲN − Eρf

K
m (XN )

)(
f − Eρf

K
m (XN )

))
≤ 3

4

(
Vρ

(
fK

m (XN )−Eρf
K
m (XN )

)2 +4
(
YN − ȲN

)2
Vρ

(
fK

m (XN )−Eρf
K
m (XN )

)
+ 4
(
ȲN − Eρf

K
m (XN )

)2
Vρ

(
fK

m (XN ) − Eρf
K
m (XN )

))
≤
(
15B2 + 3

(
YN − ȲN

)2)
Vρ(dm)f

K
m (XN )

On the other hand

Eρ(dm)(YN − fK
m (XN ))2 = (YN − Eρ(dm)(fK

m (XN )))2 + Vρ(dm)(fK
m (XN )),

therefore

logEρ(dm) exp
(
−λ

2
(
YN − fK

m (XN )
)2)

≤ −λ
2
(
YN − Eρ(dm)(fK

m (XN ))
)2

+
λ

2
Vρ(fK

m (XN ))
((

15B2 + 3(YN − Y N )2
)
λeλχ − 1

)
.

Integrating with respect to PN (dYN |XN , Z
N−1
1 ), we get that when λ satisfies

λ−1 ≥ (15B2 + 3V2λB

)
M2λB exp

(
2λB2

)
, (3.6.6)

then

EPN logEρ(dm) exp
(
−λ

2
(YN − fK

m (XN ))2
)

≤ −λ
2
VPN (YN |XN , Z

N−1
1 ) − λ

2
(
Y N − Eρ(dm)(fK

m (XN ))
)2
,

this combined with equation (3.6.5) gives the estimate (3.6.4). The condition
on λ (3.6.6) implies that

2λB2 exp
(
2λB2

) ≤ 2/15,

and therefore that

exp
(
λ

2
B2

)
≤ 1.13 .

It is easy to deduce from this that condition (3.6.6) can be strengthened to
condition (3.6.3). ��
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Remark 3.6.1. It is interesting that, although we use a Gaussian model to
represent the noise, theorem 3.6.1 is valid for noises with a much heavier tail
(exponential tails are allowed).
Remark 3.6.2. Another interesting point is that we do not need the variance of
the noise to be independent of X , and we do not need to estimate it precisely,
we only need to have a uniform upper bound, and we can do as though the
noise were uniform.
Remark 3.6.3. It should be stressed that the “bias” term in theorem 3.6.1
is exact (whereas the “variance” term is only of the right order). Having the
right bias term may be important for applications to pattern recognition.
Indeed in this kind of applications, the sample distribution is far too complex
to be modelled with a low bias. With an estimate with a sharp bias term, we
can get informations on the L2 projection of the true regression function on
the model (or rather on the convex hull of the model), even in the case of a
large bias. Therefore the model can be a simplified sketch of the true sample
distribution, where unwanted details have been omitted.
Remark 3.6.4. All the previous remarks make it possible to “do the right thing
with the wrong model”. We think this is an important issue in “statistical
learning theory” (where we give to this expression the same meaning as Vapnik
[76]).
Remark 3.6.5. Let us see what we get for a Gaussian noise. Let us assume
that

Yk = f(Xk) + εk

where the distribution of (X1, . . . , XN ) is exchangeable and where the con-
ditional distribution of (ε1, . . . , εN ) knowing XN

1 is a product of Gaussian
distributions :

L((εi)N
i=1 |XN

1 ) =
N⊗

i=1

N(0, σ(Xi)).

Let us put for short σ = supx∈X σ(x). An easy computation shows that in
this case we can take

Mα = 2 exp
(
α2σ2

2

)

Vα = σ2

(
1 + α2σ2 +

√
2
π
ασ exp

(
−α

2σ2

2

))
.

Let us put α = 2λB. It is clear that for any λ satisfying (3.6.3)

λ ≤ 1
17B2

∧ 1
3.4σ2

,

therefore
α ≤ 2

17B
∧ 2B

3.4σ2
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and
α2 ≤ 4

17 × 3.4
1
σ2
.

This shows that condition (3.6.3) can be strengthened to

λ−1 ≥ 2 exp
(

2
17 × 3.4

)(
17B2 + 3.4

(
1 +

4
17 × 3.4

+

√
2
π

2√
17 × 3.4

)
σ2

)
,

and eventually to
λ−1 ≥ (35.2B2 + 9.005 σ2

)
.

Setting the value of λ to the righthand side of this inequality, we get

EPN (dZN−1
1 )

(
Y N − Eρ(dm)f

K
m (XN |ZK

1 )
)2

≤ inf
m∈M

(
EPN (dZN

1 )

(
Y N − fK

m (XN |ZK
1 )
)2

+
70.4B2 + 18.01 σ2

N −K
log

1
π(m)

)
.

Remark 3.6.6. Theorem 3.6.1 can be compared with Theorem 1 in Yang [87],
where the estimator is different (it is obtained by minimising the Hellinger
distance), the bias bound is not exact (it is multiplied by a constant larger
than one) and there is a third term in the righthand side depending on the
accuracy of estimation of the variance of the noise (whereas we do not need to
estimate this variance here, but only to know a possibly crude uniform upper
bound for it).

3.7 Adaptive regression estimation in Besov spaces

To give an illustration to the previous section, we deal here with the problem
of least square regression in Besov spaces on the interval. For an introduction
to regression estimation in Besov spaces and its link with wavelet expansions,
we refer to [42]. We consider an i.i.d. experiment (XN ,YN ,B⊗N ,P⊗N ), where
X = [0, 1], Y = R and B is the Borel sigma algebra on [0, 1]×R. Moreover we
assume that P(dX), the marginal of P on the first coordinate X , is known to
be the uniform probability distribution U on [0, 1] (this is realistic when the
design is sampled by the statistician, the estimation of an unknown design
distribution is not what we mean to discuss here, we chose a random design
rather than a deterministic grid because our method is more straightforward
to implement in this case). We put

g(X) = EP(Y |X),

and we assume that g ∈ L∞([0, 1]). More precisely we will assume in the
following that ‖g‖∞ ≤ B for some constant B.

We consider an orthogonal basis (ψk)k∈N of L2([0, 1], U).
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For any finite subset S ⊂ N of the integers, we consider the linear space
ΦS = Vect{ψk ; k ∈ S}. We let f̂S : X �→ Y be the linear estimator in ΦS

defined by

f̂S(x) =
∑
k∈S

θ̂kψk(x),

where

θ̂k =
1

N − 1

N−1∑
n=1

Ynψk(Xn).

It is easy to bound the mean quadratic risk of f̂S by

EP⊗N

(
g(XN) − f̂S(XN )

)2
=
∑
k 
∈S

(∫ 1

0

g(x)ψk(x)dx
)2

+
∑
k∈S

EP⊗(N−1)

(∫ 1

0

g(x)ψk(x)dx − θ̂k

)2

= d(g, ΦS)2 +
1

N − 1

∑
k∈S

VarP(Y ψk(X))

= d(g, ΦS)2 +
1

N − 1

∑
k∈S

E
(
VarP(Y |X)ψk(X)2

)
+ VarP(g(X)ψk(X))

≤ d(g, ΦS)2 +
(

sup
x∈X

VarP(Y |X = x) + ‖g‖2
∞

) |S|
N − 1

Let us consider an orthonormal wavelet basis {ψj,k | j ≥ 0, k ∈ Λj} of
L2([0, 1], U), where U is the Lebesgue measure on [0, 1]. We assume that it
is built from the scale function (also called father wavelet) φ = ψ0,0 and the
wavelet function ψ = ψ1,0, and that a suitable orthonormalization procedure
(see [26]) has been used near the boundary of the interval. We assume that ψ
is compactly supported and have R continuous derivatives. For some constant
L we have that |Λj | ≤ L2j.

We let for any f ∈ L2([0, 1])

θj,k(f) =
∫ 1

0

f(x)ψj,k(x)dx, j ≥ 0, k ∈ Λj .

For any p ∈ [1, 2] and any s ∈]1/p− 1/2, R[, we consider the intersection
of Besov and L∞ balls

Bs
p,∞(B,C)
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=

{
f ∈ L2([0, 1]) : sup

j≥0
2j(s+ 1

2− 1
p )

( ∑
k∈Λj

|βj,k|p
) 1

p

≤ C, ‖f‖∞ ≤ B

}
.

Remark 3.7.1. We consider sets of bounded functions because we want to
apply the results of the two previous sections. The restrictions on the range of
(p, s) are made to ensure that Bs

p,∞(+∞, C) is indeed a Besov ball in the usual
sens (more precisely, this makes sure that the norm on wavelet coefficients used
in the definition of Bs

p,∞(+∞, C) is equivalent to the usual Besov norm, see for
instance [62] or [42] for a proof). However, our computations will only use the
fact that 0 < p ≤ 2 and s > 1/p−1/2. Note that when s > 1/p the Besov ball
Bs

p,∞(+∞, C) is bounded in L∞ (see [9]), and therefore is equal to Bs
p,∞(B,C)

when B/C is large enough (however this is not the most interesting case here,
the adaptation problem being more difficult when s + 1/2 − 1/p is close to
zero). We did not cover the case p > 2 because it is easier and less interesting
(linear estimators are asymptotically minimax in each ball).

We let Λ =
⋃

j≥0 Λj be the set of indices of the above defined wavelet
expansion.

We are looking for a family S of finite subsets S of Λ, such that the
aggregation of the linear estimators {f̂S ; S ∈ S} is simultaneously minimax
in order in all the Besov balls

Bs
p,∞(B,C) , p ∈ [1, 2] , s ∈

]
1
p
− 1

2
, R

[
.

The hypotheses on the noise are the same as in section 3.6. Namely we
assume that (3.6.1) and (3.6.2) hold for some value of α > 0 such thatMα <∞
and Vα <∞. Then V0 is also finite and (3.6.4) provides an “oracle inequality”.

The following computations follow classical lines, we make them for the
sake of being self contained and to see what constants we get. We have learnt
the method in I. Johnstone’s lectures at ENS [44] and in [11]. The acquainted
reader will notice the link with the problem of optimal recovery in Besov
bodies.

Let us first compute for a given g ∈ Bs
p,∞(B,C) the set S for which the

righthand side of

EP⊗N (g(XN ) − f̂S(XN ))2 ≤ d(g, ΦS)2 + (V0 +B2)
|S|

N − 1
,

is minimum. This set is obviously obtained by thresholding the coefficients
θj,k(g) of the wavelet decomposition of g at level ε =

√
(V0 +B2)/(N − 1).

Let us put
Sε(g) = {(j, k) ; |θj,k(g)| > ε},

then
inf

S⊂Λ
d(g, ΦS)2 + ε2|S| = d(g, ΦSε(g)) + ε2|Sε(g)|.
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Let us put α = s+ 1/2 − 1/p. We can bound |Sε(g) ∩ Λj | by

|Sε(g) ∩ Λj | ≤ Cp2−jpαε−p.

This suggests to put

Sm,J = {S ⊂ Λ ; |S ∩ Λj | =
⌊
L2J+(J−j)/m

⌋
∧ |Λj |},

S =
⋃

m∈N∗,J∈N∗
Sm,J .

For any g ∈ Bs
p,∞(B,C), there is S̄(g) ∈ Sm(g),J(g) with

m(g) =
⌈
(pα)−1

⌉
,

J(g) =
⌈

1
p(s+ 1/2)

log2

(
1
L

(
C

ε

)p)⌉
,

such that Sε(g) ⊂ S̄(g). Moreover

|S̄(g)| ≤ L2J+1 + L2J
(
1 − 2−1/m

)−1

≤ 2L2J(m+ 1)

≤ 4(m+ 1)L1−p−1(s+1/2)−1
(
C

ε

)(s+1/2)−1

,

and therefore

(V0 +B2)
|S̄(g)|
N − 1

≤ 4(m+ 1)L1−p−1(s+1/2)−1
C(s+1/2)−1

(
V0 +B2

N − 1

)2s/(2s+1)

.

To obtain an upper bound for d(g, ΦS̄(g))2, let us remark that d(g, ΦS̄(g)) ≤
d(g, ΦSε(g)) and that generally speaking, as soon as 0 < p ≤ 2,

sup{
∑
k∈A

γ2
k ; sup

k∈A
|γk| ≤ ε ,

∑
k∈A

|γk|p ≤ Gp}

=



|A|ε2 if |A|εp ≤ Gp⌊(

G

ε

)p⌋
ε2 +

((
G

ε

)p

−
⌊(

G

ε

)p⌋
εp
)2/p

otherwise.

≤
(
|A| ∧

(
G

ε

)p)
ε2.

Applying these remarks to each Λj, we get that

d(g, ΦS̄(g))
2 ≤ ε22J +

∞∑
j=J

Cp2−jpαε2−p
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≤ ε22J + Cpε2−p(1 − 2−pα)−12−Jαp

≤ 2Lp−1(s+1/2)−1
C(s+1/2)−1

ε2−(s+1/2)−1

+ 2mCpLα(s+1/2)−1
C−pα(s+1/2)−1

ε−pα(s+1/2)−1+2−p

≤ 2(Lm+ 1)L−p−1(s+1/2)−1
C2/(2s+1)

(
V0 +B2

N − 1

)2s/(2s+1)

.

We have now to choose a prior distribution π on S. Let us put for any
S ∈ Sm,J

π(S) =
6
π2

2−mJ−2|Sm,J |−1,

and let us find an upper bound for |Sm,J |. We have

log |Sm,J | ≤
+∞∑

j=J+1

log
(

L2j

	L2J+(J−j)/m

)
.

Using the inequality log
(

n

	γn

)

≤ γn(1 − log γ), we get that

log|Sm,J | ≤
∞∑

j=J+1

L2J+(J−j)/m
(
log 2(j−J)(1+m−1) + 1

)

= L2J
(
1 + 1

m

)
log 2

2−1/m(
1 − 2−1/m

)2 + L2J 2−1/m(
1 − 2−1/m

)
≤ 2mL2J (2(m+ 1) log 2 + 1) .

Putting everything together, we obtain the following theorem:

Theorem 3.7.1. Let us consider, as above, a regression experiment of the
type

Yi = g(Xi) + εi, i = 1, . . . , N

where g ∈ Bs
p,∞(B,C), with p ∈ [1, 2], s ∈]1/p−1/2, R[, and where (Xi, εi)N

i=1

are i.i.d., with

Xi ∼ Lebesgue measure on [0, 1],
E(εi |Xi) = 0, a.s.,

E(exp(α|εi|) |Xi) ≤Mα, a.s.,

E(ε2i exp(α|εi|) |Xi)
E(exp(α|εi|) |Xi)

≤ Vα, a.s..

Let us assume that B and R are known, that for some positive value of α,
Mα and Vα are known and finite, and that V0 is known as well. (On the other
hand s, p and C are not assumed to be known.)
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Let us choose some K < N , and let f̂K
S be the above defined linear estima-

tor based on the index set S and on the observations {(Xi, Yi) ; 1 ≤ i ≤ K}.
Let us threshold f̂K

S and put

f̃K
S (x) = max{min{f̂K

S (x), B},−B}, x ∈ [0, 1].

Let us choose

λ = min
{
α

2B
,
(
Mα

(
17B2 + 3.4Vα

))−1
}
.

Let us define the family of index sets S =
⋃

Sm,J as above and let us put for
any S ∈ S

qK
S (Yi |XK

1 , Y
K
1 , Xi) = exp

(
−λ

2

(
Yi − f̃K

S (Xi)
)2
)
, K < i ≤ N.

Let us choose the prior distribution π on S as above, and let us consider the
posterior distribution on S

ρ(S) =
1

N + 1 −K

N∑
M=K

π(S)
N∏

i=K+1

qK
S (Yi |XK

1 , Y
K
1 , Xi)

∑
S′∈S

π(S′)
N∏

i=K+1

qK
S′(Yi |XK

1 , Y
K
1 , Xi)

When L = 1 and K = N/2, putting m = �(ps+ p/2− 1)−1�, we have that

EP⊗N ‖g − Eρ(dS)f̃S‖2

≤
(

6(m+ 1) +
8m (2(m+ 1) log 2 + 1)

λ(V0 +B2)

)
C(s+1/2)−1

×
(

2(V0 +B2)
N

)2s/(2s+1)

+
4(V0 +B2)
λ(V0 +B2)N

×
(

log
π2

6
+m log 2 + 2 log

⌈
log2

(
L−1

(
C2N

2(V0 +B2)

)(2s+1)−1)⌉)
.

Remark 3.7.2. The bound obtained for arbitrary values of L and K is

EP⊗N ‖g − Eρ(dS)f̃S‖2

≤ 6(m+ 1)L1−p−1(s+1/2)−1
C(s+1/2)−1

(
V0 +B2

K

)2s/(2s+1)
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+
8m(2(m+ 1) log 2 + 1)

λ(V0 +B2)
L1−p−1(s+1/2)−1

C(s+1/2)−1

× V0 +B2

N −K + 1

(
V0 +B2

K

)−(2s+1)−1

+

(
log

π2

6
+m log 2 + 2 log

⌈
log2

(
L−1

(
C2K

(V0 +B2)

)(2s+1)−1)⌉)

× 2
λ(V0 +B2)

V0 +B2

N −K + 1
.

Remark 3.7.3. We put λ(V0 + B2) together because it will be bounded by
a numerical constant in many applications (this is for instance true in the
Gaussian case studied in the previous section).
Remark 3.7.4. Our aggregation rule is similar to what is known in the wavelet
statistical literature as an “oracle inequality”. This idea was introduced by D.
Donoho and I. Johnstone [33].
Remark 3.7.5. We do not assume that the noise is Gaussian (however our
result covers the Gaussian case, and also noises with heavier exponential tails).
Remark 3.7.6. We do not assume that the variance of the noise εi is indepen-
dent of Xi. We do not assume that it is known either, but only that a uniform
upper bound is known.
Remark 3.7.7. We get the right minimax order with respect to N for any (s, p)
in the specified range. The rate in C is the minimax rate for a deterministic
equispaced design in the case of a homoscedastic Gaussian noise (and also for
the white noise model) : see [35]. It is therefore reasonable to conjecture that
it is also the minimax rate in our setting that cannot be expected to be easier.
Remark 3.7.8. Similar results can be found in Yang [87], where the noise is
assumed to be Gaussian and a more involved estimator is used.



4

Gibbs estimators

4.1 General framework

The Gibbs estimator is a method to aggregate estimators which we will first
describe in a general and abstract case dealing with the mixture of “non
normalized density functions”. Expected benefits when compared with the
progressive mixture estimator are twofold:

• building a posterior distribution which is faster to compute,
• building efficient posterior distributions in the case of a continuous family

of fixed distributions, thus avoiding the use of sample splitting schemes.

Let (X,F) be some measurable space and P ∈ M1
+

(
XN ,F⊗N

)
some ex-

changeable probability distribution on sequences of length N . Let (Θ,T) be a
measurable space of parameters and π ∈ M+(Θ,T) a finite positive measure
on Θ. Let q : Θ×X → [ε, ε−1] be a positive measurable function bounded away
from 0 and +∞. The small positive parameter ε is introduced as in the case
of the progressive mixture estimator to avoid discussing integrability issues,
but will not play a significant role in forthcoming results, which will later be
extended to weaker but more cumbersome integrability hypotheses.

As the prior measure π will in many cases be a probability measure, we
will use the probabilistic notation

Eπ(dθ)(h) def=
∫

θ∈Θ

h(θ)π(dθ), h ∈ L1(π).

Definition 4.1.1. The Gibbs estimator can be described as a posterior
probability distribution ρ ∈ M1

+(Θ,T) built from the likelihood functions∏N−1
i=1 q(θ,Xi), from the prior distribution π and from an inverse temperature

positive real parameter β according to the formula

O . Catoni : L N M 1851, J. Pi car d (Ed. ), pp. 97–154, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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ρ(dθ) def=

[
N−1∏
i=1

q(θ,Xi)

]β

Eπ(dθ′)



[

N−1∏
i=1

q(θ′, Xi)

]β


π(dθ).

As in the case of the progressive mixture estimator, we will compute an
upper bound for

−EP

{
log
[
Eρ(dθ)

[
q(θ,XN )

]]}
.

It will be described with the help of the two following quantities: the estima-
tion error due to aggregation will be controled by

γβ(θ) def= EP




β log

[
N∏

i=1

q(θ,Xi)

]

−
Eπ(dθ′)



[

N∏
i=1

q(θ′, Xi)

]β

β log

[
N∏

i=1

q(θ′, Xi)

]


Eπ(dθ′)



[

N∏
i=1

q(θ′, Xi)

]β






.

This definition may seem slightly artificial. We will nonetheless see that γβ(θ)
can itself be upper bounded by quantities having a natural interpretation.
The expression of γβ(θ) shows that it can be controled through the evaluation
of a Laplace integral on the parameter space.

The second quantity needed to specify the valid choices of parameters
for the Gibbs estimator is best defined in terms of the following generating
function, (which would appear as some free energy function in a statistical
mechanics context):

η �→ EXN
1 (η) def= log


Eπ(dθ)


(N−1∏

i=1

q(θ,Xi)

)β

q(θ,XN )η




 .

The ratio between the third and the second derivatives of this generating
function appears as a critical quantity when bounding the risk of the Gibbs
estimator. This justifies the introduction of

χ(β, α) def= 0 ∨ ess sup
ξ∈]0,α]




−EP

[
∂3

∂ξ3
EXN

1 (ξ)
]

EP

[
∂2

∂ξ2
EXN

1 (ξ)
] 1

[
EP

(
∂2

∂ξ2
EXN

1 (ξ) > 0
)]
 .
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Theorem 4.1.1. For any exchangeable probability distribution P ∈ M1
+(XN ),

for any real positive constant β ∈]0, 1/2[ satisfying

inf
α∈]β,1]

β2

(α− β)(2 − α− β)
exp
[
αχ(α, β)

] ≤ 1, (4.1.1)

the risk of the Gibbs estimator is such that

EP

{
log
[
Eρ(dθ)

[
q(θ,XN )

]]}
= EP

[
EXN

1 (1) − EXN
1 (0)

]

≥ EP

{
∂

∂η |η=β

EXN
1 (η)

}
= sup

θ∈Θ
EP

{
log
[
q(θ,XN )

]}− γβ(θ)
βN

.

Remark 4.1.1. Condition (4.1.1) can also be written as

β ≤ sup
α∈]β,1]

1
eαχ(β,α) − 1

(√
1 + α(eαχ(β,α) − 1)(2 − α) − 1

)
.

When χ(β, 1) is uniformly small, it is suitable to take α = 1, leading to the
sufficient condition:

β ≤
{

1 + exp
[
χ(β, 1)/2

]}−1

.

When χ(β, 1) is big, it is on the contrary suitable to take
α = χ(β, 1)−1 log

[
χ(β, 1)

]
, leading to the sufficient condition (let us remind

that α �→ χ(β, α) is non-decreasing):

β ≤
1

χ(β, 1) − 1

{√
1 +
[
χ(β, 1) − 1

] [
2 − log

[
χ(β,1)

]
χ(β,1)

]
log
[
χ(β,1)

]
χ(β,1) − 1

}

∼
χ(β,1)→+∞

√
2 log

[
χ(β, 1)

]
χ(β, 1)

.

Remark 4.1.2. There is an independent of N simple lower bound for the seem-
ingly cumbersome quantity χ(β, α):

sup
β,α

χ(β, α) ≤ sup
θ,θ′∈Θ,x∈X

log
[
q(θ, x)
q(θ′, x)

]
.

Therefore it should be remembered that β can be chosen to be independent
of N in the case when the log likelihoods are bounded.
Remark 4.1.3. Let us put

h(θ, θ′, xN
1 ) =

β

N
log

[
N∏

i=1

q(θ, xi)
q(θ′, xi)

]
.
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The upper bound γβ(θ) can be written as

γβ(θ) = EP



Eπ(dθ′)

{
Nh(θ, θ′, XN

1 ) exp
[
−Nh(θ, θ′, XN

1 )
]}

Eπ(dθ′)

{
exp
[
−Nh(θ, θ′, XN

1 )
]}


 ,

and therefore can be upper-bounded by

γβ(θ) ≤ sup
xN
1 ∈XN

Eπ(dθ′)

{
Nh(θ, θ′, XN

1 ) exp
[
−Nh(θ, θ′, XN

1 )
]}

Eπ(dθ′)

{
exp
[
−Nh(θ, θ′, XN

1 )
]} .

In some cases the right-hand member of this inequality can be explicitely
computed (e.g. when Gaussian density functions are used). In other cases it
can be estimated as a Laplace integral when the sample size N is large. The
following lemma is also useful, especially when the parameter space is discrete:

Lemma 4.1.1. For any lower-bounded measurable function g : Θ → R, any
prior probability distribution π ∈ M1

+(Θ,T),

Eπ(dθ)

{
g(θ) exp

[
−g(θ)]}

Eπ(dθ)

{
exp
[−g(θ)]} ≤ inf

µ∈R

{
µ− log

[
π(Θg

µ)
]}
,

where Θg
µ

def=
{
θ ∈ Θ : g(θ) ≤ µ

}
.

Remark 4.1.4. In the discrete case, this lemma shows in particular that

Eπ(dθ)

{
g(θ) exp

[
−g(θ)]}

Eπ(dθ)

{
exp
[−g(θ)]} ≤ inf

θ∈Θ

{
g(θ) − log

[
π({θ})]}.

Proof. For a given value of µ ∈ R, let us define the threshold value ε =
− log

[
π
(
Θg

µ

)]− 1. Using the obvious upper bound

g(θ) ≤ µ+ ε+
(
g(θ) − µ− ε

)
+
,

we see that

Eπ(dθ)

{
g(θ) exp

[−g(θ)]}
Eπ(dθ)

{
exp
[−g(θ)]} ≤ µ+ ε

+
Eπ(dθ)

{[
g(θ) − µ− ε

]
+

exp
[−g(θ)]}

Eπ(dθ)

{
exp
[−g(θ)]}

≤ µ+ ε+
exp(−ε)
π(Θg

µ)
sup
λ∈R

[
λ exp(−λ)

]
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= µ+ ε+
exp(−ε− 1)
π(Θg

µ)
= µ− log

[
π
(
Θg

µ

)]
.

As the value of µ ∈ R can be arbitrarily chosen, the lemma is proved. ��
Applying this lemma to h(θ, θ′, XN

1 ) gives

γβ(θ) ≤ inf
µ∈R

{
µ− log

[
π

({
θ′ : sup

xN
1 ∈XN

β log

[ ∏N
i=1 q(θ, xi)∏N
i=1 q(θ′, xi)

]
≤ µ

})]}
.

As a special case, we can put µ = 0, to show that

γβ(θ) ≤ − log
[
π
({θ})].

Proof of theorem 4.1.1. Let us expand the function EXN
1 (η) in the neighbour-

hood of β:

EXN
1 (1) − EXN

1 (0) =
∫ 1

0

∂

∂η
EXN

1 (η)dη

=
∂

∂η |η=β

EXN
1 (η) +

∫ 1

η=β

(1 − η)
∂2

∂η2
EXN

1 (η)dη

−
∫ β

η=0

η
∂2

∂η2
EXN

1 (η)dη.

(4.1.2)

From Fubini’s theorem, taking expectations and derivations can be swapped
(the quantity whose expectation is taken being equal to the integral of its
derivative), leading to:

∂

∂η
EXN

1 (η) =

Eπ(dθ)


(N−1∏

n=1

q(θ,Xn)

)β (
q(θ,XN )

)η log q(θ,XN )




Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η
,

∂2

∂η2
EXN

1 (η) =

Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η(log
(
q(θ,XN )

)− ∂

∂η
EXN

1 (η)
)2




Eπ(dθ)


(N−1∏

n=1

q(θ,Xn)

)β (
q(θ,XN )

)η
.
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Thus EP

{
∂2

∂η2 EXN
1 (η)

}
= 0 in the sole case when θ �→ q(θ,XN ) is π almost ev-

erywhere P almost surely constant. Therefore there are only two possible alter-
natives: either EP

{
∂2

∂η2 EXN
1 (η)

}
> 0 for any η ∈ [0, 1], either ∂2

∂η2 EXN
1 (η) = 0

P almost surely for any η ∈ [0, 1]. In this last case
[
EXN

1 (1) − EXN
1 (0)

]
=

∂

∂η |η=β

EXN
1 (η), P p.s.,

proving theorem 4.1.1. In the other case, Fubini’s theorem allowing to ex-
change expectations and derivatives shows that

log

{
EP

[
∂2

∂η2 |η=ξ

EXN
1 (η)

]}

= log

{
EP

[
∂2

∂η2 |η=ζ

EXN
1 (η)

]}
+
∫ ζ

η=ξ

EP

[
∂3

∂η3
EXN

1 (η)
]

EP

[
∂2

∂η2
EXN

1 (η)
]dη

≥ log

{
EP

[
∂2

∂η2 |η=ζ

EXN
1 (η)

]}
− αχ(β, α). (4.1.3)

Equation (4.1.2) can moreover be weakened to

EXN
1 (1) − EXN

1 (0) ≥ ∂

∂η |η=β

EXN
1 (η)

+
∫ α

η=β

(1 − η)
∂2

∂η2
EXN

1 (η)dη −
∫ β

η=0

η
∂2

∂η2
EXN

1 (η)dη.

Integrating with respect to P and using (4.1.3) shows that

EP

[
EXN

1 (1) − EXN
1 (0)

]
≥ EP

[
∂

∂η |η=β

EXN
1 (η)

]

+ sup
η∈[0,β]

EP

[
∂2

∂η2
EXN

1 (η)
]{

exp
[−αχ(β, α)

] ∫ α

η=β

(1 − η)dη −
∫ β

η=0

ηdη

}

≥ EP

[
∂

∂η |η=β

EXN
1 (η)

]

+ sup
η∈[0,β]

EP

[
∂2

∂η2
EXN

1 (η)
] [

(α− β)(2 − α− β)
2

exp
[−αχ(β, α)

]− β2

2

]

≥ EP

[
∂

∂η |η=β

EXN
1 (η)

]
.

��
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4.2 Dichotomic histograms

We will deal with dichotomic histograms using the Gibbs estimator, which
leads to faster computations. (The progressive mixture rule could also be
used.) We will focus on a two step scheme, with an adaptive choice of β.
A single step scheme could also be derived, along the lines described in [77]
where a more thorough study of this subject can be found. The best theoretical
bound available is established for a two step progressive mixture scheme.

As in the general case of histograms described above, we consider some
measurable space (X,F), equipped with a reference probability measure µ ∈
M1

+(X,F). We assume moreover that X has been divided into a family of
measurable cells

{
Is ∈ F : s ∈ S

}
indexed by a set of binary words S equal

to the set of (non necessarily strict) prefix words of some prefix dictionary
D ⊂ {0, 1}∗∪{∅}. We chose the binary case for simplicity, the case of a finite
alphabet being a straightforward extension. We assume that the cells Is define
nested partitions, and more precisely that



I∅ = X,

I(s,0) ∩ I(s,1) = ∅, s ∈
◦
D,

Is = I(s,0) ∪ I(s,1), s ∈
◦
D,

µ(Is) > 0, s ∈ S.

The following lemma is then the consequence of an easy induction argument:

Lemma 4.2.1. For any complete prefix dictionary D ⊂ S,
{
Is : s ∈ D

}
is

a measurable partition of X. Consequently, to any x in X corresponds a word
s ∈ D̄ defined by the relation x ∈ Is, which we will call σ(x).

Let us define as above the probability densities

qD,θ(x) =
∑
s∈D

θ(s)
µ(Is)

1(x ∈ Is),

where θ ∈ M1
+(D). In order to estimate θ, let us write it as

θ(s) =
�(s)∏
j=1

θ
(
sj | sj−1

1

)
. (4.2.1)

This decomposition comes from the fact that �(s) is a stopping time. (The
words of the dictionnary D can be made of constant length by adding repeats
of an extra letter at the end of shorter ones, the decomposition formula is thus
identified with the usual factorization formula into a product of conditional
probabilities. It can be truncated to �(s) because all the subsequent factors
are equal to one, �(s) being a stopping time.)
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Conditional probabilities can then be estimated with the help of the
Laplace estimator:

θ̂XK
1 (sj | sj−1

1 ) =
KP̄σ(XK

1 )(s
j
1) + 1

KP̄σ(XK
1 )(s

j−1
1 ) + 2

,

where P̄σ(XK
1 ) is the empirical distribution of the sequence σ(X1), . . . , σ(XK),

namely
1
K

K∑
j=1

δσ(Xj) ∈ M1
+(D).

Similarly to the case of the Laplace estimator, it can be established that

Theorem 4.2.1. With the previous notations, for any complete prefix diction-
nary D ⊂ S, for any exchangeable probability distribution
P ∈ M1

+

(
XK+1,F⊗(K+1)

)
,

EP

{
− log

[
q
D,θ̂XK

1
(XK+1)

]} ≤ inf
θ∈M1

+(D)
EP

{
− log

[
qD,θ(XK+1)

]}
+

|D| − 1
K + 1

.

Proof. For any x ∈ X, let D(x) be the word s of D defined by the relation
x ∈ ID(x). From the expression of qD,θ(x), it is seen that we have only to
prove that

EP

{
− log

[
θ̂XK

1
[
D(XK+1)

]]} ≤ EP

{
− log

[
θ
[
D(XK+1)

]]}
+

|D| − 1
K + 1

.

Let us introduce the counters

b(s) =
K+1∑
j=1

1
[
Xj ∈ Is

]
,

and let us use the exchangeability of P to write that

EP

{
− log

[
θ̂XK

1
[
D(XK+1)

]]}

= E


 −1
K + 1

K+1∑
j=1

log
[
θ̂(X

j−1
1 ,XK+1

j+1 )
[
D(Xj)

]]
= −E



∑
s∈D

b(s)
K + 1

log


�(s)∏

j=1

b(sj
1)

b(sj−1
1 ) + 1






= E

{
−
∑
s∈D

b(s)
K + 1

log
[
b(s)
K + 1

]

+
∑
s∈D

b(s)
K + 1

�(s)∑
j=1

log

(
1 +

1
b(sj−1

1 )

)}
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= E

{
−
∑
s∈D

b(s)
K + 1

log
[
b(s)
K + 1

]

+
∑
s∈

◦
D

b(s)
K + 1

log

(
1 +

1
b(sj−1

1 )

)}

≤ E

{
inf

θ∈M1
+(D)

[
−
∑
s∈D

b(s)
K + 1

log
[
θ(s)
]]}

+
|
◦
D|

K + 1

= E


 inf

θ∈M1
+(D)


− 1

K + 1

K+1∑
j=1

log
[
θ
[
D(Xj)

]]

+

|D| − 1
K + 1

≤ inf
θ∈M1

+(X)
E

{
− log

[
θ
[
D(XK+1)

]]}
+

|D| − 1
K + 1

.

��
The next step is now to aggregate the estimators q

D,θ̂XK
1

, using a second

sample XN
K+1 and the Gibbs rule.

Let us define π(D) = 2−|D|+1−|D\D|. (More generally we could consider
π(D) = α|D|−1(1 − α)|D\D|, however, the value 1/2, which is the critical
branching rate, is asymptotically optimal when |D| is growing large and the
models of intermediate dimensions are the ones we would like to weight as
most as possible.) Let D be the set of all the complete prefix dictionaries
included in S. Let us put

χ = max
D,D′∈D

max
x∈X

log

[
q
D,θ̂XK

1
(x)

q
D′,θ̂XK

1
(x)

]

and
β = sup

α∈]0,1]

1
eαχ − 1

[√
1 + α(2 − α)(eαχ − 1) − 1

]
.

Let us mention that here β is a random variable (being a function of XK
1 ).

Let us consider the Gibbs estimator

q̂(x) def=

∑
D∈D

π(D)

(
N∏

i=K+1

q
D,θ̂XK

1
(Xi)

)β

q
D,θ̂XK

1
(x)

∑
D∈D

π(D)

(
N∏

i=K+1

q
D,θ̂XK

1
(Xi)

)β
.

From theorem 4.1.1 it follows that
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Theorem 4.2.2. Under the previous hypotheses, for any exchangeable prob-
ability distribution P ∈ M1

+

(
XN+1, F⊗(N+1)

)
,

E
[
− log

[
q̂(XN+1)

]] ≤ inf
D∈D

inf
θ∈M1

+(D)
E
[
− log

[
qD,θ(XN+1)

]]

+
|D| − 1
K + 1

− log π(D)
N −K + 1

E
(
β−1
)
.

Remark 4.2.1. Let us notice that − log
[
π(D)

] ≤ (
2|D| − 1

)
log(2). Let us

notice also that in any case χ ≤ log(K + 1). Considering α = log(χ)
χ , we

deduce that

E
(
β−1
)

≤ log(K + 1) − 1√
1 +

log[log(K + 1)]
log(K + 1)

(
2 − log[log(K + 1)]

log(K + 1)

)(
log(K + 1) − 1

)
− 1

∼
K→∞

log(K + 1)√
2 log[log(K + 1)]

.

Let us now describe a fast factorized algorithm to compute q̂(x). Let us
define the counters

c(s) =
N∑

i=K+1

1
[
Xi ∈ Is

]
, s ∈ S.

Let us attach to each word s ∈ S a weight Υs(x) defined by the following
induction

Υs(x) =




(1 − α)+α
∏

a∈{0,1}


Υsa(x)

(
θ̂XK

1 (a|s)
µ(Isa|Is)

)βc(sa)+1(x∈Isa)

 ,

when s ∈
◦
D,

1 when s ∈ D.

The Gibbs estimator q̂ is then computed from the formula

q̂(x) =
Υ∅(x)∫

X
Υ∅(y)µ(dy)

.

It is constant on each cell Is, s ∈ D of the finest partition, which is defined
by the maximal dictionary D. So there are in practice |D| numbers to be
computed. Computing q̂(x) for x ∈ Is, and s ∈ D can be done simply through
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updating Υsk
1
(x), for k = �(s), . . . , 1, starting from the weights Υs(∅), where

“1
[
x ∈ Is

]
has been set to null everywhere”. More precisely, the weights Υs(∅)

can be defined by the following induction :

Υs(∅) =




(1 − α)+α
∏

a∈{0,1}


Υsa(∅)

(
θ̂XK

1 (a|s)
µ(Isa|Is)

)βc(sa)

 ,

where s ∈
◦
D,

1 where s ∈ D.

The number of operations needed to compute q̂ is of order |D|maxs∈D �(s).
Let us mention by the way that∫

X

Υ∅(y)µ(dy) = Υ∅(∅).

There we show some simulations made in the case when X = [0, 1], where
µ is the Lebesgue measure on the unit intervall and where Is =

∑�(s)
k=1 sk2−k +

[0, 2−�(s)[.
In the first example of [fig. 4.1], the distribution P to be estimated belongs

to one of the parametric models used for estimation.
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True distribution

Fig. 4.1. N = 1000, D = {0, 1}5, K = 0, 021, β = 0, 159

Upon 1000 independent trials of the same experiment, we have obtained
a mean divergence of 0.027 with a standard deviation of 0.005. It can then
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be checked that overfitting is avoided by trying D = {0, 1}10. Again, out of
1000 trials, a mean divergence of 0.029 is obtained, with a standard deviation
still of order 0.005. Next comes [fig. 4.2] an example of estimation with an
overstated finer partition, one sees that estimation accuracy does not collapse
significantly.
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True distribution

Fig. 4.2. N = 1000, D = {0, 1}10, K = 0, 026, β = 0, 155

When the size of the sample is given different values, it is seen that the
divergence K(P, q̂µ) has linear variations, as it is the case for our theoretical
upper bound.

N mean K standard deviation
100 0.24 0.02

1 000 0.029 0.005
10 000 0.002 4 0.000 46

100 000 0.000 23 5 · 10−5

The following figures show the behaviour of the estimator applied to a
mixture of Gaussian distributions. In this case, the influence of the bias is
felt, because the true distribution does not belong to any of the models used
by the estimator, and the dependence between the divergence of the true
distribution with respect to the estimated one is more complex.

The software used to produce these examples can be downloaded from the
author’s web page :
http://www.proba.jussieu.fr/users/catoni/homepage/newpage.

The most CPU time consuming function is the one computing the weights
Υs(x) (let alone the functions computing the divergence values, which serve to
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Fig. 4.3. N = 100, D = {0, 1}9, K = 0, 321, β = 0, 179
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Fig. 4.4. N = 1000, D = {0, 1}9, K = 0, 0533, β = 0, 148

monitor the performance of the algorithm in benchmark experiments where
the true distribution of the sample is exactly known beforehand and can be
compared with the estimated one).

To achieve a satisfactory numerical stability, it is necessary to carry on
the computations on the logarithms of these weights, whose variations are
exponential with the size of the sample. Representing in computer memory
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Fig. 4.5. N = 10000, D = {0, 1}9, K = 0, 0111, β = 0, 136
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Fig. 4.6. N = 100000, D = {0, 1}9, K = 0, 00232, β = 0, 121

the weights themselves would lead to impredictable results for large samples.
The following code gave accurate results for all tested sample sizes (ranging
from 102 to 107). In this implementation, trees are represented by static arrays,
allowing fast indexation of the nodes through bit shifts and bit masks applied
to array indices. This representation is well suited for histograms. For data
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compression (using context trees) a dynamic tree representation is usually
prefered, as explained above, allowing for strongly unbalanced trees.

The function WeightMix takes as its arguments an array of weights w

containing the conditional probabilities θ̂XK
1 (sk | sk−1

1 ), an array of counters
c, previously denoted as c(s), s ∈ S, a branching rate α (fixed to 1/2 in the
above discussion) and the value of the inverse temperature β.

#define LOGP(x,y) \
(((x)>(y))?(x)+log1p(exp((y)-(x))):(y)+log1p(exp((x-y))))
#define LASTB 1
#define OTHERB (~1)
#define BROTHER(i) (((i)&OTHERB)|((~(i))&LASTB))

typedef struct {
int depth;
int *first;

} Count;
/* a binary tree of counters.
* tree nodes are indexed by integers, 1 for the root, 2 for
* its left son, 3 for its right son, 4 for the left son of
* its left son etc.
*/

typedef struct {
int depth;
double *first;

} Weight;
/* a binary tree of weights, could represent different
* things : conditional probability densities, logarithms of
* conditional densities ...
*/

Weight *WeightMix(Weight *w, Count *c,
double alpha, double beta) {

int depth, dd;
int i,j,M,brother;
Weight *mixW;
double buff, *wp, *mixWp;
int *cp;
double sup;
double ac, al, acl;
double right;
depth = w->depth;
if (c->depth < depth) {

depth = c->depth;
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}
mixW = WeightNew(depth);
M = 1 << depth;
ac = 1 - alpha;
al = log(alpha);
acl = log(1-alpha);
cp=c->first;
wp=w->first;
mixWp=mixW->first;
for (i=(M>>1);i<M;i++) {

right = al+(beta*cp[i<<1])*wp[i<<1]
+ (beta*cp[(i<<1)+1])*wp[(i<<1)+1];

mixWp[i] = LOGP(acl,right);
}
for(i=(M>>1)-1;i;i--) {

right = al+mixWp[i<<1]+mixWp[(i<<1)+1]
+ (beta*cp[i<<1])*wp[i<<1]
+ (beta*cp[(i<<1)+1])*wp[(i<<1)+1];

mixWp[i] = LOGP(acl,right);
}
M = 1 << (depth+1);
sup = 0;
for(i=(1<<depth);i<M;i++) {

brother = BROTHER(i);
right = al+((beta*cp[i])+1)*wp[i]

+ (beta*cp[brother])*wp[brother];
buff = LOGP(acl,right);
for(j=(i>>1),dd=depth-1;j>1;j>>=1,dd--) {

brother = BROTHER(j);
right = al+buff+mixWp[brother]

+ ((beta*cp[j])+1)*wp[j]
+ (beta*cp[brother])*wp[brother];

buff = LOGP(acl,right);
}
mixWp[i] = buff;
if (buff > sup) {

sup = buff;
}
/* normalizing the weights in two steps to

make things numerically more stable */
for (i=(1<<depth);i<M;i++) {

mixWp[i] -= sup;
}
for (i=(1<<depth)-1;i;i--) {

mixWp[i] =
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LOGP(mixW->first[i<<1],mixW->first[(i<<1)+1]);
}
for (i=M-1;i;i--) { /* back from the log

representation of weights */
mixWp[i] = exp(mixWp[i]-mixWp[1]);

}
return mixW;

}

4.3 Mathematical framework for density estimation

We set here the mathematical framework for density estimation. We use the
term density estimation, because it is well established, but in fact, we do not
require the true sample distribution to have a density with respect to the
reference measure we consider. It is only required that the estimator has a
density with respect to a given reference measure on the sample space, and
weak convergence may occur to a true distribution which does not satisfy this
property.

Let us start with a convenient and classical

Definition 4.3.1. A regular conditional probability distribution ν(dX |Y ) on
the product X × Y of two measurable spaces (X,B) and (Y,F) will be a map
ν : B × Y → R such that

1. for any y ∈ Y , the map A �→ ν(A, y) is a probability measure on (X,B),
2. for any A ∈ B, the map y �→ ν(A, y) is measurable with respect to F.

Let (X,B) be a measurable sample space, and let (X1, . . . , XN ) be an
i.i.d. sample of observations drawn with respect to some distribution PN . In
practice PN = P⊗N ∈ M1

+(XN ,B⊗N ) will be a product measure, but from
the technical point of view, we will only use the fact that PN is the marginal
of rank N of some exchangeable distribution defined on some larger power
of X, XM , with M > N . The question under investigation is to estimate
P (or PM (dXN+1 |XN

1 ), depending on the setting). This means we want to
build a regular conditional probability distribution P̂ (dX |X1, . . . , XN ) on(
XN+1,B⊗(N+1)

)
which is on the average close to P (in some sense to be

made more precise in the sequel).
It is well known that there is in general no answer to this question, unless

we give it a more restricted meaning, because the space of all probability mea-
sures on X is usually too big (except when X is a small finite set). One classical
way of making the question well posed would be to impose some restrictive
hypotheses on the unknown distribution P . The alternative way is to impose
some restrictions on the set of distributions among which the estimator is to
be chosen. This is somehow more realistic, because this set is left to our choice,
whereas the properties of P are in most practical cases unknown. Dealing with
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an unknown sample distribution within a restricted class of estimators is an
active research topic in more than one scientific community, among which we
can cite researches in nonparametric adaptive statistics (too many prominent
contributors to cite them all), in statistical learning theory (Vapnik’s school),
in information theory (Rissanen’s MDL school) and in PAC learning (Valliant,
Schapire, Mansour, McAllester, ...).

Accordingly to what we just explained, we will focus on some restricted
family of distributions {Qθ ∈ M1

+(X,B) ; θ ∈ Θ}. This notation is somewhat
redundent, we could have chosen to consider a subset Q ⊂ M1

+(X,B). Any-
how, as we will have to define a prior probability measure on the set Q, and
therefore a sigma-algebra on this set, we prefer to use the setting of condi-
tional probability measures on a product space Θ×X. More precisely, we will
assume that (Θ,B′) is a measurable space, and that the family {Qθ : θ ∈ Θ}
is a regular conditional probability measure on

(
X×Θ,B ⊗B′). We will also

assume that we can find a reference measure µ ∈ M1
+(X,B) such that for any

θ ∈ Θ, the measure Qθ is absolutely continuous with respect to µ and such
that there exists for each θ a version of the Radon-Nikodym derivative Qθ

µ

such that the map (θ, x) �→ Qθ

µ (x) is measurable with respect to the product
sigma algebra B′ ⊗ B on Θ × X.

Another important specificity of the estimation scheme we will introduce
is that the estimator P̂ (dX |X1, . . . , XN) will not be chosen from the fam-
ily {Qθ : θ ∈ Θ} itself, but from the mixtures {∫

θ∈Θ
Qθρ(dθ |X1, . . . , XN )},

where ρ(dθ |X1, . . . , XN) ranges among all the possible regular conditional
probability distributions on Θ × XN . This framework is familiar in the set-
ting of Bayesian estimation. However, we will not use a Bayesian estimator,
as the reader will see, but some pseudo-Bayesian posterior ρ which is more
suited to obtain a non asymptotic oracle inequality under weak hypotheses.
Understanding why it is often more efficient to estimate a posterior ρ on the
parameter space rather than a given value of the parameter θ̂(X1, . . . , XN ) is
in our opinion a deep and still partially open question. Anyhow, we produce
here some toy counter example showing that there is no parameter estimator
θ̂(X1, . . . , XN ) achieving in all circumstances the same performance as the
posterior ρ(dθ |X1, . . . , XN ) we will use.

Our approach is “pseudo-Bayesian” in the sense that we use of some prior
probability measure π ∈ M1

+(Θ,B′) on the parameter space. However, it is to
be understood that this measure has nothing to do with what our expectations
might be about the true sample distribution P we are confronted with: we will
obtain worst case bounds for the average risk, meaning bounds which hold for
any specific value of P . The choice of π will on the other hand influence the
value of the bound we will get for any particular P : changing the prior π will
make the bound tighter for some values of P , while it will make it looser for
other values of P .

All these preliminary explanations being given, we are ready for the defi-
nition of the Gibbs estimator:
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Definition 4.3.2. Let π ∈ M+(Θ) be a positive sigma-finite measure on the
parameter space Θ. Let β ∈]0, 1], α ∈]β, 1] and N ∈ N be given. Let us assume
that the map

(θ, x) �→ q(θ, x) def=
Qθ

µ
(x)

satisfies the set of hypotheses H(N + 1, β, α) given in appendix 4.9. (Let us
remind the purists that we chose once for all to work with a given realisation
of the derivatives Qθ

µ . The hypotheses of appendix 4.9 are for instance ful-

filled when this realisation is such that the function (θ, x) �→ log
(

Qθ

µ (x)
)

is
bounded and π is a finite measure.) We define the Gibbs estimator at inverse
temperature β ∈ R+ to be the regular conditional probability distribution

GN
β (dX |X1, . . . , XN ) =

Eπ(dθ)



(

N∏
n=1

Qθ

µ
(Xn)

)β

Qθ(dX)




Eπ(dθ)


( N∏

n=1

Qθ

µ
(Xn)

)β



.

The fact that it is for any (X1, . . . , XN ) a probability measure is a conse-
quence of the monotone convergence theorem. The fact that it is regular is part
of Fubini’s theorem (applied separately to the numerator and denominator).

In the study of the Gibbs estimator, an important role will be played by
the log-Laplace transform introduced in appendix 4.9:

EXN+1
1 (α) = logEπ(dθ)


( N∏

n=1

Qθ

µ
(Xn)

)β (
Qθ

µ
(XN+1)

)α

 ,

where a dummy (i.e. non observed) variable XN+1 has been introduced for
convenience. Note also that XN+1

1 is a shorthand for (X1, . . . , XN+1). De-
pending on his background, the reader may also like to see the function EXN

1

as a free-energy function, or as the logarithm of the moment generating func-
tion of an exponential family of distributions. As it can be seen from the
computations made in appendix 4.9, computing derivatives of EXN

1 involves
the family of posterior regular conditional distributions

ρ
XN+1

1
β,α (dθ) =

(
N∏

n=1

Qθ

µ
(Xn)

)β (
Qθ

µ
(XN+1)

)α

π(dθ)

Eπ(dθ′)



(

N∏
n=1

Qθ′

µ
(Xn)

)β (
Qθ′

µ
(XN+1)

)α



on the parameter space Θ. The notation ρXN+1
1

β,α (dθ) is a short hand for
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ρβ,α(dθ |X1, . . . , XN+1),

which will be useful to make equations fit in the page width.

Note that ρXN+1
1

β,0 does not depend on XN+1: we will also write it as ρXN
1

β .
The Gibbs estimator can then be written as

GN
β (dXN+1 |X1, . . . , XN) = E

ρ
XN

1
β (dθ)

(
Qθ(dXN+1)

)
.

This justifies the name “Gibbs estimator”: indeed the measure ρXN
1

β can be
seen as a Gibbs measure, related to the hamiltonian:

h
(
θ ; XN

1

)
= − 1

N

N∑
n=1

log
(
Qθ

µ
(Xn)

)
,

since it can be written as

ρ
XN

1
β (dθ) =

exp
(
−βNh(θ ; XN

1

))
π(dθ)

Eπ(dθ′)

(
exp
(
−βNh(θ′ ; XN

1

))) .

(A Gibbs measure is simply a measure obtained by an exponential change
of measure involving an energy function — here h(θ ; X1, . . . , XN ) — and
an exponent called the inverse temperature — here Nβ, — from a reference
measure — here π.) The normalisation given to h in this attempt to justify
our terminology is quite natural since when the sample distribution is i.i.d., h
will converge P⊗N a.s. to a finite limit from the strong law of large numbers
(at least when log Qθ

µ (X) has a first moment).
The theorems in this section are concerned with the high temperature

region β ∈]0, 1/2]. They provide oracle inequalities for the mean divergence of
the true sample distribution with respect to the estimator. Namely, assuming
that there exists a regular version of P (dXN+1 |X1, . . . , XN ), they provide a
bound for

EPN+1

(
K
(
PN+1(dXN+1 |X1, . . . , XN ), GN

β (dXN+1 |X1, . . . , XN)
))
,

where K is the Kullback Leibler divergence: let us recall that the divergence
K(m1,m2) of two probability measures m1 and m2 is defined as

K(m1,m2)
def=

{
Em1

(
m1
m2

)
if m1 � m2

+∞ otherwise.

To put things into perspective, let us remark that when β = 1 the Gibbs
estimator GN

1 is a Bayesian estimator: it minimizes the Bayesian risk

Eπ(dθ)EQ⊗N
θ (dXN

1 )

(
K
(
Qθ(dXN+1), Q̂(dXN+1 |X1, . . . , XN )

))
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over all possible choices of regular conditional probabilities Q̂(dXN+1 |X1, . . . ,
XN ). Moreover, when the maximum likelihood is achieved for a single value
of the parameter θ, the Gibbs estimator converges to the maximum likelihood
estimator when β tends to +∞. Therefore we can see the Gibbs estimator
as a “thermalized” version of both the Bayesian and the maximum likelihood
estimators. Working in the high temperature region β < 1 can also be inter-
preted as a deliberate underestimation of the sample size: To compute the
Gibbs estimator, we plug the empirical distribution of N observations into
the Bayesian estimator for a sample of size βN .

The main reason for introducing the Gibbs estimator is that it satisfies
a rather sharp non asymptotic oracle inequality which is the statistical pen-
dent of the universal compression properties of universal codes in information
theory.

4.4 Main oracle inequality

Theorem 4.4.1. In the setting and under the hypotheses described in defini-
tion 4.3.2,

EPN+1

(
log

µ

GN
β

(XN+1 |XN
1 )

)

≤ inf
θ∈Θ1

{
EPN+1

(
log

µ

Qθ
(XN+1)

)
+

γβ(θ)
β(N + 1)

}
, (4.4.1)

where Θ1 and γβ(θ) are defined by equations (4.9.6) and (4.9.7) in appendix
4.9. Moreover, according to what is assumed in defintion 4.3.2, the “inverse
temperature” parameter β is assumed to satisfy condition (4.9.9), which itself
depends on condition (4.9.8).

As a consequence, in the case when there exists a regular version of
PN+1(dXN+1 |XN

1 ),

EPN+1(dXN
1 )K

(
PN+1(dXN+1 |XN

1 ), GN
β (dXN+1 |XN

1 )
)

≤ inf
θ∈Θ1

{
EPN+1(dXN

1 )K
(
PN+1(dXN+1 |XN

1 ), Qθ(dXN+1)
)

+
γβ(θ)

β(N + 1)

}
,

(4.4.2)

where K(., .) is the Kullback Leibler divergence.

Proof. The first part (4.4.1) is just a rewriting of theorem 4.9.1. To prove the
second part, let us remark that (4.4.2) is trivial when

inf
θ∈Θ1

EPN+1(dXN
1 )K

(
PN+1(dXN+1 |XN

1 ), Qθ(dXN+1)
)

= +∞.

Otherwise, there is θ1 ∈ Θ1 such that
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EPN+1(dXN
1 )K

(
PN+1(dXN+1 |XN

1 ), Qθ1(dXN+1)
)
< +∞.

This means that

XN+1
1 �→ log

(
P (dXN+1 |XN

1 )
Qθ1(dXN+1)

)
∈ L1(XN+1, PN+1).

Moreover by definition of Θ1,

XN+1
1 �→ log

(
Qθ1(dXN+1)
µ(dXN+1)

)
∈ L1(XN+1, PN+1).

Thus the sum of the two previous functions is also integrable :

XN+1
1 �→ log

(
PN+1(dXN+1 |XN

1 )
µ(dXN+1)

)
∈ L1(XN+1, PN+1),

and consequently we go from (4.4.1) to (4.4.2) by substracting on both side
the finite constant

EPN+1(dXN+1
1 )

[
log
(
PN+1(dXN+1 |XN

1 )
µ(dXN+1)

)]
.

��
Remark 4.4.1. Note that the definition of GN

β depends on the choice of the
reference measure µ only through the assumption that for each θ, Qθ is abso-
lutely continuous with respect to µ. Replacing µ by an equivalent probability
measure µ′ does not change the definition of GN

β (by equivalent, we mean that
µ � µ′ and µ′ � µ). However it may change the definition of Θ1 as well as
the integrability assumption (4.9.4).
Remark 4.4.2. The hypotheses of the theorem are for instance fulfilled for
any sample distribution PN+1 when π is a finite measure and the function
(θ, x) �→ log Qθ

µ (x) is bounded. In this case Θ1 = Θ and the value of β can be
set independently from PN+1 using remark 4.9.3.
Remark 4.4.3. In the case of an exponential model, we can give for χβ,α (see
(4.9.8)), β (see (4.9.9)) and γβ(θ) (see (4.9.7)) worst case upper bounds with
respect to PN+1 which depend only on the entropy structure of the model.
Let us restrict for simplicity to the case when X is finite, and assume that
{Qθ ; θ ∈ Θ ⊂ Rd} is defined by

Qθ(dx) =
exp〈θ, f(x)〉

Z(θ)
µ(dx),

where f : X → Rd, µ is everywhere positive, and where Θ is the support of the
prior distribution π. For any values of (x1, . . . , xN+1) ∈ XN+1, (β, ξ) ∈ [0, 1]2,

we can define Q̂xN+1
1

β,ξ in the closure {Qθ ; θ ∈ Rd} of {Qθ ; θ ∈ Rd} such that
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E
Q̂

x
N+1
1

β,ξ (dX)

(
f(X)

)
=

1
βN + ξ

(
N∑

i=1

βf(xi) + ξf(xN+1)

)
.

It is not necessarily unique and can be obtained by minimization of the non-
negative convex function

θ �−→ K(P̂ xN+1
1

β,ξ , Qθ),

where

P̂
xN
1

β,ξ =
1

βN + ξ

(
N∑

i=1

βδxi + ξδxN+1

)
.

Then we can write ρxN+1
1

β,ξ (dθ) as

dρ
xN+1
1

β,ξ (θ) ∝ exp
(
−(βN + ξ)K

(
Q̂

xN+1
1

β,ξ , Qθ

))
dπ(θ),

where the symbol ∝ means that we have omitted to write the normalizing
constant that turns ρxN+1

1
β,ξ into a probability distribution. Accordingly, we can

bound γβ(θ) by

sup
θ∈Θ

γβ(θ) ≤

sup
Q̄∈{Qθ ; θ∈Rd}

Eπ(dθ)

[
β(N + 1)K

(
Q̄,Qθ

)
exp
(
−β(N + 1)K

(
Q̄,Qθ

))]

Eπ(dθ)

[
β(N + 1)K

(
Q̄,Qθ

)] .

In the same way, putting

ρQ̄
β,ξ(dθ) ∝ exp

(
−(βN + ξ)K(Q̄,Qθ)

)
π(dθ),

and
M3

ρ(dθ)

(
g(θ)

)
= Eρ(dθ)

(
g(θ) − Eρ(dθ′)g(θ′)

)3
,

we can bound χβ,α by

χβ,α ≤ 0 ∨ sup
ξ∈[0,α]

sup
Q̄∈{Qθ ; θ∈Rd}

sup
x∈X

−M3

ρQ̄
β,ξ(dθ)

(
log Qθ

µ (x)
)

Var
ρQ̄

β,ξ(dθ)

(
log Qθ

µ (x)
) .

In conclusion, when theorem 4.4.1 is applied to an exponential model {Qθ :
θ ∈ Θ}, the coefficients supθ∈Θ γβ(θ) and χβ,α corresponding to an arbitrary
exchangeable sample distribution PN+1 can be bounded by expressions where
the empirical distribution has been replaced by the worst case distribution
Q̄ in the closure {Qθ ; θ ∈ Rd} of the larger model obtained by letting the
parameter θ range in the whole Rd.
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Theorem 4.4.1 is concerned with values of β in the region ]0, 1/2[. Another
interesting value of the temperature is β = 1/2. To cover this case, we can
adopt the set of hypotheses H′(N + 1, β) described in appendix 4.10 and
define the third centered moment of the function h(θ) with respect to the
distribution ρ ∈ M1

+(Θ) to be

M3
ρ(dθ)

[
h(θ)

]
= Eρ(dθ)

[[
h(θ) − Eρ(dθ′)h(θ′)

]3]
.

Theorem 4.10.1 of appendix 4.10 reads in this framework as

Theorem 4.4.2. In the setting described in definition 4.3.2, when hypothesis
H(N + 1, β, α) is replaced by H′(N + 1, 1/2) described in appendix 4.10,

EPN+1

[
log

µ

GN
1/2

(
XN+1 |XN

1

)]

≤ inf
θ∈Θ1

{
EPN+1

(
log

µ

Qθ
(XN+1)

)
+

2γ(θ)
(N + 1)

}

+
1
24

sup
η∈[0,1]

−EPN+1M
3

ρ
X

N+1
1

1/2,η
(dθ)

[
log
(
Qθ

µ
(XN+1)

)]
. (4.4.3)

As a consequence, in the case when there exists a regular version of
P (dXN+1 |XN

1 ),

EPN+1(XN
1 )K

(
PN+1(dXN+1 |XN

1 ), GN
1/2(dXN+1 |XN

1 )
)

≤ inf
θ∈Θ1

{
EPN+1(dXN

1 )K
(
PN+1(dXN+1 |XN

1 ), Qθ(dXN+1)
)

+
2γ1/2(θ)
N + 1

}

+
1
24

sup
η∈[0,1]

−EPN+1M
3

ρ
X

N+1
1

1/2,η
(dθ)

[
log
(
Qθ

µ
(XN+1)

)]
. (4.4.4)

4.5 Checking the accuracy of the bounds on the
Gaussian shift model

It is instructive to illustrate theorems 4.4.1 and 4.4.2 with the Gaussian shift
model, where we can compute everything explicitly. In this exponential model
X = Rd,

µ(dx) = (2π)−d/2(detH)−1/2 exp
(
−1

2
〈x,H−1x〉

)
dx

where “dx” is the Lebesgue measure on Rd and H is a symmetric positive
definite matrix, f(x) = x, so that

Qθ(dx) = (2π)−d/2(detH)−1/2 exp(−1
2
‖H−1/2(x−Hθ)‖2)dx,

and π(dθ) = dθ (the Lebesgue measure).
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Here the relative entropy takes the form

K(Qθ, Qθ′) =
1
2
‖H1/2(θ − θ′)‖2.

Moreover

γβ(θ) ≤ sup
θ̂

Edθ′ β(N+1)
2 ‖H1/2(θ′ − θ)‖2 exp(−β(N+1)

2 ‖H1/2(θ′ − θ̂)‖2)

Edθ′ exp(−β(N+1)
2 ‖H1/2(θ′ − θ̂)‖2)

− β(N + 1)
2

‖H1/2(θ̂ − θ)‖2 =
d

2
.

We have also

ρ
x
(
1N+1)

β,ξ (dθ) =(
βN + ξ

2π

)d/2

(detH)1/2 exp
(
−βN + ξ

2
‖H1/2(θ − θ̄β,ξ)‖2

)
dθ,

where

θ̄β,ξ = H−1

(
1

βN + ξ

(
N∑

i=1

βxi + ξxN+1

))
.

Making the computation in a orthonormal basis of eigenvectors of H , we
obtain easily that

Var
ρ

x
N+1
1

β,ξ (dθ)

[
log
(
Qθ

µ
(xN+1)

)]

= Var
ρ

x
N+1
1

β,ξ (dθ)

[
−1

2
‖H−1/2(xN+1 −Hθ)‖2

]

= (βN + ξ)−2

(
d

2
+ (βN + ξ)‖H−1/2(xN+1 −Hθ̄β,ξ)‖2

)
,

M3

ρ
x

N+1
1

β,ξ (dθ)

[
log
(
Qθ

µ
(xN+1)

)]

= M3

ρ
x

N+1
1

β,ξ (dθ)

[
−1

2
‖H−1/2(xN+1 −Hθ)‖2

]

= −(βN + ξ)−3
(
d+ 3(βN + ξ)‖H−1/2(xN+1 −Hθ̄β,ξ)‖2

)
.

Thus χβ,1 ≤ 3
βN

and for N > 9 we can take in theorem 4.4.1

β =
1
2
− 1
N + 1

.
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We obtain that

EPN+1K(PN+1(dXN+1 |XN
1 ), G1/2−1/(N+1)(dXN+1 |XN

1 ))

≤ inf
θ∈Θ

EPN+1K(P (dXN+1 |XN
1 ), Qθ(dXN+1)) +

d

N + 1

(
1 − 2

N + 1

)−1

.

In the case when PN+1 = P⊗(N+1) is a product measure having a second
moment EP (‖X‖2) < +∞,

EP⊗(N+1)‖H−1/2(XN+1 −Hθ̄β,ξ)‖2

= EP ‖H−1/2(X − EP (X))‖2

((
1 − ξ

βN + ξ

)2

+
β2N

(βN + ξ)2

)

≤ N + 1
N

EP ‖H−1/2(X − EP (X))‖2.

Therefore applying theorem 4.4.2 we obtain that

EP⊗N (dXN
1 )K(P,GN

1/2(dXN+1 |XN
1 ))

≤ inf
θ∈Θ

K(P,Qθ) +
d

N + 1

+
N + 1
2N3

EP ‖H−1/2(X − EP (X))‖2 +
d

3N3

As in this case GN
β (dXN+1 |XN

1 ) can be explicitly computed, we can check
to which extent theorems 4.4.1 and 4.4.2 are sharp for the Gaussian shift
model: putting

θ̄ = H−1

(
1
N

N∑
i=1

xi

)

we have

GN
β (dxN+1 |xN

1 ) = E
ρ

x
N+1
1

β,0 (dθ)
Qθ(dxN+1)

=
∫

θ∈Rd

(
βN

2π

)d/2

(detH)1/2 exp
(
−βN

2
‖H1/2(θ − θ̄)‖2

)

× (2π)−d/2(detH)−1/2 exp
(
−1

2
‖H−1/2(xN+1 −Hθ)‖2

)
dθdxN+1

=
∫

θ

(
βN

(2π)2

)d/2

exp
(
−βN + 1

2
‖H1/2(θ − θ̄)‖2

+〈(xN+1 −Hθ̄), (θ − θ̄)〉 − 1
2
‖H−1/2(xN+1 −Hθ̄)‖2

)
dθdxN+1

= (2π)−d/2(detH)−1/2

(
βN

βN + 1

)d/2
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× exp

(
−1

2
βN

βN + 1
‖H−1/2

(
xN+1 − 1

N

N∑
i=1

xi

)
‖2

)
dxN+1.

We can then explicitly compute

sup
θ
EP⊗(N+1)(dXN+1

1 )

[
log

(
Qθ(dXN+1)

GN
β (dXN+1 |XN

1 )

)]

=
d

2
log

βN + 1
βN

+
1
2

βN

βN + 1
EP⊗(N+1)(dXN+1

1 )‖H−1/2

(
XN+1 − 1

N

N∑
i=1

Xi

)
‖2

− inf
θ

1
2
EP (dXN+1)‖H−1/2(XN+1 −Hθ)‖2

=
d

2
log
(

1 +
1
βN

)

− 1 − β

2(βN + 1)
EP (dXN+1)‖H−1/2(XN+1 − EP (X))‖2.

This shows that in case β = 1/2 − 1/(N + 1) the evaluation given by the-
orem 4.4.1 is sharp for the worst P (the case when its variance is going to
zero). In theorem 4.4.2 the leading term is also sharp in the worst case. It
is also interesting to notice that the average risk of the Bayesian estimator
QN+1

1 is independent of P and that GN+1
β is asymptotically minimax when the

sample distribution P is supposed to be drawn from the model {Qθ ; θ ∈ Θ}
for any β ∈]0, 1]. Indeed, the choice of β does not influence the prediction
made for the mean of P . This is a good thing, because in some situations
it is necessary to make a “pessimistic” choice of β to meet the hypotheses
of theorem 4.4.1, and it is hopeful that such a pessimistic choice would not
systematically prevent the estimator from having an optimal behaviour. In
the case when P �∈ {Qθ ; θ ∈ Θ}, smaller values of β do a better job when the
variance of P is larger than in the model and larger values of β do a better
job when the variance of P is smaller than in the model.

These easy computations made on the Gaussian shift model can be ex-
pected to be typical of more general exponential models in which, under
broad conditions, θ will be asymptotically normal under ρXN+1

1
β,γ (dθ), given

X1, . . . , XN+1.
We would like now to illustrate the use of theorem 4.4.1 in a totally

different completely discrete setting.

4.6 Application to adaptive classification

In this application to classification, we consider a product space (X× Y,B1 ⊗
B2), where Y is a finite set with C elements and B2 is the discrete sigma
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algebra. We let {fθ : X → Y ; θ ∈ Θ} be a family of classification rules.
Our goal is to find a classification rule f : X → Y which minimizes
the error of classification P (f(X) �= Y ), for some probability measure
P ∈ M1

+(X × Y), which we know through the observation of an i.i.d. sam-
ple of classified patterns (Xi, Yi)N

i=1 distributed according to P⊗N .
We introduce the family of conditional “non-normalised” likelihood func-

tions
qθ(y |x) = exp

(
−λ1(fθ(x) �= y

))
,

where λ ∈]0, 1[ is a fixed constant (to be optimized later on). We have

−EP log qθ(Y |X) = λP (fθ(X) �= Y ).

Applying theorem 4.9.1 of appendix 4.9 to qθ(y |x), noticing that in this
situation χβ,α ≤ λ (for any values of β and α), we obtain that

− EP⊗(N+1) log gN
β (YN+1 |XN+1)

≤ inf
θ∈Θ

(
−EP⊗(N+1) log qθ(YN+1 |XN+1) − 1 + expλ/2

N
log π({θ})

)
, (4.6.1)

where

gN
β (YN+1 |XN+1) =

Eπ(dθ)



(

N∏
i=1

qθ(Yi |Xi)

)β

qθ(YN+1 |XN+1)




Eπ(dθ)


( N∏

i=1

qθ(Yi |Xi)

)β



,

with β =
1

1 + exp(λ/2)
.

From this main inequality, we are going to derive four different results.
One is concerned with a randomised classification rule in the general case,
the second one is concerned with the performance of the same classification
rule in the case when it is known that the conditional distribution of the
classes is sufficiently far from the uniform distribution, the last two results
are concerned with the derivation of a non randomised classification rule.

4.6.1 Randomized classification rule, general case

Let us define a notation for the posterior probability distribution associated
with the Gibbs estimator:

ρβ(dθ)
def∝
(

N∏
i=1

qθ(Yi |Xi)

)β

π(dθ).



4.6 Application to adaptive classification 125

We can see that

− log gN
β (YN+1 |XN+1) = − logEρβ(dθ)qθ(YN+1 |XN+1)

= − log
[
Eρβ(dθ) exp

(−λ1(fθ(XN+1) �= YN+1)
)]

= − log
[
1 − (1 − e−λ)Eρβ(dθ)

[
1(fθ(XN+1) �= YN+1)

]]
≥ (1 − e−λ)Eρβ(dθ)

[
1(fθ(XN+1) �= YN+1)

]
.

This proves

Theorem 4.6.1.

EP⊗N (dZN
1 )Eρβ(dθ)P

(
fθ(XN+1) �= YN+1

)
≤ inf

θ∈Θ

(
λ

1 − e−λ
P
(
fθ(XN+1) �= YN+1

)− 1 + eλ/2

1 − e−λ

log π({θ})
N + 1

)
.

4.6.2 Randomized classification rule for “non-ambiguous”
classification problems

We will see further below that the order of the bound obtained in theorem
4.6.1 is optimal in the general case. However, another type of result can be
obtained when the classification problem is not too ambiguous in the following
sense : Assuming that we have chosen some regular version of P (dY |X), let
us consider an “ideal” classification rule f̃ : X → Y, such that

P (Y = f̃(x) |X = x) = max
y∈Y

P (Y = y |X = x), x ∈ X.

Let us introduce for any x ∈ X the notation

µx = min
y∈Y\{f̃(x)}

[
P
(
Y = f̃(x) |X = x

)− P
(
Y = y |X = x)

]
.

Assume for the moment that the value of the observation (X1, Y1), . . . ,
(XN , YN ) is fixed, so that ρ(dθ) is fixed, and remark that for any x ∈ X

−EP (dY |X=x)

{
log
[
Eρ(dθ)

{
exp
[
−λ
(
1
(
Y �= fθ(X)

)−1
(
Y �= f̃(X)

))]}]}

≥ EP (dY |X=x)Eρ(dθ)

[
−(eλ − 1

)
1
(
Y = fθ(X) and Y �= f̃(X)

)
+
(
1 − e−λ

)
1
(
Y �= fθ(X) and Y = f̃(X)

)]
≥ Eρ(dθ)

[(
1 − e−λ

)(
P
(
Y �= fθ(X) |X = x

)− P (
(
Y �= f̃(X) |X = x

))
− (eλ − 1

)(
1 − e−λ

)
P
(
Y = fθ(X) and Y �= f̃(X) |X = x

)]
(4.6.2)
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As moreover

P
(
Y = fθ(X) and Y �= f̃(X) |X = x

) ≤ 1 − µx

2
1
(
fθ(X) �= f̃(X)

)
and

P
(
Y �= fθ(X) |X = x) − P

(
Y �= f̃(X) |X = x

) ≥ µx1
(
fθ(X) �= f̃(X)

)
,

it is necessarily true that

P
(
Y = fθ(X) and Y �= f̃(X) |X = x

)
≤ (1 − µx)

2µx

[
P
(
Y �= fθ(X) |X = x) − P

(
Y �= f̃(X) |X = x

)]
.

Coming back to (4.6.2) we obtain

−EP (dY |X=x)

{
log
[
Eρ(dθ)

{
exp
[
−λ
(
1
(
Y �= fθ(X)

)−1
(
Y �= f̃(X)

))]}]}

≥ Eρ(dθ)

[(
1 − e−λ

)(
1 − 1 − µx

2µx

(
eλ − 1

))(
P
(
Y �= fθ(X) |X = x

)
− P

(
Y �= f̃(X) |X = x

))]
. (4.6.3)

This will be useful when µx is not too small. For small values of µx, we would
better use the bound established in the “general” case, which can be written
as

−EP (dY |X=x)

{
log
[
Eρ(dθ)

{
exp
[
−λ
(
1
(
Y �= fθ(X)

)−1
(
Y �= f̃(X)

))]}]}

≥ (1 − e−λ
)
Eρ(dθ)

[
P
(
Y �= fθ(X) |X = x

)− P
(
Y �= f̃(X) |X = x

)]
− (λ− 1 + e−λ

)
P
(
Y �= f̃(X) |X = x

)
≥ (1 − e−λ

)
Eρ(dθ)

[
P
(
Y �= fθ(X) |X = x

)− P
(
Y �= f̃(X) |X = x

)]
− 1

2
(
λ− 1 + e−λ

)
. (4.6.4)

Let us define for any real positive constant µ the set

Ωµ
def=
{
x ∈ X : P (Y = f̃(x) |X = x) < max

z∈Y\{f̃(x)}
P (Y = z |X = x) + µ

}
.

Combining equations (4.6.3) and (4.6.4), we get

− EP (dX,dY )

{
log
[
Eρ(dθ)

{
exp
[
−λ
(
1
(
Y �= fθ(X)

)− 1
(
Y �= f̃(X)

))]}]}
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≥ Eρ(dθ)

[(
1 − e−λ

)(
1 − 1 − µ

2µ
(
eλ − 1

))(
P
(
Y �= fθ(X)

)
− P (

(
Y �= f̃(X)

))]− (λ− 1 + e−λ
)P (Ωµ)

2
. (4.6.5)

This proves the following theorem :

Theorem 4.6.2. In the setting described above,

EP⊗N (dZN
1 )

{
Eρβ(dθ)

[
P (fθ(XN+1) �= YN+1)

]} ≤ P (f̃(XN+1) �= YN+1)

+ inf
θ∈Θ

{
C1(λ, µ)

(
P (fθ(XN+1) �= YN+1)

− P (f̃(XN+1) �= YN+1)
)− C2(λ, µ)

log
(
π(θ)

)
(N + 1)

}
+ C3(λ, µ)

where

C1(λ) =
λ

1 − e−λ

(
1 − 1 − µ

2µ
(
eλ − 1

))−1

,

C2(λ) =

(
1 + eλ/2

)(
1 − e−λ

) (1 − 1 − µ

2µ
(
eλ − 1

))−1

,

C3(λ) =
λ− 1 + e−λ

1 − e−λ

(
1 − 1 − µ

2µ
(
eλ − 1

))−1 P
(
Ωµ

)
2

.

Remark 4.6.1. Note that for any fixed value of µ ∈]0, 1[,

C1(λ, µ) ∼
λ↓0

1,

C2(λ, µ) ∼
λ↓0

2
λ
,

C3(λ, µ) ∼
λ↓0

λP (Ωµ)
4

.

Remark 4.6.2. In the case when

• the best classification rule is achieved : f̃ = fθ0 for some value θ0 ∈ Θ,
• the classification problem is not ambiguous in the sense that P (Ωµ) = 0

for some positive value of µ,

then the Gibbs estimator achieves the best possible classification rate up to
an additive loss factor of order 1/N .

4.6.3 Deterministic classification rule

If we want a non random classification rule, we can take
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f̂β(x) = argmax
y

Eρβ(dθ)

[
1(fθ(x) = y)

]
.

As Eρβ(dθ)δfθ(XN+1)(dYN+1) ≤ 1/2 when f̂β(XN+1) �= YN+1, we get

Eρβ(dθ)

[
1(fθ(XN+1) �= YN+1)

]
=

1
2
Eρβ(dθ)‖δfθ(XN+1) − δYN+1‖Var

≥ 1
2
‖Eρβ(dθ)δfθ(XN+1) − δYN+1‖Var

≥ 1
2
1(f̂β(XN+1) �= YN+1),

and therefore

− log
(
gN

β (YN+1 |XN+1)
)
≥ − log

(
1 − 1

2
(1 − e−λ)1

(
f̂β(XN+1) �= YN+1

))

= −1
(
f̂β(XN+1) �= YN+1

)
log
(

1 − 1
2
(1 − e−λ)

)
.

Thus

Proposition 4.6.1. The deterministic classification rule f̂β defined above
satisfies

P⊗(N+1)
(
f̂β(XN+1) �= YN+1

)
≤ inf

θ

(
log

2
1 + e−λ

)−1(
λP
(
fθ(XN+1) �= YN+1

)− (1 + eλ/2) log π({θ})
N + 1

)
.

In the case of a “non-ambiguous” classification problem, it is also possible
to establish an oracle inequality for the deterministic classification rule f̂ . we
can remark that for any x ∈ X,

Eρ(dθ)

[
P
(
f̃(x) = Y |X = x

)− P
(
fθ(x) = Y |X = x

)]
≥ µxEρ(dθ)

[
1
(
f̃(x) �= fθ(x)

)]
≥ µx

2
1
(
f̂(x) �= f̃(x)

)
≥ µx

1 + µx

[
P
(
f̃(x) = Y |X = x

)
− P

(
f̂(x) = Y |X = x

)]
.

The last inequality is due to the fact that

2P
(
f̃(x) = Y |X = x

)− µx ≤ 1.
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Thus

P
(
Y �= f̂(X) |X = x) − P

(
Y �= f̃(X) |X = x

)
≤ 1 + µx

µx
Eρ(dθ)

[
P
(
Y �= fθ(X) |X = x

)− P
(
Y �= f̃(X) |X = x

)]

≤ −1 + µx

µx

(
1 − e−λ

)−1
(

1 − 1 − µx

2µx

(
eλ − 1

))−1

× EP (dY |X=x) logEρ(dθ)

{
exp
(
−λ[1(Y �= fθ(X)

)− 1
(
Y �= f̃(X)

)])}
.

We will use this chain of inequalities when x �∈ Ωµ. When x ∈ Ωµ, we will use
the general case inequality

P
(
Y �= f̂(X) |X = x

)− P
(
Y �= f̃(X) |X = x

)
≤ 2Eρ(dθ)

[
P
(
Y �= fθ |X = x

)]− P
(
Y �= f̃(X) |X = x

)
≤ − 2

1 − e−λ
log
{
Eρ(dθ) exp

[
−λ1(Y �= fθ(X)

]}
− P

(
Y �= f̃(X) |X = x

)
≤ − 2

1 − e−λ
log
{
Eρ(dθ) exp

[
−λ1(Y �= fθ(X) − 1

(
Y �= f̃(X)

)]}
+
(

2λ
1 − e−λ

− 1
)
P
(
Y �= f̃(X) |X = x

)
.

Combining the two last equations proves a new theorem about the deter-
ministic aggregation rule f̂ .

Theorem 4.6.3. In the setting described above,

P (f̂(XN+1) �= YN+1) ≤ P (f̃(XN+1) �= YN+1)

+ inf
θ∈Θ

{
C1(λ, µ)

[
P (fθ(XN+1) �= YN+1) − P (f̃(XN+1) �= YN+1)

]

− C2(λ, µ)
log
(
π(θ)

)
(N + 1)

}
+ C3(λ, µ)

where

C1(λ) =
1 + µ

µ

λ

1 − e−λ

(
1 − 1 − µ

2µ
(
eλ − 1

))−1

,

C2(λ) =
1 + µ

µ

(
1 + eλ/2

)(
1 − e−λ

) (1 − 1 − µ

2µ
(
eλ − 1

))−1

,

C3(λ) =
(

2λ
1 − e−λ

− 1
)
P
(
Ωµ

)
.

Remark 4.6.3. Note that for any fixed value of µ ∈]0, 1[,

C1(λ, µ) ∼
λ↓0

1 + µ

µ
,
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C2(λ, µ) ∼
λ↓0

2(1 + µ)
µλ

,

C3(λ, µ) ∼
λ↓0

P (Ωµ).

Remark 4.6.4. Here again, when P
(
Ωµ

)
= 0 for some value of µ and f̃ = fθ0

for some θ0 ∈ Θ, then the optimal probability of error P
(
Y �= f̃(X)

)
can be

reached at spead 1/N .

4.6.4 Counter example

It is easy to build a counter example in which, for some positive constant A
and for any (randomized or not) estimator f̂ ,

sup
P

{
P⊗(N+1)

(
f̂(XN+1) �= YN+1

)− inf
θ∈Θ

P
(
fθ(XN+1) �= YN+1

)} ≥ A√
N
.

Take for example X = {x} to be a one point set, Y = {0, 1} and consider the
two sample distributions

{
P⊗N

i ; i ∈ {−1,+1}}, where Pi(x, 0) = 1
2 + iα√

N
=

1 − Pi(x, 1), Θ = {0, 1} and fθ(x) = θ. Then

max
i∈{−1,+1}

{
P

⊗(N+1)
i (f̂ �= YN+1) − min

θ∈Θ
Pi(fθ �= YN+1)

}

= max
i∈{−1,+1}

2α√
N
P⊗N

i (f̂ �= i+1
2 )

≥ α√
N

∑
i∈{−1,+1}

P⊗N
i (f̂ �= i+1

2 )

≥ α√
N

∑
yN
1 ∈{+1,−1}N

min
i∈{−1,+1}

P⊗N
i (yN

1 )

=
α√
N

(
1 − 1

2

∥∥P⊗N
+1 − P⊗N

−1

∥∥)
Moreover, according to Pinsker’s inequality

1
2
‖P⊗N

+1 − P⊗N
−1 ‖2 ≤ K

(
P⊗N

+1 , P⊗N
−1

)
= NK(P+1, P−1)

= 2α
√
N log


1 +

4α
√
N
(
1 − 2α√

N

)



≤ 8α2

1 − 2α√
N

.

Therefore for any α < 1/2, there is a constant A, independent of N ,
such that
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inf
f̂

sup
i

(
P

⊗(N+1)
i (f̂ �= YN+1) − inf

θ∈Θ
Pi(fθ �= YN+1)

)
≥ A√

N
.

On the other hand if we take λ = 1/
√
N in theorem 4.6.1, we get that

EP⊗N

[
Eρβ(dθ)1

(
fθ �= YN+1

)]
≤ inf

θ∈Θ

(
1 +

1
2
√
N

)
PN (fθ �= YN+1) − 2 log π({θ})√

N
+ O

(
1
N

)
.

This shows that, when infθ P (fθ(XN+1) �= YN+1) is of order one a randomized
classification with λ of order 1/

√
N is almost as good as the best fθ in the

sense that the supplementary error rate is of the optimal order 1/
√
N .

When infθ P (fθ(XN+1) �= YN+1) is of order 1/N , we should take λ of
order 1, and we can build a deterministic adaptive classification rule with a
probability of error of order 1/N .

4.7 Two stage adaptive least square regression

Let us consider a product space (X×Y,B1⊗B2) where Y = RD and B2 is the
Borel sigma algebra. Let { fK

m : X × (X × Y)K → Y ; m ∈ M , K ∈ N } be a
countable family of regression estimators. We would like to select the “best”
regression estimator according to the quadratic criterion

EPN ‖YK+1 − fK
m (XK+1 ; ZK

1 )‖2

where PN ∈ M1
+((X × Y)N , (B1 ⊗ B2)⊗N ) is some exchangeable distribution

and where ZK
1 = {(Xi, Yi) ; 1 ≤ i ≤ K} is the observation.

We will assume that YK+1−fK
m (XK+1 ; ZK

1 ) is PN almost surely bounded
by some constant B:

sup
m∈M

‖YK+1 − fK
m (XK+1 ; ZK

1 )‖ ≤ B, PN a.s.

We will use a two stage scheme based on theorem 4.4.1. We consider an
observation vector (ZN

1 ) which we split into (ZK
1 ) and (ZN

K+1). We use the
Gaussian shift model

QK
m(dYK+1 |XK+1 ; ZK

1 ) =(
λ

2π

)D/2

exp
(
−λ

2
‖YK+1 − fK

m (XK+1 ; ZK
1 )‖2

)
dYK+1,

where dYK+1 is the Lebesgue measure on RD. We extract from this model
the non-normalized likelihood function :

qm
(
Yi |Xi;ZK

1

)
= exp

(
−λ

2
‖Yi − fK

m (Xi)‖2

)
.
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(We could have kept the normalization, but it will be simpler to drop it, since
we will not need it in the following application of theorem 4.9.1.) We form the
Gibbs estimator

gN
β (YN+1 |XN+1 ; ZN

1 )

def=

Eπ(dm)



(

N∏
i=K+1

qK
m(Yi |Xi;ZK

1 )

)β

qK
m(YN+1 |XN+1 ; ZK

1 )




Eπ(dm)



(

N∏
i=K+1

qK
m(Yi |Xi ; ZK

1 )

)β



,

where π ∈ M1
+(M) is some prior probability distribution. Applying theo-

rem 4.4.1 we get

EPN+1 log gN
β (YN+1 |XN+1 ; ZN

1 )

≥ sup
m∈M

(
EPN+1(dZN+1

1 )

[
log qN

m(YN+1 |XN+1 ; ZK
1 )
]
− log π({m})
β(N −K + 1)

)
,

when β = (1 + exp(λB2

4 ))−1. On the other hand

log gN
β (YN+1 |XN+1 ; ZN

1 )

=
D

2
log
(
λ

2π

)
+ log

{
Eρ(dm)

[
exp
(
−λ

2
‖YN+1 − fm(XN+1 ; ZK

1 )‖2

)]}
,

where

ρ(dm) ∝
(

N∏
i=K+1

qK
m(Yi |Xi ; ZK

1 )

)β

π(dm).

Choosing λ = B−2, and using the fact that the Gaussian function

y �−→ exp
(
−1

2
‖y‖2

)

is concave in the unit ball of RD, we get that

− log
{
Eρ(dm)

[
exp
(
−λ

2
‖YN+1 − fK

m (XN+1 ; ZK
1 )‖2

)]}

≥ λ

2
‖YN+1 − Eρ(dm)f

K
m (XN+1 ; ZN

1 )‖2.

This proves the following

Theorem 4.7.1. With the previous notations and the choice of parameters
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λ = B−2,

β = (1 + e1/4)−1,

we get

EPN+1‖YN+1 − Eρ(dm)f
K
m (XN+1 ; ZK

1 )‖2

≤ inf
m∈M

(
EPN+1‖YN+1 − fK

m (XN+1 ; ZK
1 )‖2 − 2B2(1 + e1/4)

(N −K + 1)
log π({m})

)
.

Remark 4.7.1. If we know only that

‖YN+1‖ ≤ B, PN+1 a.s.

then we should force fK
m (XN+1 ; ZK

1 ) to be bounded, using

f̃K
m (XN+1 ; ZK

1 ) = TB

(
fK

m (XN+1 ; ZK
1 )
)
,

where

TB(y) =

{
y if ‖y‖ ≤ B,
B
‖y‖y otherwise.

As we have in this situation

EPN+1‖YN+1 − f̃K
m (XN+1 ; ZK

1 )‖2 ≤ EPN+1‖YN+1 − fK
m (XN+1 ; ZK

1 )‖2

this truncation operation will always improve the estimator.
Remark 4.7.2. Using the progressive mixture estimator posterior distribution
(see [21])

ρ̃(dm) =
1

N −K + 1

N+1∑
M=K+1

N∏
i=M

qK
m(Yi |Xi ; ZK

1 )π(dm)

Eπ(dm′)

N∏
i=M

qK
m′(Yi |Xi ; ZK

1 )

, (4.7.1)

we would have obtained the sharper result

EPN+1‖YN+1 − Eρ̃(dm)f
K
m (XN+1 ; ZK

1 )‖2

≤ inf
m∈M

(
EPN+1‖YN+1 − fK

m (XN+1 ; ZK
1 )‖2 − 2B2

N −K + 1
log π({m})

)
.

With the Gibbs estimator we loose a factor 1 + e1/4. Nevertheless, we think
that the Gibbs estimator can be preferred to the progressive mixture estimator
in many circumstances for at least three reasons:



134 4 Gibbs estimators

• It can be computed faster than the progressive mixture estimator. Indeed,
as shown in equation (4.7.1), the progressive mixture estimator is a Cesaro
mean of N −K +1 terms, the last one having the same form as the Gibbs
estimator, except for the introduction of the β exponent.

• As we explained in the first section, the Gibbs posterior distribution ρ(dm)
is a Gibbs distribution at temperature βN . Therefore we can expect that
it will be as a rule sharply peaked around only a few values of m ∈ M .
Therefore, although the Gibbs estimator appears at first sight as a combi-
nation of all the regression models, it will in practice perform a selection,
because the majority of the weights ρ(dm) will be small with respect to
1/N , which is the required precision to preserve the quality of approxima-
tion stated in the theorem. This is not the case for the progressive mixture
estimator : indeed the first term in equation (4.7.1) is the “flat” distribu-
tion π(dm)/(N −K + 1), which gives comparable weights of orfer 1/N to
all the regression models.

• The Gibbs estimator is “almost” the Bayesian estimator corresponding
to the prior distribution π(dm), therefore in the case when we expect the
conditional mean EPN+1(YN+1 |XN+1 ; ZN

1 ) to be close to fK
m (XN+1 ; ZK

1 )
with probability π(m), but we are not completely sure of this guess and
want a robust estimator, this is a good incitation to use the Gibbs estima-
tor, which appears as a “cautious” variant of the Bayes estimator.

Remark 4.7.3. It would be impossible to obtain the same kind of result with
a true selection rule (a rule which would select only one m as opposed to a
convex combination of several fK

m ). The counter example given in the previous
section about classification applies to quadratic regression. We can also modify
this example to make it look more like a regression problem.

Indeed, let X be a trivial one point set. Let Y = R2. Consider the parameter
set Θ = Θ1 ∪ Θ2, where Θ1 = R × {0} and Θ2 = {0} × R. Let us consider
the (constant !) regression functions {fθ = θ ; θ ∈ Θ} and let us drop in the
notations the trivial dependence on X . Splitting the sample in two halves and
using

fK
+1(Y

K
1 ) =

(
1
K

K∑
i=1

Yi(1), 0

)
,

fK
−1(Y

K
1 ) =

(
0,

1
K

K∑
i=1

Yi(2)

)
,

where Yi = (Yi(1), Yi(2)) ∈ R2, we get that for some constant A > 0 and any
exchangeable probability distribution PN+1 such that PN+1 almost surely
‖Yi‖ ≤ B

EPN+1(dY N+1
1 )‖YN+1 − Eρ(dm)f

K
m (Y K

1 )‖2

− inf
θ∈Θ

EPN+1(dY N+1
1 )‖YN+1 − fθ‖2 ≤ AB2

N
.
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To see that no estimator θ̂ : YN → Θ could have the same rate of convergence
in the worst case, let us consider in Y the two points

pm = (1 +
m

2
, 1 − m

2
), m ∈ {−1,+1},

and the two distributions

Pm(dY ) =
(

1
2

+
αm√
N

)
δp+1(Y ) +

(
1
2
− αm√

N

)
δp−1(Y ), m ∈ {−1,+1}.

We are going to prove that for some small enough positive constant α and
some positive constant C

inf
θ̂

sup
m∈{−1,+1}

(
E

P
⊗(N+1)
m (dY N+1

1 )
‖YN+1 − fθ̂‖2

− inf
θ∈Θ

EPm(dYN+1)‖YN+1 − fθ‖2

)
≥ C√

N
.

Let

Ȳm = EPm(dY )(Y ) =
(

1 +
αm√
N
, 1 − αm√

N

)
,

m̂(Y N
1 ) =

{
+1 if θ̂(Y N

1 ) ∈ Θ1

−1 otherwise.

Remarking that

‖θ̂ − Ȳm‖2 ≥
(

1 − αmm̂√
N

)2

,

we get that

inf
θ̂

sup
m

(
EP⊗N+1

m
‖YN+1 − fθ̂‖2 − inf

θ
EPm(dYN+1)‖YN+1 − fθ‖2

)

= inf
θ̂

sup
m

EP⊗N
m

‖Ȳm − θ̂‖2 −
(

1 − 1
α
√
N

)2

≥ inf
m̂

sup
m

4α√
N
P⊗N

m (m �= m̂)

≥ C√
N
,

the justification of the last inequality being the same as in the counter example
given about adaptive pattern classification in section 4.6.4.
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4.8 One stage piecewise constant regression

In this section, we consider a measurable product space (X × Y,B1 ⊗ B2),
where Y = RD and B2 is the Borel sigma algebra. We consider an exchangeable
probability distribution PN ∈ M1

+((X×Y)N , (B1⊗B2)⊗N ). We let {(Xi, Yi) =
Zi ; i = 1, . . . , N} be the canonical process. The observation is ZN−1

1 and we
want to estimate PN (YN |XN ; ZN−1

1 ).
We assume that Y is a.s. bounded: there exists a positive constant B such

that
‖Yi‖ ≤ B, PN a.s. i = 1, . . . , N.

To define a model, we consider a countable family S of measurable partitions
S ⊂ B1 of X. In connection with each partition S ∈ S, we consider the
parameter space ΘS = YS of the maps θS : S → Y. We consider also the
canonical projection IS : X → S defined byX ∈ IS(X), and we call fθ : X → Y

the regression function fθ(X) = fS
θS

(X) = θS(IS(X)), where θ = (S, θS). On
the global “structured” parameter set Θ = {(S, θS) ; S ∈ S, θS ∈ ΘS}, we
consider a prior probability distribution π(S, dθS) depending in a permutation
invariant way on XN

1 . We take

π(dθS |S) =
∏
I∈S

(
ε(I)
2π

)D/2

exp
(
− ε(I)

2
‖θS(I)‖2

)
dθS(I),

where the choice of the regularization parameter ε(I) will depend on∑N
i=1 1(Xi ∈ I). The marginal distribution π(dS) can be arbitrary at this

stage.
We then consider the model {Qθ ; θ ∈ Θ} defined by

Qθ(dY |X) =
(
λ(IS(X))

2π

)D/2

exp
(
−λ(IS(X))

2
‖Y − fθ(X)‖2

)
dY,

where the choice of λ(I) will depend on
∑N

i=1 1(Xi ∈ I). We will study the
Gibbs estimator at inverse temperature β

Gβ(dYN |XN ; ZN−1
1 ) = gβ(YN |XN ; ZN−1

1 )dYN

= Eρβ,0(dθ)Qθ(dYN |XN),

where

ρβ,ξ(dθ) ∼
(

N−1∏
i=1

qθ(Yi |Xi)

)β

qθ(YN |XN)ξ π(dθ).

Theorem 4.4.1 extends verbatim to the case when π(dθ) and Qθ(dY |X)
depend on the design XN

1 in a permutation invariant way. Indeed we can
apply the theorem to
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1
|SN |

∑
σ∈SN

1(Xi = X̄σ(i) ; 1 ≤ i ≤ N)PN (Y N
1 |XN

1 )

and write PN as a combination of these more elementary distributions which
have a fixed deterministic design.

We have to compute the posterior distributions ρβ,ξ(dθ) and the constants
γβ(θ) and χβ,α. Let

a(I) =
N−1∑
i=1

1(Xi ∈ I),

b(I) = 1(XN ∈ I),
η(I) = λ(I) (βa(I) + ξb(I)) + ε(I),

θ̄(I) =
(
a(I) +

ξ

β
b(I) +

ε(I)
λ(I)β

)−1
(

N−1∑
i=1

Yi 1(Xi ∈ I) +
ξ

β
YN 1(XN ∈ I)

)
.

Let us choose ε(I) = ε̄λ(I) where ε̄ is a constant. With these notations

ρ
ZN

1
β,ξ (dθS |S) =

∏
I∈S

(
η(I)
2π

)D/2

exp
(
−η(I)

2
‖θS(I) − θ̄S(I)‖2

)
dθS(I),

ρ
ZN

1
β,ξ (S) ∼ π(S)

∏
I∈S

(
η(I)
2π

)−D/2(
λ(I)
2π

)(βa(I)+ξb(I))D/2

× exp

(
−β

2

N−1∑
i=1

λ(IS(Xi))‖Yi − fS
θ̄S

(Xi)‖2 − ξ

2
λ(IS(XN ))‖YN − fS

θ̄S
(XN )‖2

−
∑
I∈S

ε(I)
2

‖θ̄I‖2

)
.

Let us put for short

h(θ) =
λ(IS(XN ))

2
‖YN − fθ(XN )‖2 − D

2
logλ(IS(XN )).

We have

χβ,1 ≤ 0 ∨ sup
ξ∈[0,1]

EPNM
3
ρβ,ξ(dθ)h(θ)

EPN Varρβ,ξ(dθ) h(θ)
.

In the following computations, we put ρ(dθ) = ρ
ZN

1
β,ξ (dθ) for short. We can

decompose the variance into

Varρ h(θ) = Eρ(h− Eρ(h |S))2 + Eρ(Eρ(h |S) − Eρ(h))2.

In the same way, we can decompose the third moment into
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M3
ρ (h) = E(h− E(h |S) + E(h |S) − E(h))3

= E(h− E(h |S))3 + 3E((h− E(h |S))2(E(h |S) − E(h)))

+ E(E(h |S) − E(h))3

The conditional expectation of h is equal to

Eρ(h |S) =
λ(IN )

2

(
‖YN − fS

θ̄S
(XN )‖2 +

D

η(IN )

)
− D

2
logλ(IN ),

where we have put IN = IS(XN ).
Let us choose

λ(I) = λ̄

(
1 +

1
β(a(I) + b(I) − 1) + ε̄

)
,

where λ̄ is a constant. We obtain that

‖E(h |S) − E(h)‖ ≤ 2B2λ̄

(
1 +

1
ε̄

)
+
D

2

(
1
ε̄

+ log
(

1 +
1
ε̄

))
.

The terms E((h − E(h |S))2 |S) and E((h − E(h |S))3 |S) can be computed
explicitly from the lemma:

Lemma 4.8.1. Let θ ∼ N(0, α−1I) be a centered Gaussian random variable
in RD and let Y ∈ RD be a fixed vector, then

E
(‖Y − θ‖2 − E(‖Y − θ‖2)

)2
=

1
α2

(
4α‖Y ‖2 + 2D

)
,

E
(‖Y − θ‖2 − E(‖Y − θ‖2)

)3
=

1
α3

(
24α‖Y ‖2 + 8D

)
≤ 6
α
E
(‖y − θ‖2 − E(‖Y − θ‖2)

)2
.

Taking α = η(IN ), we get that

E((h− E(h |S))3 |S) =
(
λ(IN )
2η(IN )

)3 (
24η(IN )‖YN − θ̄S(IN )‖2 + 8D

)
≤ 3λ(IN )

η(IN )
E((h− E(h |S))2 |S)

≤ 3
ε̄
E((h− E(h |S))2 |S).

Therefore we have

M3
ρ (h) ≤ 3

ε̄
E((h− E(h |S))2)

+
(

2B2λ̄

(
1 +

1
ε̄

)
+
D

2

(
1
ε̄

+ log
(

1 +
1
ε̄

)))
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× (3E((h− E(h |S))2) + E((E(h |S) − E(h))2)
)

≤
(

3
(

2B2λ̄

(
1 +

1
ε̄

)
+
D

2

(
1
ε̄

+ log
(

1 +
1
ε̄

)))
+

3
ε̄

)
Varρ h.

In conclusion, we have proved that

Lemma 4.8.2.

χβ,1 ≤ 6B2λ̄

(
1 +

1
ε̄

)
+

3D
2

(
1
ε̄

+ log
(

1 +
1
ε̄

))
+

3
ε̄
.

Let us compute now γβ(θ′). We have

Eρβ,β(dθ) log

(
N∏

i=1

qθ(Yi |Xi)

)−β

= Eρβ,β(dθ)

N∑
i=1

β

(
λ(IS(Xi))

2
‖Yi − fθ(Xi)‖2 − D

2
log

λ(IS(Xi))
2π

)
.

Moreover, putting c(I) =
∑N

i=1 1(Xi ∈ I), we get that

Eρβ,β

(
N∑

i=1

βλ(IS(Xi))
2

‖Yi − fθ(Xi)‖2 |S
)

=
N∑

i=1

βλ(IS(Xi))
2

‖Yi − fS
θ̄S

(Xi)‖2 +
∑
I∈S

Dc(I)

2
(
c(I) +

ε̄

β

)

≤
N∑

i=1

βλ(IS(Xi))
2

‖Yi − fS
θ̄S

(Xi)‖2 +
D|S|

2
.

We can now use the fact (proved in proposition 4.9.1) that∑
S∈S

π̃(S)h̃(S)e−h̃(S)

∑
S∈S

π̃(S)e−h̃(S)
≤ h̃(S′) − log π̃(S′) + log

∑
S∈S

π̃(S).

Putting

π̃(S) = π(S)
∏
I∈S

(
η(I)
2π

)−D/2

× exp

(
D|S|

2
−
∑
I∈S

ε̄λ(I)
2

‖θ̄S(I)‖2

)
,
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h̃(S) =
N∑

i=1

β

(
λ(IS(Xi))

2
‖Yi − fS

θ̄S
(Xi)‖2

−D
2

log
λ(IS(Xi))

2π

)
+
D|S|

2
,

we get that

Lemma 4.8.3.

Eρβ,β(dθ) log

(
N∏

i=1

qθ(Yi |Xi)

)−β

≤
N∑

i=1

βλ(IS′ (Xi))
2

‖Yi − fS′
θ̄S′ (Xi)‖2 −

∑
I∈S′

βDc(I)
2

log
λ(I)
2π

+
D|S′|

2
+ |S′| λ̄ε̄

2

(
1 +

1
ε̄

)
B2 − log π̄(S′) + log

∑
S∈S

π̄(S),

where

π̄(S) = π(S)
∏
I∈S

(
η(I)
2π

)−D/2

exp
D|S|

2
.

Now remembering that

θ̄S(I) =
(
c(I) +

ε̄

β

)−1 N∑
j=1

1(Xj ∈ I)Yj

it is easy to see that

N∑
i=1

βλ(IS′ (Xi))
2

‖Yi − fS′
θ̄S′ (Xi)‖2

≤ inf
θS′

N∑
i=1

βλ(IS′ (Xi))
2

‖Yi − fS′
θS′ (Xi)‖2

+
∑
I∈S′

βλ(I)
2

(
ε̄

βc(I) + ε̄

)2

c(I) ‖ 1
c(I)

N∑
j=1

Yj 1(Xj ∈ I)‖2

≤ inf
θS′

N∑
i=1

βλ(IS′ (Xi))
2

‖Yi − fS′
θS′ (Xi)‖2

+
1
2
|S′|λ̄(1 + ε̄)B2.

This proves that
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Lemma 4.8.4.

sup
θS′∈ΘS′

γβ(S′, θS′) ≤ D|S′|
2

+ |S′|B2λ̄(1 + ε̄) − log π̄(S′) + log
∑
S∈S

π̄(S).

We can now compute gβ more explicitly.

gβ(YN |XN ; ZN−1
1 ) = Eρβ,0(dS)

(
λ(IN )

2π

)D/2(
η(IN )

2π

)D/2

× exp
(
−λ(IN )

2
‖YN − θS(IN )‖2

−η(IN )
2

‖θS(IN ) − θ̄S(IN )‖2

)
dθS(IN )

= Eρβ,0(dS)

(
2π
(

1
λ(IN )

+
1

η(IN )

))−D/2

× exp

(
−1

2

(
1

λ(IN )
+

1
η(IN )

)−1

‖YN − θ̄S(IN )‖2

)
,

where

λ(IN ) = λ̄

(
1 +

1
βa(IN ) + ε̄

)
,

η(IN ) = λ(IN )(βa(IN ) + ε̄),

θ̄S(I) =
1

a(I) + ε̄/β

N−1∑
i=1

Yi 1(Xi ∈ I).

However
1

λ(IN )
+

1
η(IN )

=
1
λ̄
,

(the value of λ(IN ) was chosen for that!) and therefore:

gβ(YN |XN ;ZN−1
1 ) = Eρβ,0(dS)

(
λ̄

2π

)D/2

exp
(
− λ̄

2
‖YN − fS

θ̄S
(XN )‖2

)
.

Let us assume from now that λ̄ ≤ 1
4B2 and that ε̄ ≥ β. Let Z̄N

1 be fixed for a
while and let P̄ be the exchangeable distribution obtained by integrating over
the permutations of the indices:

P̄Z̄N
1

(dZN
1 ) =

1
|SN |

∑
σ∈SN

δ(Z̄σ(i))
(dZN

1 ).

We can apply theorem 4.4.1 to P̄Z̄N
1

first and integrate over Z̄N
1 afterwards.

Using moreover the fact that the Gaussian function is concave in the unit ball
as in the previous section, we get that
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EP̄

λ̄

2
‖YN−Eρβ,0(dS)f

S
θ̄S

(XN )‖2 − D

2
log

λ̄

2π
≤ EP̄ log gβ(YN |XN ; ZN−1

1 )−1

≤ inf
S∈S

{
inf

θS∈ΘS

EP̄

[
λ(IS(XN ))

2
‖YN − fθ(XN )‖2

− D

2
log

λ(IS(XN ))
2

]
+
γβ(S)
βN

}
,

as soon as β ≤ (1 + expχβ,1/2)−1. But

λ(IS(XN )) = λ̄

(
1 +

1
βa(IS(XN )) + ε̄

)
,

and therefore

EP̄

(
λ(IS(XN ))

λ̄
− 1
)
‖YN − fθ(XN )‖2

≤ 4B2EP̄

1
β(c(IN ) − 1) + ε̄

= 4B2 1
N

∑
I∈S

c(I)
β(c(I) − 1) + ε̄

≤ 4B2|S|
βN

.

Thus

EPN ‖YN − Eρβ,0(dS)f
S
θ̄S

(XN )‖2

≤ inf
S∈S

(
inf

θS∈ΘS

EPN ‖YN − fS
θS

(XN )‖2

+
4B2|S|
βN

+
2γβ(S)
λ̄βN

)
.

We can summarize what we have obtained by a theorem:

Theorem 4.8.1. For any exchangeable probability distribution PN such that

‖Yi‖ ≤ B PN almost surely,

for any choice of parameters λ̄, ε̄ and β such that

λ̄ ≤ 1
4B2

,

β ≤ ε̄,

inf
α>β

β2

(α− β)(2 − α− β)
expαχ ≤ 1,
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where

χ = 6B2λ̄

(
1 +

1
ε̄

)
+

3D
2

(
1
ε̄

+ log
(

1 +
1
ε̄

))
+

3
ε̄
,

for any choice of prior probability distribution π̄ on S, the posterior Gibbs
distribution

ρ(S) ∼ π̄(S)
∏
I∈S

(
1 +

1
β(c(I) − 1) + ε̄

)βa(I)D/2(
βc(I) + ε̄

βa(I) + ε̄

)D/2

× exp

{
−D|S|

2
− λ̄

2

[
N−1∑
i=1

β

(
1 +

1
β(c(IS(Xi)) − 1) + ε̄

)
‖Yi − fS

θ̄S
(Xi)‖2

+ε̄
∑
I∈S

(
1 +

1
β(c(I) − 1) + ε̄

)
‖θ̄S(I)‖2

]}

satisfies

EPN ‖YN − Eρ(dS)f
S
θ̄S

(XN )‖2 ≤ inf
S∈S

(
inf

θS∈ΘS

EPN ‖YN − fS
θS

(XN )‖2 +
γ̄(S)
N

)
,

with

γ̄(S) =
D|S|
λ̄β

+
B2|S|
β

(6 + 2ε̄) − 2 log π̄(S)
λ̄β

.

Remark 4.8.1. We can take for example

ε̄ = 3(D + 1),

λ̄ =
1

7B2
,

β =
1

1 + e
,

which gives

γ̄(S) = (1 + e)B2 ((13D + 12)|S| − 14 log π̄(S)) .

Remark 4.8.2. It is clear from the proof that the constants in this theorem
are pessimistic, at least when N is large with respect to |S|, since we have in
many places used 0 as a lower bound for a(I).
Remark 4.8.3. The expression of ρ(S) is interesting, since it shows what an
approximate “least favourable” prior distribution may look like. Of particu-
lar significance is the factor exp(−D|S|/2) which appears as a penalty term
for the dimension of ΘS . We can find here an analogy with the penalized
maximum likelihood estimator (see [6]). Note also that the use of a “dou-
ble mixture” over a countable union of continuous parameter spaces finds its
origin in information theory (see for example [67], [38], [82]).
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4.9 Some abstract inference problem

In this appendix, we give a non-normalized form of the density estimation
theorem, which covers all the cases studied in this chapter.

Let us consider a measurable state space (X,B) and an exchangeable proba-
bility measure PN on

(
XN ,B⊗N

)
. Let us consider also a measurable parameter

space (Θ,B′), and a positive σ-finite measure π ∈ M+(Θ,B′) (more explicitely
we assume that Θ is the union of a countable family of B′ measurable sets of
finite π-measure, in order to be able to apply Fubini’s theorem to the product
of π with some other measures). Let q : Θ × X → R+ be a non negative
measurable function (the reader may like to view it as a “non normalized”
likelihood function). Let λ be the Lebesgue measure on the real line. As the
positive measure π will be in many applications a probability measure, we will
use for any function h ∈ L1(Θ, π) the notation

Eπ(dθ)(h) def=
∫

θ∈Θ

h(θ)π(dθ).

In the same way, for any f ∈ L1(XN , PN ), EPN

(
f(X1, . . . , XN )

)
– or more ex-

plicitely EPN (dXN
1 )

(
f(X1, . . . , XN )

)
– will denote the expectation with respect

to PN .
In order to impose some integrability conditions on the functions q(θ, x)

related to our purpose, we will make use of the following simple lemma con-
cerning the composition of absolutely continuous functions :

Lemma 4.9.1. Let I be an interval of the real line and let F : I2 → R ∈
C1(I2) be a function with a continuous and bounded differential dF ∈ L∞.
Let g : J → I and h : J → I be two absolutely continuous functions defined on
some other real interval J . Under this set of hypotheses, x �→ F

(
g(x), h(x)

)
is also absolutely continuous and its Radon-Nikodym derivative is

F (g, h)′ =
∂F

∂x
(g, h)g′ +

∂F

∂y
(g, h)h′,

where g′ and h′ are the Radon-Nikodym derivatives of g and h.

Proof. Let µg and µh be the signed measures defined by g and h. Then as
F is Lipschitz of order 1, F (g, h) is of bounded variations, and µF (g,h) is
dominated by |µg| + |µh|, the sum of the total variation measures of µg and
µh. Therefore µF (g,h) is dominated by the Lebesgue measure, which means
by definition that F (g, h) is absolutely continuous. The composition formula
comes from the fact that the Radon-Nikodym derivatives g′ and h′ are also
almost everywhere the usual derivatives of g and h. For more background on
absolutely continuous functions, we refer the reader to [68, Chap 8]. ��

Assume that the following integrability conditions are fulfilled for some
positive real parameter β ∈]0, 1/2] :
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θ �→
(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)k
∈ L1(Θ, π), k ∈ {0, 1}, (X1, . . . , XN ) ∈ XN , (4.9.1)

(θ, η) �→
(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η(log q(θ,XN )
)3

∈ L1(Θ × [ε, 1], π ⊗ λ), (X1, . . . , XN) ∈ XN , ε > 0. (4.9.2)

Note that from the interpolation of norms (which is nothing but Hölder’s
inequality) ‖fgη‖ ≤ ‖fgβ‖η/β‖f‖(1−η/β), η ∈ [0, β], hypothesis (4.9.1) (along
with Fubini’s theorem) implies

(θ, η) �→
(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η ∈ L1(Θ × [0, 1], π ⊗ λ),

(X1, . . . , XN) ∈ XN .

In view of this, hypothesis (4.9.2) implies that

(θ, η) �→
(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η(log q(θ,XN )
)k

∈ L1(Θ × [ε, 1], π ⊗ λ), (X1, . . . , XN) ∈ XN , 0 ≤ k ≤ 3, ε > 0.

Hypotheses (4.9.1), (4.9.2) and Fubini’s theorem imply that

Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η(
log
(
q(θ,XN )

))k




= Eπ(dθ)


( N∏

n=1

q(θ,Xn)

)β (
log
(
q(θ,XN )

))k




+
∫ η

τ=β

Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)τ(
log
(
q(θ,XN )

))k+1


 dτ

(X1, . . . , XN) ∈ XN , k ∈ {0, 1, 2}, η ∈]0, 1].
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Therefore, using Fubini’s theorem again, we see that

η �→ Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η ∈ C2(]0, 1]),

(X1, . . . , XN) ∈ XN .

In order to consider its logarithm, we will introduce the following positivity
condition :

π

(
N∏

n=1

q(θ,Xn) > 0

)
> 0, (X1, . . . , XN) ∈ XN . (4.9.3)

Note that this condition implies that

Eπ(dθ)


(N−1∏

n=1

q(θ,Xn)

)β (
q(θ,XN )

)η > 0, (X1, . . . , XN) ∈ XN , η ∈ [0, 1].

Note also that condition (4.9.3) is satisfied if some measurable set of param-
eters T ∈ B′ is such that π(T ) > 0 and

inf
x∈X

qθ(x) > 0, θ ∈ T.

Under these conditions, introducing the abridged notationXN
1

def= (X1, . . . , XN),
we see that

η �→ EXN
1 (η) def= logEπ(dθ)


(N−1∏

n=1

q(θ,Xn)

)β (
q(θ,XN )

)η ∈ C2(]0, 1]),

XN
1 ∈ XN .

Note that EXN
1 (η) is also defined (according to (4.9.1)) and right contin-

uous at point 0 (apply the monotone convergence theorem on the sets
{θ : q(θ,XN ) ≥ 1} and {θ : q(θ,XN ) < 1}), and that it is a convex func-
tion on [0, 1] (see the expression of its second derivative below). Moreover

∂

∂η
EXN

1 (η) =

Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η log q(θ,XN )




Eπ(dθ)


(N−1∏

n=1

q(θ,Xn)

)β (
q(θ,XN )

)η
,
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∂2

∂η2
EXN

1 (η) =

Eπ(dθ)


(N−1∏

n=1

q(θ,Xn)

)β (
q(θ,XN )

)η(log
(
q(θ,XN )

)− ∂

∂η
EXN

1 (η)
)2




Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η
Putting

∂3

∂η3
EXN

1 (η) def=

Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η(log
(
q(θ,XN )

)− ∂

∂η
EXN

1 (η)
)3




Eπ(dθ)


(N−1∏

n=1

q(θ,Xn)

)β (
q(θ,XN )

)η
,

and using Fubini’s theorem and lemma 4.9.1, we see that ∂2

∂η2 EXN
1 (η) is abso-

lutely continuous and that

∂2

∂η2
EXN

1 (η) =
∂2

∂η2 |η=β

EXN
1 (η) +

∫ η

β

∂3

∂ξ3
EXN

1 (ξ)dξ, η ∈]0, 1].

(This implies that
∂3

∂η3
EXN

1 (η) is almost everywhere the derivative of

∂2

∂η2
EXN

1 (η).)

Now we will need to take expectations with respect to (X1, . . . , XN), and
to exchange these expectations with integrations with respect to η. This leads
to consider the following set of assumptions:

XN
1 �→ ∂

∂η |η=β

EXN
1 (η) ∈ L1

(
XN , PN

)
, (4.9.4)
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(XN
1 , η) �→

Eπ(dθ)


(N−1∏

n=1

q(θ,Xn)

)β (
q(θ,XN )

)η∣∣∣log
(
q(θ,XN )

)− ∂

∂η
EXN

1 (η)
∣∣∣3



Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η
∈ L1(XN × [ε, 1], PN ⊗ λ), ε > 0. (4.9.5)

Note that hypothesis (4.9.5) implies that

(XN
1 , η) �→

∂k

∂ηk
EXN

1 (η) ∈ L1
(
XN × [ε, 1], PN ⊗ λ

)
, k ∈ {2, 3}, ε > 0.

Let Θ1 ⊂ Θ be the set of parameters for which q(θ,XN ) is integrable :

Θ1
def=
{
θ ∈ Θ : XN

1 �→ q(θ,XN ) ∈ L1
(
XN , PN

)}
. (4.9.6)

For any θ ∈ Θ1, let us consider the constant

γβ(θ) def=

EPN




β log
N∏

n=1

q(θ,Xn)

−
Eπ(dθ′)


( N∏

n=1

q(θ′, Xn)

)β

β log

(
N∏

n=1

q(θ′, Xn)

)

Eπ(dθ′)



(

N∏
n=1

q(θ′, Xn)

)β






. (4.9.7)

Note that γβ(θ) is a well defined real number for any θ ∈ Θ1, because it is
from the definition of Θ1, assumption (4.9.4) and the fact that PN is exchange-
able, the expectation with respect to PN of the difference of two integrable
functions.
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Indeed

Eπ(dθ′)



(

N∏
n=1

q(θ′, Xn)

)β

β log

(
N∏

n=1

q(θ′, Xn)

)


Eπ(dθ′)


( N∏

n=1

q(θ′, Xn)

)β



=
N∑

n=1

Eπ(dθ′)



(

N∏
n=1

q(θ′, Xn)

)β

β log (q(θ′, Xn))




Eπ(dθ′)


( N∏

n=1

q(θ′, Xn)

)β



,

and each term in the righthand side has the same distribution as
β ∂

∂η |η=β
EXN

1 (η).
Assume that the previous integrability and positivity hypotheses hold for

some given value of β. Assume moreover that for some value of α ∈]β, 1]

χβ,α = 0 ∨ ess sup
ξ∈]0,α]



−EPN

∂3

∂ξ3
EXN

1 (ξ)

EPN

∂2

∂ξ2
EXN

1 (ξ)
1

(
EPN

∂2

∂ξ2
EXN

1 (ξ) > 0
) < +∞,

(4.9.8)

and that

β2

(α− β)(2 − α− β)
exp(αχβ,α) ≤ 1. (4.9.9)

To summarize what has been assumed, we will let H(N, β, α) denote the
set of hypotheses (4.9.1) through (4.9.9), which depends on three parameters:
N, β, and α.

Theorem 4.9.1. Let us assume that H(N, β, α) holds. In this case(
EXN

1 (1) − EXN
1 (0)

)
∈ L1

(
XN , PN

)
,

and the expectation EPN

(
EXN

1 (1) − EXN
1 (0)

)
is such that

EPN

(
EXN

1 (1) − EXN
1 (0)

)
≥ EPN

∂

∂η |η=β

EXN
1 (η) (4.9.10)

≥ sup
θ∈Θ1

(
EPN log q(θ,XN ) − γβ(θ)

βN

)
. (4.9.11)
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Remark 4.9.1. The hypotheses mentioned in the theorem are all fullfilled when
the function (θ, x) �→ log

(
q(θ, x)

)
is bounded.

Remark 4.9.2. The condition (4.9.9) on β can also be written as

β ≤ 1
eαχ − 1

(√
1 + α(eαχ − 1)(2 − α) − 1

)
,

where we have put χβ,α = χ for short.
When χβ,1 is small, we can take α = 1 and obtain the sufficient condition

β ≤ (1 + exp(χβ,1/2))−1.

When χβ,1 is large, we can take α = χ−1
β,1 log(χβ,1) and, (reminding that

α �→ χβ,α is increasing), obtain the sufficient condition

β ≤ 1
χβ,1 − 1

(√
1 + (χβ,1 − 1)

(
2 − log(χβ,1)

χβ,1

)
log(χβ,1)
χβ,1

− 1

)

∼
χβ,1→+∞

√
2 log(χβ,1)

χβ,1
.

Remark 4.9.3. Obviously,

sup
β,α

χβ,α ≤ sup
θ,θ′,x

log
[
q(θ, x)
q(θ′, x)

]
.

This provides a bound when the lefthand side of this inequality is finite, that
is when the model

{
x �→ q(θ, x) ; θ ∈ Θ

}
is so to speak “log bounded”.

Remark 4.9.4. Putting

h
(
θ, θ′, xN

1

)
=

β

N
log

(
N∏

n=1

q(θ, xn)
q(θ′, xn)

)
,

we can write γβ(θ) in the form

γβ(θ) = EPN

Eπ(dθ′)

[
Nh
(
θ, θ′, XN

1

)
exp
(
−Nh(θ, θ′, XN

1

))]
Eπ(dθ′)

[
exp
(
−Nh(θ, θ′, XN

1

))] ,

and bound it by

γβ(θ) ≤ sup
xN
1 ∈XN

Eπ(dθ′)

[
Nh
(
θ, θ′, xN

1

)
exp
(
−Nh(θ, θ′, xN

1

))]
Eπ(dθ′)

[
exp
(
−Nh(θ, θ′, xN

1

))] .

to stress the fact that γβ(θ) can be bounded using some evaluation of Laplace
integrals over the parameter space.

When Θ is countable, and π is a finite measure, the following explicit
bound is useful:
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Proposition 4.9.1.

γβ(θ) ≤ log
π(Θ)
π({θ}) . (4.9.12)

It is a consequence of the more general lemma 4.1.1.

Proof of theorem 4.9.1. For any ε ∈]0, β[, any XN
1 ∈ XN , we can write

EXN
1 (1) − EXN

1 (ε) =
∫ 1

η=ε

∂

∂η
EXN

1 (η)dη

= (1 − ε)
∂

∂η |η=β

EXN
1 (η) +

∫ 1

η=β

(1 − η)
∂2

∂η2
EXN

1 (η)dη

−
∫ β

η=0

1(η ≥ ε)(η − ε)
∂2

∂η2
EXN

1 (η)dη.

(4.9.13)
From the monotone convergence theorem

lim
ε↓0

∫ β

η=0

1(η ≥ ε)(η − ε)
∂2

∂η2
EXN

1 (η)dη =
∫ β

η=0

η
∂2

∂η2
EXN

1 (η)dη.

Thus

EXN
1 (1) − EXN

1 (0) =
∂

∂η |η=β

EXN
1 (η) +

∫ 1

η=β

(1 − η)
∂2

∂η2
EXN

1 (η)dη

−
∫ β

η=0

η
∂2

∂η2
EXN

1 (η)dη.

(4.9.14)

The two first terms of the righthand side are in L1(XN , PN ), according to
hypotheses (4.9.4), (4.9.5) and Fubini’s theorem. To see that the third one is
also in L1(XN , PN ), we will need to use hypothesis (4.9.8)

Coming back to the expression of ∂2

∂η2 EXN
1 (η), we see that

EPN

(
∂2

∂η2 EXN
1 (η)

)
= 0 if and only if θ �→ q(θ,XN ) is π a.s. constant PN

almost surely, and therefore that either EPN

∂2

∂η2 EXN
1 (η) > 0 for all η ∈]0, 1],

or ∂2

∂η2 EXN
1 (η) = 0, PN a.s. for all η ∈]0, 1]. In the latter case

(
EXN

1 (1) − EXN
1 (0)

)
=

∂

∂η |η=β

EXN
1 (η), PN a.s.,

and therefore equation (4.9.10) of theorem 4.9.1 holds. In the former case,
using Fubini’s theorem and lemma 4.9.1, we wee that for any ξ ∈ [β, α] and
any ζ ∈]0, β],

logEPN

∂2

∂η2 |η=ξ

EXN
1 (η) = logEPN

∂2

∂η2 |η=ζ

EXN
1 (η) +

∫ ξ

η=ζ

EPN

∂3

∂η3
EXN

1 (η)

EPN

∂2

∂η2
EXN

1 (η)
dη
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≥ logEPN

∂2

∂η2 |η=ζ

EXN
1 (η) − αχβ,α. (4.9.15)

A first consequence of (4.9.15) is that η �→ EPN

∂2

∂η2 EXN
1 (η) is bounded on

]0, β] and therefore that (due to Fubini’s theorem and (4.9.5))

(XN
1 , η) �→

∂2

∂η2
EXN

1 (η) ∈ L1(XN × [0, 1], PN ⊗ λ). (4.9.16)

This establishes the integrability of the third term of the righthand side of
(4.9.14), and thus achieves to prove that EXN

1 (1) − EXN
1 (0) ∈ L1(XN , PN ).

Integrating with respect to PN , we see from Fubini’s theorem and (4.9.16)
that

EPN

[∫ 1

η=β

(1 − η)
∂2

∂η2
EXN

1 (η)dη −
∫ β

η=0

η
∂2

∂η2
EXN

1 (η)dη

]

=
∫ 1

η=β

(1 − η)EPN

[
∂2

∂η2
EXN

1 (η)
]
dη −

∫ β

η=0

ηEPN

[
∂2

∂η2
EXN

1 (η)
]
dη.

(4.9.17)

We can assume that EPN

[
∂2

∂η2 EXN
1 (η)

]
> 0 for all η ∈]0, 1], since

in the alternative situation we already proved (4.9.10). Remembering that
∂2

∂η2 EXN
1 (η) ≥ 0 and coming back to equation (4.9.17), we see that we can

troncate the first integral of the righthand side to obtain

EPN

[∫ 1

η=β

(1 − η)
∂2

∂η2
EXN

1 (η)dη −
∫ β

η=0

η
∂2

∂η2
EXN

1 (η)dη

]

≥
∫ α

η=β

(1 − η)EPN

[
∂2

∂η2
EXN

1 (η)
]
dη −

∫ β

η=0

ηEPN

[
∂2

∂η2
EXN

1 (η)
]
dη.

(4.9.18)

Using (4.9.15), we see that

inf
ξ∈[β,α]

EPN

[
∂2

∂η2 |η=ξ

EXN
1 (η)

]
≥ exp(−αχβ,α)EPN

[
sup

ζ∈]0,β]

∂2

∂η2 |η=ζ

EXN
1 (η)

]
.

(4.9.19)
Combining equations (4.9.13), (4.9.17), (4.9.18), (4.9.19) and (4.9.9) we obtain

EPN

(
EXN

1 (1) − EXN
1 (0)

)

≥ EPN

(
∂

∂η |η=β

EXN
1 (η)

)
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+
[
(α− β)(2 − α− β)

2
exp(−αχβ,α) − β2

2

]
sup

ζ∈]0,β]

EPN

[
∂2

∂η2 |η=ζ

EXN
1

]
(η)

≥ EPN

[
∂

∂η |η=β

EXN
1 (η)

]
.

This ends the proof of (4.9.10). Note that we have not used yet the fact
that PN was supposed to be exchangeable. To prove (4.9.11) from (4.9.10),
it is enough to notice that, due to the fact that PN is exchangeable, for any
θ ∈ Θ1

γβ(θ) = EPN

(
log q(θ,XN )

)− βNEPN

[
∂

∂η |η=β

EXN
1 (η)

]
.

��

4.10 Another type of bound

Theorem 4.9.1 is concerned with values of β in the region ]0, 1/2[. Another
interesting value of the temperature is β = 1/2. In this section we will consider
a set of assumptions H′(N, β) which is the same as the set of hypotheses
H(N, β, α) of appendix 4.9, except that we do not require conditions (4.9.8)
and (4.9.9), and that condition (4.9.5) is strengthened to

(XN
1 , η) �→

η2

Eπ(dθ)


(N−1∏

n=1

q(θ,Xn)

)β (
q(θ,XN )

)η∣∣∣log
(
q(θ,XN )

)− ∂

∂η
EXN

1 (η)
∣∣∣3



Eπ(dθ)



(

N−1∏
n=1

q(θ,Xn)

)β (
q(θ,XN )

)η
∈ L1(XN × [0, 1], PN ⊗ λ). (4.10.1)

Under this slightly different set of hypotheses, we can write

EXN
1 (1) − EXN

1 (ε) = (1 − ε)
∂

∂η |η=β

EXN
1 (η)

+
(1 − β)2 − (β − ε)2

2
∂2

∂η2 |η=β

EXN
1 (η)

+
∫ 1

η=β

(1 − η)2

2
∂3

∂η3
EXN

1 (η)dη +
∫ β

η=ε

(η − ε)2

2
∂3

∂η3
EXN

1 (η)dη.
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Applying Lebesgue’s dominated convergence theorem to the righthand side
under hypothesis (4.10.1), we see that the poinwise limit of the lefthand side
when ε tends to zero, which is equal to EXN

1 (1) − EXN
1 (0), is in L1(XN , PN ).

We can then come back to the second order expansion (4.9.13), and integrate
up to α only (instead of one), to get the inequality

EXN
1 (1) − EXN

1 (0) ≥ ∂

∂η |η=β

EXN
1 (η)

+
(1 − β)2 − (1 − α)2 − β2

2
∂2

∂η2 |η=β

EXN
1 (η)

+
∫ 1

η=β

(1 − η)2 − (1 − α)2

2
∂3

∂η3
EXN

1 (η)dη

+
∫ β

η=0

η2

2
∂3

∂η3
EXN

1 (η)dη, PN a.s.

Choosing α = 1 −√
1 − 2β, to cancel the second order term, and integrating

with respect to PN , we obtain the following theorem :

Theorem 4.10.1. Under the set of hypotheses H′(N, β) described above,

EXN
1 (1) − EXN

1 (0) ∈ L1(XN , PN )

and

EPN

(
EXN

1 (1) − EXN
1 (0)

)
≥ sup

θ∈Θ1

(
EPN

(
log q(θ,XN )

)− γβ(θ)
βN

)

+
1
24
(
1 −
√

1 − 2β
)3(1 + 3

√
1 − 2β

)
inf

η∈[0,1−√
1−2β]

EPN

[
∂3

∂η3
EXN

1 (η)
]
.

Remark 4.10.1. This theorem is interesting in cases when
− infη EPN

[
∂3

∂η3 EXN
1 (η)

]
turns out to be small when compared to γβ(θ)

βN .

Remark 4.10.2. When (θ, x) �→ q(θ, x) is bounded on Θ×X, then H′(N, β) is
satisfied for any β ∈ [0, 1/2] and Θ1 = Θ.
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Randomized estimators and empirical
complexity for pattern recognition and least

square regression

5.1 A pseudo-Bayesian approach to adaptive inference

5.1.1 General framework

We consider in this chapter a regression framework. Generalization to other
situations should be possible, but beyond the scope we plan to cover here.
We will start with a product space X×Y, where (X,B) is a measurable space
and where Y is either a finite set or the real line. Here again, generalizations
could easily be conceived, but we prefer to restrict to this case for the sake
of simplicity and concreteness. In the case of classification, the set X is to be
thought of as the space of “patterns”, and the finite set Y is to be thought
of as a set of labels describing different patterns. In the case of regression,
X may be thought of as a multidimensional space of explanatory variables
which we would like to use to predict the value of some real valued random
variable. In both cases, we assume that we observe an i.i.d. sample (Xi, Yi)N

i=1

of random variables distributed according to a product probability measure
P⊗N , where P is a probability distribution on

(
X×Y,B⊗B′), and where B′

is the Borel sigma algebra when Y is the real line and is the trivial algebra of
all subsets when Y is finite. Apart from this observation, we also consider a
set of regression functions (or classification rules, depending on the context)
R =

{
fθ : X → Y; θ ∈ Θ

}
.

The aim of all the techniques presented in this chapter is to make the best
possible guess about Y given X , in the sense of minimizing the expected risk

R(θ) def= EP

[
�
(
Y, fθ(X)

)]
.

The loss function � will be the Hamming distance �(Y, Y ′) = 1(Y �= Y ′) in
the case of pattern recognition. Therefore in this case R(θ) is the error rate
of the classification rule fθ, and can also be written as

R(θ) = P
(
Y �= fθ(X)

)
.

O . Catoni : L N M 1851, J. Pi car d (Ed. ), pp. 155–197, 2004.
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In the regression framework, we will work with the square loss �(Y, Y ′) =
(Y −Y ′)2. Although other loss functions may be considered, the mean square
loss has the distinguished property of being minimized by the conditional
expectation of Y given X . More precisely, it decomposes into

R(θ) = EP

{[
Y − EP (Y |X)

]2}+ EP

{[
EP (Y |X) − fθ(X)

]2}
.

Therefore minimizing the mean square loss is equivalent to minimizing the
quadratic distance to the conditional expectation.

We assume that we have no prior information about the distribution P
of (X,Y ), and that we have to guess it entirely from the observed sample(
Xi, Yi

)N
i=1

.
Working with a prescribed set of regression functions R is crucial in this

situation. Indeed, as it is well known, it would be impossible in general to find
an estimator f̂ : X × (X,Y)N → Y such that

lim
N→+∞

sup
P∈M1

+(X×Y)

EP⊗(N+1)

{
�
[
YN+1, f̂(XN+1 |XN

1 , Y
N
1 )
]}

− inf
f :X→Y

EP

{
�
[
Y, f(X)

]}
= 0,

where f ranges in all the measurable functions from X to Y, and XN
1 is a short

notation for (Xi)N
i=1. A more realistic requirement is to look for a regression

function f̂ such that

lim
N→+∞

sup
P∈M1

+(X×Y)

EP⊗(N+1)

{
�
[
YN+1, f̂(XN+1 |XN

1 , Y
N
1 )
]}

− inf
θ∈Θ

EP

{
�
[
Y, fθ(X)

]}
= 0, (5.1.1)

This turns out to be a feasible problem, with a speed of convergence depend-
ing on the complexity (to be more precisely defined) of the set of regression
functions R = {fθ : θ ∈ θ}.

Another important technical feature of our approach is to dismiss the
requirement that f̂ should belong to R. Instead we allow f̂ either to be drawn
from R according to some posterior distribution ρ(dθ) on the parameter set
Θ, or to be computed from this posterior distribution in some deterministic
way. Aggregating estimators is an idea we have already studied in the previous
chapters. It is also an active field of research in data compression theory [82]
and in computer science probabilistic learning theory [53, 54]. It is possible to
show that some aggregation rules have in some situations a lower mean risk
than any possible selection rule of f̂ in R (at least in the regression setting,
see [22]). When the deviations of the risk are studied, the situation is not
completely understood (at least to us) : we will show here how to derive
parameter selection rules in the regression setting, based on a control of the
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oscillations of the expected risk on balls. In the classification setting, it is not
clear that the same reasoning could be made, because the oscillations of the
expected L1 risk on balls cannot be bounded in the same way. Therefore in
our view, aggregation and randomized rules can be expected to bring a more
decisive improvement over selection rules in the classification setting than in
the least square regression case.

The originality of the results presented here are twofold : on the one hand
we derive oracle inequalities for the deviations of the risk, instead of its mean
as in the previous chapters, on the other hand, we express these bounds in
term of a new empirical measure of complexity in the spirit of PAC-Bayesian
bounds given e.g. in [53, 54]. What we call an empirical measure of complexity
is a measure which can be computed from the observed sample. This is to be
contrasted for instance with the Vapnik entropy or its universal bound in
terms of VC dimension, which has to be computed from a theoretical study
of the model R.

5.1.2 Some pervading ideas

When the parameter set (or more accurately the set of regression functions R)
is at the same time “big” and heterogeneous, it is well known that replacing
the expected risk R(θ) by the empirical risk

r(θ) def=
1
N

N∑
i=1

�
(
Yi, fθ(Xi)

)
,

and solving infθ∈Θ r(θ) instead of infθ∈Θ R(θ) is not consistent in the sense
of equation (5.1.1). Indeed, the discrepancy supθ

(
R(θ) − r(θ)

)
may be large

enough to spoil the game. An intensively studied way to get some control
on this situation is to add a penalty term γN (θ) and to solve the penalized
minimization problem

inf
θ∈Θ

r(θ) + γN (θ).

A different path is followed here : instead of adding a penalty term to r(θ),
we use the quantiles of the distribution of r(θ) under some prior distribution
π on the parameter set Θ. In order to make this meaningful we assume that
the parameter set (Θ,F) is a measurable space and that (θ, x) �→ fθ(x) is a
measurable function on

(
Θ × X,F ⊗ B

)
. Under these assumptions θ �→ r(θ)

and θ �→ R(θ) are measurable functions (by Fubini’s theorem). The α-quantile
of r(θ) under π can then be defined as

q(α) = inf
{
η |π(r(θ) ≤ η

)
> α
}
.

As q(0) = essinfθ∈Θ r(θ), considering q(α) for α > 0 may be regarded as a
generalization of empirical risk minimization. Its main advantage is that, un-
less the “extreme” quantile q(0), the α-quantile q(α) with α > 0 can fluctuate
in a way which is controlled by α, whatever Θ may be.
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A simple classification rule f̂ related to the quantiles of r(θ) under π is
obtained by drawing θ according to π

[
dθ | r(θ) ≤ q(α)

]
, the prior probability

distribution π conditioned by the set of positive measure {θ : r(θ) ≤ q(α)}. We
will explain how α can be chosen to make this “randomized” classification rule
efficient. To achieve this, we will show how α �→ q(α) can be used to obtain
a local empirical measure of the “complexity” of the set of classification rules
R.

Another kind of posterior distributions worthy of some interest are the
Gibbs posterior distributions introduced in [22], and defined as a function of
some real positive inverse temperature parameter β by

ρ(dθ) def=
exp
(−βr(θ))

Eπ(dθ′)

[
exp
(−βr(θ′))]π(dθ).

We derived in [22] oracle inequalities for the mean risk of regression rules based
on Gibbs posterior distributions for properly chosen values of the parameter
β. We will continue this study here with oracle inequalities concerned with
the deviations of their risk.

We start with the pattern recognition framework.

5.2 A randomized rule for pattern recognition

A detailed formulation of Bernstein’s inequality will be useful. It can be found
in McDiarmid’s monograph [55, p 203-204].

Theorem 5.2.1. Let (σ1, . . . , σN ) be independent real valued random vari-
ables such that

σi − E(σi) ≤ b, i = 1, . . . , N.

Let

S =
1
N

N∑
i=1

σi

be their normalized sum,

m = E(S) =
1
N

N∑
i=1

E(σi)

its expectation and

V = NE
[(
S − E(S)

)2] =
1
N

N∑
i=1

E
[(
σi − E(σi)

)2]

its renormalized variance. Let
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g(x) =
1
x2

(
ex − 1 − x

)
.

The deviations of S are bounded, for any λ ∈ R+, any η ∈ R+, by

P (S −m ≥ η) ≤ E
[
exp
(
−λη + λ(S −m)

)]
≤ exp

(
−ηλ+ g

(
bλ

N

)
V

N
λ2

)
,

moreover when λ is chosen to be

λ =
N

b
log
(

1 +
bη

V

)
,

the right-hand side of the previous equation is itself bounded by

exp
(
−ηλ+ g

(
bλ

N

)
V

N
λ2

)
≤ exp

(
− 3Nη2

6V + 2bη

)
.

Applying Bernstein’s theorem to

σi
def= −1

(
Yi �= fθ(Xi)

)
and integrating with respect to π(dθ), we obtain a “learning” lemma which
improves on the PAC-Bayesian bounds derived in [53, 54] from Hoeffding’s
inequality and can be used to learn a posterior distribution on the parameters
from a prior one :

Let us remind the definition of the Kullback Leibler divergence K(ρ, π)
between two probability distributions ρ and π:

K(ρ, π) def=



∫

θ

log
[ ρ
π

(θ)
]
ρ(dθ) if ρ� π,

+∞ otherwise.

It will be useful in the following to compute the Legendre transform of the
convex function ρ �→ K(ρ, π). It is given by the following formula: for any
measurable function h : Θ → R,

log
{
Eπ(dθ)

{
exp
[
h(θ)

]}}
= sup

ρ∈M1
+(Θ)

Eρ(dθ)

[
h(θ)

]− K(ρ, π), (5.2.1)

where the value of Eρ(dθ)

[
h(θ)

]
is defined by convention as

Eρ(dθ)

[
h(θ)

] def= sup
B∈R

E
[
min
{
B, h(θ)

}]
, (5.2.2)

and where it is also understood that
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∞−∞ = sup
B∈R

(B) −∞ = sup
B∈R

(B −∞) = −∞. (5.2.3)

In other words a priority is given to −∞ in ambiguous cases : the expectation
of a function whose negative part is not integrable will be assumed to be −∞,
even when its positive part integrates to +∞.

Let us give for the sake of completeness a short proof of this well known
result. In the case when h is upperbounded, consider

ν(dθ) =
exp
[
h(θ)

]
Eπ(dθ)

{
exp
[
h(θ)

]}π(dθ),

and remark that

log
{
Eπ(dθ)

{
exp
[
h(θ)

]}}
+ K(ρ, π) − Eρ

[
h(θ)

]
= K(ρ, ν),

where both members may be finite or equal to +∞. This proves equation
(5.2.1) in this case, showing moreover that the maximum in ρ is attained at the
point ρ = ν. In the general case, using the notation min

{
B, h(θ)

}
= B ∧h(θ),

we get

log
{
Eπ(dθ)

{
exp
[
h(θ)

]}}
= sup

B∈R

log
{
Eπ(dθ)

{
exp
[
B ∧ h(θ)

]}}

= sup
B∈R

sup
ρ∈M1

+(Θ)

{
Eρ(dθ)

[
B ∧ h(θ)

]− K(ρ, π)
}

= sup
ρ∈M1

+(Θ)

sup
B∈R

{
Eρ(dθ)

[
B ∧ h(θ)

]− K(ρ, π)
}

= sup
ρ∈M1

+(Θ)

sup
B∈R

{
Eρ(dθ)

[
B ∧ h(θ)

]}− K(ρ, π)

= sup
ρ∈M1

+(Θ)

Eρ(dθ)

[
h(θ)

]− K(ρ, π).

Lemma 5.2.1. Let η : Θ → R+ and λ : Θ → R+ be two given non negative
real valued measurable functions defined on the parameter set (Θ,F). Let π ∈
M1

+(Θ,F) be a probability distribution on the parameters. Then

(
P⊗N

){
sup

ρ∈M1
+(Θ)

{
Eρ(dθ)

[
λ(θ)

[
R(θ) − r(θ) − η(θ)

]]− K(ρ, π)
}

≤ 0

}

≥ 1 − Eπ(dθ)

{
exp

[
−η(θ)λ(θ) + g

(
R(θ)λ(θ)

N

)
R(θ)

(
1 −R(θ)

)
N

λ(θ)2
]}

,

(5.2.4)

with the conventions defined by equations (5.2.2) and (5.2.3). As a conse-
quence
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(
P⊗N

)
∗

{
sup
Λ∈F

π(Λ) inf
θ∈Λ

{
exp
[
λ(θ)

(
R(θ) − r(θ) − η(θ)

)]}
≤ 1
}

≥ 1 − Eπ(dθ) exp

[
−η(θ)λ(θ) + g

(
R(θ)λ(θ)

N

)
R(θ)

(
1 −R(θ)

)
N

λ(θ)2
]
,

(5.2.5)

where
(
P⊗N

)
∗ (A) = sup

{
P⊗N (B) : B ∈ (B⊗B′)⊗N , B ⊂ A

}
is the interior

measure associated with P⊗N .

Remark 5.2.1. For example if we choose

λ(θ) =
N

R(θ)
log
[
1 +

η(θ)
1 −R(θ)

]
,

we get

(
P⊗N

)
∗

{
sup
Λ∈F

π(Λ) inf
θ∈Λ

{
exp
[
λ(θ)

(
R(θ) − r(θ) − η(θ)

)]}
≤ 1
}

≥ 1 − Eπ(dθ) exp

[
− 3Nη(θ)2

R(θ)
[
6
(
1 −R(θ)

)
+ 2η(θ)

]
]
.

Proof. In this application of theorem 5.2.1, b = R(θ) and V = R(θ)
(
1−R(θ)

)
.

Integrating with respect to π(dθ) and using Fubini’s theorem, we get

P⊗N

{
Eπ(dθ)

[
exp
{
λ(θ)

[
R(θ) − r(θ) − η(θ)

]}]≥ 1
}

≤ EP⊗N

{
Eπ(dθ)

[
exp
{
λ(θ)

[
R(θ) − r(θ) − η(θ)

]}]}

= Eπ(dθ)

{
EP⊗N

[
exp
{
λ(θ)

[
R(θ) − r(θ) − η(θ)

]}]}

≤ Eπ(dθ)

{
exp

[
−η(θ)λ(θ) + g

(
R(θ)λ(θ)

N

)
R(θ)

(
1 −R(θ)

)
N

λ(θ)2
]}

.

We obtain equation (5.2.4) of lemma 5.2.1 using the identity (5.2.1), which
reads in this case

log
{
Eπ(dθ)

{
exp
[
λ(θ)

[
R(θ) − r(θ) − η(θ)

]]}}

= sup
ρ∈M1

+(Θ)

{
Eρ(dθ)

[
λ(θ)

[
R(θ) − r(θ) − η(θ)

]]− K(ρ, π)
}
. (5.2.6)

The second part of lemma 5.2.1, equation (5.2.5), is obtained by considering
the special case ρ(dθ) = π(dθ|Λ), (the probability measure π conditioned
by the set Λ, namely π(dθ|Λ) = 1(θ ∈ Λ)π(dθ)/π(Λ)), and noticing that
K
[
π(dθ|Λ), π(dθ)

]
= − log

[
π(Λ)

]
. ��



162 5 Randomized estimators and empirical complexity

Theorem 5.2.2. For any constant γ ∈ R+, with P⊗N probability at least
1 − ε, where

ε = exp
{
−γ
[
1 − g

(√
γ

N

)]}
,

for any measurable subset of parameters Λ ∈ F,

Eπ(dθ |Λ)

[
R(θ)

] ≤ Eπ(dθ |Λ)

[
r(θ)
]

+
∫ 1

ξ=0

min

{
1, π
(
Λ
)−1 exp

[
−
√
γN

(
ξ√

ξ + supθ∈Λ r(θ)
−
√
γ

N

)]}
dξ.

This bound is computable from the observations, with the help of a numerical
integration scheme, and the choice of Λ can be optimized. However, it is also
possible to weaken it slightly to obtain the more explicit following inequality :
with probability at least 1 − ε,

Eπ(dθ |Λ)

[
R(θ)

] ≤ Eπ(dθ |Λ)

[
r(θ)
]

+




√
2 supθ∈Λ r(θ)

γN

(
3 + γ − log

[
π
(
Λ
)])

+
4
γN

, when sup
θ
r(θ) ≥ 2

γN

(
γ − log

[
π
(
Λ
)])2

,

2
γN

{(
1 + γ − log

[
π
(
Λ
)])2

+ 1
}
, otherwise.

(5.2.7)

We can also bound the deviations with respect to the posterior distribution on
θ, by stating that with P⊗N probability at least 1− ε (where ε is as above), for
any Λ ∈ F, for any ξ ∈ R+, with π(dθ |Λ) probability at least

1 − π
(
Λ
)−1 exp

[
−
√
γN

(
ξ√

ξ + supθ∈Λ r(θ)
−
√
γ

N

)]
, (5.2.8)

the expected risk is bounded by

R(θ) ≤ r(θ) + ξ.

Remark 5.2.2. The upper bound in this theorem is minimized when the pa-
rameter set Λ is chosen from the level sets of the empirical risk Λ = {θ ∈ Θ :
r(θ) ≤ µ}, however different choices of Λ could also be interesting in some
situations. For instance, if Θ =

⊔
k∈K Θk is a disjoint union of different pa-

rameter sets Θk standing for different possible choices of classification models,
one may want to perform a model selection by considering parameter subsets
Λk,µ = {θ ∈ Θk : r(θ) ≤ µ}.
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Remark 5.2.3. A sequence (γk)k∈N of values of γ being chosen, with proba-
bility at least 1 − ε where

ε =
∑
k∈N

exp
{
−γk

[
1 − g

(√
γk

N

)]}
,

we can also take the infimum over γ ∈ {γk} of the right-hand side of (5.2.7),
or of (5.2.8).

Proof. Let us choose

η(θ) =

√
γR(θ)
N

,

λ(θ) =
Nη(θ)
R(θ)

=

√
γN

R(θ)

ε = exp
{
−γ
[
1 − g

(√
γ

N

)]}
.

With P⊗N probability 1 − ε,

sup
Λ⊂Θ

π(Λ) inf
θ∈Λ

{
exp

[√
γN

R(θ)

(
R(θ) − r(θ) −

√
γR(θ)
N

)]}
≤ 1. (5.2.9)

All the following inequalities hold simultaneously with probability 1 − ε
for any value of Λ, the notation µ being a short hand for µ = supθ∈Λ r(θ) :

Eπ(dθ |Λ)

[
R(θ)

] ≤ Eπ(dθ |Λ)

[
r(θ)
]
+
∫ 1

ξ=0

π
[
R(θ) − r(θ) ≥ ξ |Λ]dξ. (5.2.10)

π
[
R(θ) − r(θ) ≥ ξ and θ ∈ Λ

]

≤ sup

{
exp

[
−
√
γN

(√
R(θ) − r(θ)√

R(θ)
−
√
γ

N

)]

: R(θ) ≥ r(θ) + ξ and r(θ) ≤ µ

}

≤ exp
[
−
√
γN

(
ξ√
ξ + µ

−
√
γ

N

)]
. (5.2.11)

Taking into account the trivial bound

π
[
R(θ) ≥ r(θ) + ξ and θ ∈ Λ

] ≤ π
(
Λ
)

(5.2.12)

and coming back to equation (5.2.10), gives the first part of the theorem.
The more explicit upper bound (5.2.7) is then obtained by applying lemma
5.10.2. ��
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Another choice of constants can be made when the optimal value of
supθ∈Λ r(θ) is expected to be of order 1/N or less. It leads to the following
theorem :

Theorem 5.2.3. With P⊗N probability at least 1 − ε, where

ε = exp(−γ)Eπ(dθ)

{
exp
[
−N

4
R(θ)

[
1 − g

(
1
2

)]]}
,

for any measurable parameter subset Λ ∈ F

Eπ(dθ |Λ)

[
R(θ)

] ≤ 2Eπ(dθ |Λ)

[
r(θ)
]− 4

N
log
[
π
(
Λ
)]

+
4γ
N
. (5.2.13)

We can also bound the deviations with respect to the posterior distribution on
θ by stating that with P⊗N probability at least 1 − ε, where ε is as above, for
any Λ ∈ F, for any ξ ∈ R+, with π

(
dθ |Λ) probability at least

1 − π
(
Λ
)−1 exp

[
−N

4

(
ξ − 4γ

N

)]
,

the expected risk R(θ) is bounded by

R(θ) ≤ 2r(θ) + ξ.

Remark 5.2.4. This theorem is sharper than theorem 5.2.2 in the case when
Eπ(dθ|Λ)

[
r(θ)
]

is of order 1/N , but it is weaker when this quantity is larger.
Remark 5.2.5. Equation (5.2.13) delivers a clearcut message : choose Λ to
minimize

Eπ(dθ|Λ)

[
r(θ)
]− 2

N
log
[
π(Λ)

]
.

One nice feature is that this criterion is independent of γ, and therefore of the
desired level of confidence ε. Note that (5.2.13) can also be written as

Eπ(dθ|Λ)

[
R(θ)

] ≤ 2Eπ(dθ|Λ)

[
r(θ)
]

− 4
N

log
[
π(Λ)

]
+

4
N

log
{
ε−1Eπ(dθ)

[
exp
(
−N

4
R(θ)

[
1 − g(1

2 )
])]}

.

Proof. Let us take

η(θ) =
1
2
R(θ) +

2γ
N
,

λ(θ) =
N

2
.

In the case when λ(θ) is chosen to be a constant, as it is here, we can
apply equation (5.2.4) of lemma 5.2.1 to ρ = π(dθ|Λ), for which K(ρ, π) =
− log

[
π(Λ)

]
. This proves the first part of theorem 5.2.3.
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Using equation (5.2.5) of lemma 5.2.1, we then obtain that with probability
at least 1 − ε, for any parameter set Λ ∈ F, for any ξ ≥ 0,

π
[
θ ∈ Λ and R(θ) ≥ 2r(θ) + ξ

]
≤ exp

[
−N

4

(
ξ − 4γ

N

)]
,

which proves the second part of theorem 5.2.3.
Note that we could have proved from the second part of the theorem and

equation (5.2.10) that

Eπ(dθ |Λ)

[
R(θ)

] ≤ Eπ(dθ |Λ)

[
r(θ)
]

+
∫ 1

ξ=0

1 ∧ π(Λ)−1 exp
[
−N

4

(
ξ − µ− 4γ

N

)]
dξ

≤ Eπ(dθ |Λ)

[
r(θ)
]
+ µ− 4

N
log
[
π
(
Λ
)]

+
4γ
N

+
4
N
.

It is weaker, but still of the same order of magnitude as (5.2.13). ��

5.3 Generalizations of theorem 5.2.3

More generally, we can choose

λ(θ) = λ,

η(θ) =
γ

λ
+
R(θ)

2
.

We obtain from lemma 5.2.1 that with probability at least 1− ε with respect
to P⊗N , where

ε = exp(−γ)Eπ(dθ)

[
exp
{
−R(θ)λ

2
[
1 − 2λ

N g
(

λ
N

)]}]
,

for any posterior distribution ρ ∈ M1
+(Θ,F),

Eρ(dθ)

[
R(θ)

] ≤ 2
{
Eρ(dθ)

[
r(θ)
]
+

1
λ

K(ρ, π) +
γ

λ

}
.

We can now remark that the righthand side of this last equation is mini-
mized when the posterior distribution ρ is chosen to be a Gibbs distribution
with energy function equal to r(θ) and inverse temperature equal to λ, namely
when

ρ(dθ) =
exp
[−λr(θ)]

Eπ(dθ′)

{
exp
[−λr(θ′)]}π(dθ) def= ρλ(dθ).

In this case we obtain with P⊗N probability at least 1 − ε



166 5 Randomized estimators and empirical complexity

Eρλ(dθ)

[
R(θ)

] ≤ − 2
λ

log
[
Eπ(dθ)

{
exp
(−λr(θ))}]

+
2
λ

log

{
Eπ(dθ)

[
exp
{
−R(θ)λ

2

[
1 − 2λ

N
g

(
λ

N

)]}]}
− 2 log(ε)

λ

≤ − 2
λ

log
[
Eπ(dθ)

{
exp
(−λr(θ))}]

−
[
1 − 2λ

N
g

(
λ

N

)]
inf
θ∈Θ

R(θ) − 2 log(ε)
λ

≤ inf
Λ∈F

2Eπ(dθ|Λ)

[
r(θ)
] − 2

λ
log
[
π(Λ)

]
−
[
1 − 2λ

N
g

(
λ

N

)]
inf
θ∈Θ

R(θ) − 2 log(ε)
λ

.

In the same way, with P⊗N probability at least 1 − ε, for any Λ ∈ F,

Eπ(dθ|Λ)

[
R(θ)

] ≤ 2Eπ(dθ|Λ)

[
r(θ)
] − 2

λ
log
[
π(Λ)

]
+

2
λ

log

{
Eπ(dθ)

[
exp
{
−R(θ)λ

2

[
1 − 2λ

N
g

(
λ

N

)]}]}
− 2 log(ε)

λ

≤ 2Eπ(dθ|Λ)

[
r(θ)
] − 2

λ
log
[
π(Λ)

]
−
[
1 − 2λ

N
g

(
λ

N

)]
inf
θ∈Θ

R(θ) − 2 log(ε)
λ

.

Let us notice that the correction term −
[
1 − 2λ

N
g

(
λ

N

)]
inf
θ∈Θ

R(θ) makes

up for the factor 2 in front of Eπ(dθ|Λ)

[
r(θ)
]
. Indeed, assuming for simplicity

that infθ∈Θ R(θ) is reached and is equal to R(θ̃), we get from a new application
of theorem 5.2.1 to σi = 1

(
fθ̃(Xi) �= Yi

)
that with probability 1 − ε, where

ε = exp
{
−ηλ+ g

(
λ

N

)
R(θ̃)
N

λ2

}
,

we have
R(θ̃) ≥ r(θ̃) − η.

This proves that with P⊗N probability at least 1 − 2ε,

Eπ(dθ|Λ)

[
R(θ)

] ≤2Eπ(dθ|Λ)

[
r(θ)
]− [1 − 2λ

N
g

(
λ

N

)]
inf
θ∈Θ

r(θ)

− 2
λ

log
[
π(Λ)

]
+
[
1 − 2λ

N
g

(
λ

N

)][
λR(θ̃)
N

g

(
λ

N

)
− log(ε)

λ

]
− 2
λ

log(ε).
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For instance, restricting to the parameter subsets

Λ = {θ : r(θ) ≤ inf
θ∈Θ

r(θ) + µ}

and using the fact that g(0.5) ≤ 0.6, we get for any λ ≤ N/2 with P⊗N

probability at least 1 − ε, for any µ ∈ R+,

Eπ[dθ|r(θ)≤infθ r(θ)+µ]

[
R(θ)

] ≤ [1 +
1.2λ
N

]
inf
θ∈Θ

r(θ) + 2µ

− 2
λ

log
{
π
[
r(θ) ≤ inf

θ
r(θ) + µ

]}
+

0.6λ
N

− 3
λ

log(ε/2).

5.4 The non-ambiguous case

The results of the last section are satisfactory when the level of noise is low,
meaning that infθ∈Θ R(θ) is of order 1/N . In the case when infθ∈Θ R(θ) is not
small, two different situations may occur, depending on the level of ambiguity
of the classification problem. A precise definition of ambiguity will be stated.
Let us say for the moment that the problem is ambiguous if no rule is every-
where better than the others, and the choice has to be done by comparing
the performances of different classification rules on different sets of patterns,
or if the error rate of the best rule is for some patterns close to the error rate
of the second best rule. To give a precise meaning to the notion of ambiguity
(or rather to the absence of ambiguity), let us consider, in the same setting
as in the previous section, some fixed distinguished classification rule fθ̃ ∈ R

belonging to our reference family of rules. The most interesting case is when
R(θ̃) = infθ∈Θ R(θ), but we will not require it explicitly in the following. The
case when θ̃ �∈ Θ can also be covered by considering Θ ∪ {θ̃} and a distribu-
tion π ∈ M1

+

(
Θ ∪ {θ̃}) such that π({θ̃}) = 0. Needless to say that we do not

assume that θ̃ is known to the statistician.
Let us introduce some notations :

R(θ) = P
(
Y �= fθ(X)

)− P
(
Y �= fθ̃(X)

)
,

r(θ) =
1
N

N∑
i=1

1
(
Y �= fθ(X)

)− 1
(
Y �= fθ̃(X)

)
,

V (θ) = Var
[
1
(
Y �= fθ(X)

)− 1
(
Y �= fθ̃(X)

)]
,

R(θ |X) = P
(
Y �= fθ(X) |X)− P

(
Y �= fθ̃(X) |X),

V (θ |X) = Var
[
1
(
Y �= fθ(X)

)− 1
(
Y �= fθ̃(X)

) |X].

To improve on the results of the previous section, it is useful to introduce the
margin (of non ambiguity) at point x ∈ X, defined as
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α(x) = min
{
R(θ |x) : θ ∈ Θ, fθ(x) �= fθ̃(x)

}
.

(In this formula, we assume that some realization of the conditional expecta-
tions involved has been chosen once for all.) The margin α(x) tells us about
the increase in the classification error rate of pattern x when the label fθ̃(x)
given by the rule fθ̃ is replaced with another label. It can be negative when
fθ̃(x) is not the most probable label for pattern x.

Associated with this notion of margin at point x is the notion of α-
ambiguity set Ωα, where α is an arbitrary positive constant :

Ωα
def= {x ∈ X |α(x) < α}.

The interest of this notion is that we can control the variance by the mean in
the following way :

V (θ |x) ≤ 1
[
fθ(X) �= fθ̃(X)

]
≤ R(θ |x)

α
, x �∈ Ωα.

Thus

V (θ) = EP

[
V (θ |X)

]
+ Var

[
R(θ |X)

]
≤ EP

(
R(θ |X)

α
1(X �∈ Ωα) + 1(Ωα)

)
+ E
[
R(θ |X)2

]
≤ 1
α

{
R(θ) + P (Ω0)

}
+ P (Ωα) +R(θ) + 2P (Ω0)

=
(

1
α

+ 1
)
R(θ) +

(
1
α

+ 2
)
P (Ω0) + P (Ωα)

def= R
∗
(θ).

Notice that we took the opportunity of the previous equation to introduce the
short notation R

∗
(θ) which will be useful in the following.

Applying this and theorem 5.2.1, we get a lemma analogous to lemma
5.2.1:

Lemma 5.4.1. For any given measurable functions η : Θ → R+ and
λ : Θ → R+, we have

(
P⊗N

){
sup

ρ∈M1
+(Θ)

{
Eρ(dθ)

[
λ(θ)

(
R(θ) − r(θ) − η(θ)

)]
− K(ρ, π)

}
≤ 0

}

≥ 1 − Eπ(dθ) exp

[
−η(θ)λ(θ) + g

((
1 +R(θ)

)
λ(θ)

N

)
R

∗
(θ)
N

[
λ(θ)

]2]
.
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As a consequence :

Lemma 5.4.2. For any given measurable functions η : Θ → R+ and
λ : Θ → R+, we have

(
P⊗N

)
∗

{
sup
Λ∈F

π(Λ) inf
θ∈Λ

{
exp
[
λ(θ)

(
R(θ) − r(θ) − η(θ)

)]}
≤ 1
}

≥ 1 − Eπ(dθ) exp

[
−η(θ)λ(θ) + g

((
1 +R(θ)

)
λ(θ)

N

)
R

∗
(θ)
N

[
λ(θ)

]2]
.

Using this last lemma and appropriate choices of λ(θ) and η(θ) yields the
following theorem.

Theorem 5.4.1. For any positive constant γ, with P⊗N probability at least
1 − ε, where

ε = exp
(
− (1 − e

4

)
γ
)
,

for any measurable parameter set Λ ∈ F, putting µ = supθ∈Λ r(θ), we have

Eπ(dθ |Λ)

[
R(θ)

] ≤ R(θ̃) + Eπ(dθ |Λ)

[
r(θ)
]− r(θ̃)

+
∫ 1

ξ=0

min


 1,

π
(
Λ
)−1 exp


−1

2

√
γN


 ξ√

max
{
γ/N, (1 + 1

α )(µ+ ξ − r(θ̃)) + Cα

}

−
√
γ

N






 dξ, (5.4.1)

for any Cα ≥ (2 + 1/α)P (Ω0) + P (Ωα).
The deviations with respect to the posterior distribution on θ are moreover

thus bounded : with P⊗N probability at least 1−ε, for any parameter set Λ ∈ F,
putting µ = supθ∈Λ r(θ), for any ξ ≥ 0, with π

(
dθ |Λ) probability at least

1 − π
(
Λ
)−1 exp


−1

2

√
γN


 ξ√

max
{
γ/N, (1 + 1

α )(µ+ ξ − r(θ̃)) + Cα

}

−
√
γ

N




 ,

the expected risk R(θ) is bounded by

R(θ) ≤ R(θ̃) + r(θ) − r(θ̃) + ξ.
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Remark 5.4.1. Note that the right-hand side of (5.4.1) is not an observed
quantity, but that it can be upper bounded by

R(θ̃) + µ− inf
θ∈Θ

r(θ) +
∫ 1

0

min


 1,

π
(
Λ
)−1 exp


−1

2

√
γN


 ξ√(

1 +
1
α

)(
ξ + µ− inf

θ∈Θ
r(θ)
)

+ Cα +
γ

N

−
√
γ

N






 dξ,

which can be optimized in µ without knowing θ̃.
Remark 5.4.2. Note also that the theorem still holds when θ̃ �∈ Θ. To see this,
we can simply apply it to Θ ∪ {θ̃} and a prior π which puts no mass on θ̃.
Remark 5.4.3. A more explicit bound can be obtained using lemma 5.10.2.
Namely

Eπ(dθ |Λ)

[
R(θ)

] ≤ R(θ̃) + Eπ(dθ |Λ)

[
r(θ)
]− r(θ̃)

+




2
√

2

√
(1 + 1/α)

(
µ− r(θ̃)

)
+ Cα + γ/N

γN

×
(
3 + γ/2 − log

[
π
(
Λ
)])

+
16(1 + 1/α)

γN
,

when µ− r(θ̃) +
Cα + γ/N

(1 + 1/α)

≥ (1 + 1/α)
8
γN

(
γ/2 − log

[
π
(
Λ
)])2

,

8(1 + 1/α)
γN

[
1 +
(
1 + γ/2 − log π

(
Λ
))2
]
, otherwise.

Here again, r(θ̃) can be lower bounded by the observed quantity inf
θ∈Θ

r(θ).

Remark 5.4.4. A case of special interest is when there exists θ̃ ∈ Θ such
that P (Ωα) = 0 for some α > 0. In this case fθ̃ is optimal among all the
classification rules in R, Cα = 0 and the proposed estimator has an error rate
which approaches the optimal rate R(θ̃) at speed of order 1/N when Θ is
finite. Note that the fluctuations of Eπ(dθ |Λ)

[
r(θ)
]

are of order 1/
√
N , but

that they are compensated by the fluctuations of r̃(θ) (or of infθ∈Θ r(θ)).
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Proof. Let us write

Eπ(dθ |Λ)

[
R(θ)

] ≤ R(θ̃) − r(θ̃) + Eπ(dθ |Λ)

[
r(θ)
]
+
∫ 1

0

π
(
r(θ) ≥ ξ |Λ)dξ.

Let us choose

λ(θ) =
1
2

√
γN

max{γ/N,R∗
(θ)}

η(θ) =

√
γmax{γ/N,R∗

(θ)}
N

.

Applying lemma 5.4.2, we see that, with P⊗N probability at least 1 − ε,

π
[
R(θ) − r(θ) ≥ ξ and θ ∈ Λ

]

≤ exp


−1

2

√
γN


 ξ√

max
{
γ/N, (1 + 1/α)(µ+ ξ − r(θ̃)) + Cα

}

−

√
γ

N


 .

��
A second somewhat simpler variant of the previous theorem can be ob-

tained by a different choice of constants.

Theorem 5.4.2. Let us put a = 1 + 1/α. For any

γ ≥ N

2 + 2/α

[
(2 + 1/α)P (Ω0) + P (Ωα)

]
(5.4.2)

with P⊗N probability at least 1 − ε, where

ε = Eπ(dθ)

{
exp
[
− 1

8a

(
γ +

NR(θ)
2

)(
2 − g

(
1
2a

))]}
,

for any measurable parameter subset Λ ∈ F, we have

Eπ(dθ|Λ)

[
R(θ)

] ≤ R(θ̃)+2
[
Eπ(dθ|Λ)

[
r(θ)
]−r(θ̃)]+2γ

N
−8a
N

log
[
π(Λ)

]
. (5.4.3)

Moreover, the deviations of θ under the posterior π
(
dθ |Λ) are thus

bounded : with P⊗N probability at least 1 − ε, where ε is as above, for any
parameter subset Λ ∈ F, for any ξ ∈ R+, with π

(
dθ |Λ) probability at least

1 − π
(
Λ
)−1 exp

(
−Nξ

8a

)

the expected risk R(θ) is bounded by

R(θ) ≤ R(θ̃) + 2 r(θ) +
2γ
N

+ ξ

≤ R(θ̃) + 2 r(θ) − 2 inf
θ∈Θ

r(θ) +
2γ
N

+ ξ.
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Remark 5.4.5. Here again the message delivered by equation (5.4.3) is clear :
whatever level of confidence is sought, minimize in Λ the quantity

Eπ(dθ|Λ)

[
r(θ)
]− 4a

N
log
[
π(Λ)

]
.

It is to be remarked that the criterion to minimize is of the same type as in
theorem 5.2.3, the only change being in the value of the constant in front of
the penalization term.
Remark 5.4.6. The second part of the theorem can also be stated in the
following way : For any ε such that

ε ≤ exp
{
− N

16a2

[
(2 + 1/α)P (Ω0) + P (Ωα)

]}

× Eπ(dθ)

{
exp
[
−NR(θ)

16a

(
2 − g

(
1
2a

))]}
,

with P⊗N probability at least 1−ε, for any Λ ∈ F, with π(dθ|Λ) at least 1−η,

R(θ) ≤ R(θ̃) + 2 r(θ) − 8a
N

log
[
π(Λ)

]
+

16a
N

log
{
Eπ(dθ)

[
exp
(
−NR(θ)

16a

(
2 − g

(
1
2a

)))]}

− 16a
N

log(ε) − 8a
N

log(η)

Proof. Let us put to simplify notations b = 2aγ/N , and notice that according
to hypothesis (5.4.2) we have aR(θ) + b ≥ R

∗
(θ). Let us apply lemma 5.4.1

while choosing

η(θ) =
R(θ)

2
+
γ

N
,

λ(θ) =
Nη(θ)

2(aR(θ) + b)

=
N

4a
.

We get that with probability at least 1 − ε where

ε = Eπ(dθ)

{
exp
[
−
(

1
2
− 1

4
g

(
2λ(θ)
N

))
Nη(θ)2

aR(θ) + b

]}
,

= Eπ(dθ)

{
exp
[
− 1

8a

(
γ +

NR(θ)
2

)(
2 − g

(
1
2a

))]}
,

for any parameter subset Λ ∈ F,
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Eπ(dθ|Λ)

{
N

4a

[
1
2R(θ) − r(θ) − γ

N

]}
≤ − log

[
π(Λ)

]
,

from which the first part of the theorem follows.
Lemma 5.4.2 then shows that with P⊗N probability at least 1− ε, for any

measurable parameter subset Λ ∈ F, the following inequality holds:

π
{
R(θ) ≥ 2 r(θ) + ξ and θ ∈ Λ

}
≤ exp

{
−N

4a

(
ξ

2
− γ

N

)}
.

��

5.5 Empirical complexity bounds for the Gibbs estimator

We have introduced Gibbs estimators and studied their mean expected risk
in previous papers [22, 23] (see also our students’ works on related subjects:
[14, 15, 16] and [78, 79, 80]). We would like to show briefly in this section
how to derive empirical deviation bounds for the Gibbs estimator for pattern
recognition from the previous theorems of this chapter. Let us recall first that
the Gibbs estimator for pattern recognition is a “soft threshold” version of the
thresholded posterior π

(
dθ | r(θ) ≤ µ

)
depending on an inverse temperature

parameter β ∈ R+ : it is defined as

Gβ(dθ) def=
[
Z(β)

]−1 exp
[−βr(θ)]π(dθ),

where Z(β) = Eπ(dθ)

{
exp
[−βr(θ)]}.

Building on what has been done so far, it is easy to bound the randomized
risk of the Gibbs estimator, remarking that

EGβ(dθ)

[
R(θ)

]
= EGβ(dθ)

[
r(θ)
]

+
[
Z(β)

]−1
∫ +∞

µ=0

β exp(−βµ)π
[
r(θ) ≤ µ

]
Eπ(dθ|r(θ)≤µ)

[
R(θ) − r(θ)

]
dµ,

(5.5.1)

and using the fact that theorems 5.2.2, 5.2.3, 5.4.1 and 5.4.2 give bounds that
hold with P⊗N probability 1 − ε uniformly for any value of µ ≥ infθ r(θ).
The deviations with respect to θ under Gβ(dθ) can also be bounded from the
equality

Gβ

[
R(θ) ≥ r(θ) + ξ

]
=
[
Z(β)

]−1
∫ +∞

µ=0

β exp(−βµ)π
[
r(θ) ≤ µ and R(θ) ≥ r(θ) + ξ

]
dµ. (5.5.2)

Moreover, the first part of theorems 5.2.3 and 5.4.2 can be generalized
to any posterior distributions (including of course the family of distributions
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{Gβ(dθ) : θ ∈ Θ}). The generalization can easily be figured out from a mere
inspection of their proofs, where π(dθ|Λ) can be replaced mutatis mutandis
by any posterior ρ ∈ M1

+(Θ,F). It is the following : For any γ, with P⊗N

probability 1 − ε, where ε takes the value indicated in theorem 5.2.3, for any
posterior distribution ρ ∈ M1

+(Θ,F),

Eρ(dθ)

[
R(θ)

] ≤ R(θ̃) + 2
[
Eρ(dθ)

[
r(θ)
]− r(θ̃)

]
+

2γ
N

+
8a
N

K(ρ, π). (5.5.3)

In the same way, for any γ, with P⊗N probability 1 − ε, where ε takes the
value stated in theorem 5.4.2, for any posterior distribution ρ ∈ M1

+(Θ,F),

Eρ(dθ)

[
R(θ)

] ≤ 2Eρ(dθ)

[
r(θ)
]
+

4γ
N

+
4
N

K(ρ, π). (5.5.4)

The bounds obtained from equations (5.5.1) and (5.5.2) hold with P⊗N

probability 1− ε uniformly for all values of β, therefore they can be optimized
in β, this gives an empirical way to choose the inverse temperature parameter
β.

As for equations (5.5.3) and (5.5.4), their right-hand side is minimized
when ρ = GN/4a and ρ = GN/2 respectively (as it can be seen from the
Legendre transform equation (5.2.1)). To obtain bounds for other values of β,
we can generalize theorems 5.2.3 and 5.4.2 to more general choices of auxiliary
distributions λ(θ) and η(θ) in the following way : take for λ(θ) any constant
value λ and put η(θ) = ξR(θ) + γ/λ in the case of theorem 5.2.3 and η(θ) =
ξR(θ) + γ/λ in the case of theorem 5.4.2, where ξ is a positive parameter
smaller than one. This leads to

Theorem 5.5.1. For any λ > 0 and any ξ ∈]0, 1[, with P⊗N probability at
least 1 − ε, for any ρ ∈ M1

+(Θ),

Eρ(dθ)

[
R(θ)

] ≤ (1 − ξ)−1

{
Eρ(dθ)

[
r(θ)
]
+

1
λ

K(ρ, π)

+
log(ε−1)

λ
+

1
λ

log
{
Eπ(dθ)

[
exp
{
−λR(θ)

(
ξ − λ

N
g

(
λ

N

))}]}}
. (5.5.5)

Moreover, in the non ambiguous setting, putting a = 1 + 1/α and
b = (2 + 1/α)P (Ω0) + P (Ωα), we get with P⊗N probability at least 1 − ε

Eρ(dθ)

[
R(θ)

] ≤ R(θ̃) + (1 − ξ)−1

{[
Eρ(dθ)

[
r(θ)
] − r(θ̃)

]
+

1
λ

K(ρ, π)

+
log(ε−1)

λ
+

1
λ

log
{
Eπ(dθ)

[
exp
{
−λR(θ)

(
β − aλ

N
g

(
2λ
N

))}]}

+
λb

N
g

(
2λ
N

)}
. (5.5.6)
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Remark 5.5.1. The right-hand sides of the two inequalities (5.5.5) and (5.5.6)
are minimized by choosing ρ(dθ) = Gλ(dθ), as a consequence of equation
(5.2.1).
Remark 5.5.2. By choosing ξ = g( λ

N ) λ
N in equation (5.5.5) and ξ = g(2λ

N )aλ
N

in equation (5.5.6), we get a simpler (but not necessarily sharper) right-hand
side.
Remark 5.5.3. The value of λ can be optimized through the following scheme.
Apply theorem 5.5.1 to each λm,k = exp(k2−m) and εm,k = 2−(m+1)αm(1 −
αm)kε, where αm = 2−(m+1) log(N)−1, and use the union bound to get a
result holding with probability 1 − ε for any value of λ ∈ {λm,k;m, k ∈ N}.

Putting the three previous remarks together gives the following corollary
of theorem 5.5.1 :

Corollary 5.5.1. With P⊗N probability at least 1 − ε, for any (m, k) ∈ N2,
putting λm,k = exp(k2−m),

EGλm,k
(dθ)

[
R(θ)

] ≤ 1

λm,k

[
1 − g(λm,k

N )λm,k

N

]
×
{
− log

{
Eπ(dθ)

[
exp
[−λm,kr(θ)

]]}

+ log(ε−1) + 2(m+ 1) log(2) + log
[
log(N)

]
+ log(λm,k) log(N)−1

}

≤ 1

1 − g(λm,k

N )λm,k

N

{
inf
Λ∈F

Eπ(dθ|Λ)

[
r(θ)
]− log

[
π(Λ)

]
λm,k

+
log(ε−1) + 2(m+ 1) log(2) + log

[
log(N)

]
+ log(λm,k) log(N)−1

λm,k

}
.

Moreover

EGλm,k
(dθ)

[
R(θ)

] ≤ R(θ̃)

+
1

λm,k

[
1 − aλm,k

N g(2λm,k

N )
]
{
− log

{
Eπ(dθ)

[
exp
[−λm,kr(θ)

]]}− λm,kr(θ̃)

+ log(ε−1) + 2(m+ 1) log(2) + log
[
log(N)

]
+ log(λm,k) log(N)−1 +

bλ2
m,k

N
g

(
2λm,k

N

)}

≤ R(θ̃)

+
1[

1 − aλm,k

N g(2λm,k

N )
]
{

inf
Λ∈F

Eπ(dθ|Λ)

[
r(θ)
]− log

[
π(Λ)

]
λm,k

− inf
θ∈Θ

r(θ)
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+
log(ε−1) + 2(m+ 1) log(2) + log

[
log(N)

]
λm,k

+
log(λm,k) log(N)−1

λm, k
+
bλm,k

N
g

(
2λm,k

N

)}
.

5.6 Non randomized classification rules

Once a posterior distribution ρ(dθ) has been chosen, as in the previous sec-
tions, it is also possible to use it to make a weighted majority vote between
the classifiers. This is an alternative to choosing θ at random according to the
posterior ρ(dθ). It is possible to deduce the performance of the voting rule
from the performance of the randomized rule in the following way.

Let us consider, in the pattern recognition framework described in the
previous sections, a posterior distribution ρ(dθ) on the parameter set Θ. Let
us define the classification rule

f̂(x) = argmax
y∈Y

Eρ(dθ)

{
1
[
y = fθ(x)

]}
.

We can bound the error rate of f̂(x) from the randomized error rate of ρ(dθ)
using the following inequality :

1
(
f̂(x) �= y

) ≤ 2 Eρ(dθ)

[
1
(
fθ(x) �= y

)]
. (5.6.1)

It comes from the fact that any value of y which is not the mode of the
distribution of fθ(x) under ρ(dθ), cannot have a probability larger than 1/2.

In the non ambiguous case, we can instead write the following equations :
for any x ∈ X such that α(x) > α > 0 (that is for any x �∈ Ωα),

P
[
Y �= f̂(X) |X = x

]− P
[
Y �= fθ̃(X) |X = x

]
≤ 1 + α(x)

2
1
[
f̂(x) �= f̃(x)

]
≤ [1 + α(x)

]
Eρ(dθ)

{
1
[
fθ(x) �= fθ̃(x)

]}
≤ 1 + α(x)

α(x)
Eρ(dθ)

{
P
[
Y �= fθ(X) |X = x

]− P
[
Y �= fθ̃(X) |X = x

]}

≤
(

1 +
1
α

)
Eρ(dθ)

{
P
[
Y �= fθ(X) |X = x

]− P
[
Y �= fθ̃(X) |X = x

]}
.

The first of the above chain of inequalities comes from the fact that

P
[
Y = fθ̃(X) |X = x

] ≤ 1 + α(x)
2

and the obvious identity



5.7 Application to classification trees 177

P
[
Y �= f̂(X) |X = x

]− P
[
Y �= fθ̃(X) |X = x

]
= P

[
Y = fθ̃(X) |X = x

]− P
[
Y = f̂(X) |X = x

]
.

Putting this together with the general case (5.6.1), we obtain that

P
[
Y �= f̂(X)

]− P
[
Y �= fθ̃(X)

]
≤
(

1 +
1
α

)
Eρ(dθ)

{
P
[
Y �= fθ(X)

]− P
[
Y �= fθ̃(X)

]}
+

1
α
P (Ωα). (5.6.2)

From inequalities (5.6.1) and (5.6.2), one can deduce results for f̂ from
results for ρ(dθ), both in the general and non ambiguous cases of classification
problems.

5.7 Application to classification trees

We are going in this section to illustrate the use of a simple classification
bound, namely the generalization of theorem 5.2.3 given by equation (5.5.5)
of theorem 5.5.1, which says that with P⊗N probability at least 1 − ε,

Eπ(dθ|Λ)

[
R(θ)

] ≤ (1 − λ
N g
(

λ
N

))−1

{
Eπ(dθ|Λ)

[
r(θ)
]− 1

λ
log
[
π(Λ)

]− log(ε)
λ

}
.

Let us consider some measurable space X and some finite set of labels Y.
Assume that we can make on X a pool of L possible real valued normalized
measurements {fk : X → [0, 1]; k = 1, . . . , L}.

Description of a set of classification rules. We study the case when a
classification rule is deduced from comparing the measurements with threshold
values. We allow for an adaptive choice of the next question to ask, depending
on the answers to previous questions. More formally, we build a sequence
of questions q1(X), . . . , qT (X), where T is a stopping time for the filtration
generated by

(
qk(X)

)
k∈N

. To be realistic, we will consider that we can afford
to ask at most D questions, in other terms that T ≤ D a.s.. Our definition of
question qk(X) will more precisely be

qk(X) = 1
[
fj(q1,...,qk−1)(X) ≥ τ(q1, . . . , qk−1)

]
,

allowing for an adaptive choice of the measurement through j(q1, . . . , qk−1)
and of the threshold, through τ(q1, . . . , qk−1). Once we have collected the
answers (q1, . . . , qT ) ∈ {0, 1}T , where T is the time when we decided to stop,
we have to take a decision on the label of pattern X , using some decision
function

ϕ :
⋃

k∈N

{0, 1}k → Y.
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The resulting decision function can thus be described as g(X) = ϕ(q1, . . . , qT ).
Explicit description of the parameter set. The choice of a stopping

time T is equivalent to the choice of a complete prefix set S ∈ ⋃D
k=0{0, 1}k.

We will let S be the set of all the complete prefix subsets of
⋃D

k=0{0, 1}k. We

will also let
◦
S be the set of all the strict prefixes of the binary words of S.

The definition of T from S is

T = inf{k : (q1, . . . , qk) ∈ S}.

On the other hand, S may be retrieved from T as the range of (q1, . . . , qT ).
In this description through complete prefix sets, the choice of the next mea-

surement j can be any mapping of
◦
S to {1, . . . , L} :

j :
◦
S → {1, . . . , L},

and the choice of the next threshold τ , any mapping from
◦
S to [0, 1] :

τ :
◦
S → [0, 1].

Thus, each possible decision rule g(X) is described by the vector of parameters

θ = (S, j, τ, ϕ), where S ∈ S, j ∈ {1, . . . , L}
◦
S, τ ∈ [0, 1]

◦
S and ϕ ∈ YS , through

the formula
g(S, j, τ, φ,X) = ϕ(q1, . . . , qT ).

Choice of a prior. A simple choice of a prior distribution π(dθ) on the
parameter set is

π(S) = 2−|
◦
S|2−|S\{0,1}D| (critical branching process)

π(j|S) = L−|
◦
S|

π(dτ |S, j) = Lebesgue measure on [0, 1]
◦
S

π(ϕ|S, j, τ) = |Y|−|S|.

Choice of a subfamily of parameter subsets :
A natural way to choose a family of parameter subsets is to define some

finite partition of Θ, such that the component Λ(θ) of this partition into which
a given value of the parameter θ falls satisfies

Λ(θ) ⊂ {θ′ : r(θ′) = r(θ)}.

To this purpose, let us put, for any s ∈
◦
S,
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ms(τ)
def= max{fj(s)(Xi) :

(
q1(Xi), . . . , ql(s)(Xi)

)
= s

and fj(s)(Xi) < τ(s)},
Ms(τ)

def= min{fj(s)(Xi) :
(
q1(Xi), . . . , ql(s)(Xi)

)
= s

and fj(s)(Xi) ≥ τ(s)},
Λ(S, j, τ, ϕ) def= {S} × {j} ×

∏
s∈

◦
S

]ms(τ),Ms(τ)] × {ϕ}.

As

π
[
Λ(S, j, τ, ϕ)

]
= 2−|S|−1+|S\{0,1}D|L−(|S|−1)|Y|−|S| ×

∏
s∈

◦
S

[
Ms(τ) −ms(τ)

]
,

the size of the cell Λ(S, j, τ, ϕ) is reasonably big, in the sense that
− log

[
π
(
Λ(S, j, τ, ϕ)

)]
grows at most linearly with |S|. Indeed, the param-

eter set can be viewed as a union of submodels, indexed by the choice of S,
the “dimension” of each submodel being related to |S|.

Selection of θ = (S, j, τ, ϕ) : Let us put

ay
s

def=
N∑

i=1

1
[
Yi = y, (q1, . . . , q�(s)) = s

]
, s ∈ {∅} ∪

D⋃
k=1

{0, 1}k, y ∈ Y,

bs
def=
∑
y∈Y

ay
s .

The empirical error rate can be expressed with the help of these notations as

r(S, j, τ, ϕ) =
1
N

∑
s∈S

(
bs − aϕ(s)

s

)
.

Let us put moreover

B(θ, λ) def=
1

1 − λ
N g
(

λ
N

)
{

1
λ

∑
s∈

◦
S

{
log(2) + log(L) − log

[
Ms(τ) −ms(τ)

]}

+
1
λ

∑
s∈S

{
log(2)1

[
�(s) < D

]
+ log

(|Y|)}

+
1
N

∑
s∈S

(
bs − aϕ(s)

s

)− log(ε)
λ

}
.

With these notations, for any λ ∈ R+ such that λ
N g
(

λ
N

)
< 1, with P⊗N

probability at least 1 − ε, for any θ̂ ∈ Θ,
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Eπ(dθ|Λ(θ̂))

[
R(θ̂)

] ≤ B(θ̂, λ). (5.7.1)

Ideally, we would like to choose θ̂ = argminθ B(θ, λ). (We assume for
simplicity in this discussion that some fixed value of λ has been chosen be-
forehand.) However, minimizing B(θ, λ) in θ maybe difficult to achieve when
Θ is large. Some part of this optimization can be performed efficiently : in-
deed, once j :

⋃D−1
k=0 {0, 1}k → {1, . . . , L} and τ :

⋃D−1
k=0 {0, 1}k → [0, 1] have

been chosen, one can put ϕ̂(s) = argmaxy∈Y a
y
s and choose Ŝ (that is T )

by dynamic programming on {0, 1}D. It is on the other hand not obvious to
find a way of minimizing B(θ, λ) in j and τ otherwise than by an exhaustive
inspection of the L2D−1 values that j may take and the at most (N + 1)2

D−1

intervals of sampled values in which τ may fall. Therefore, except for very
small values of D, only some partial optimization in j and τ , using some
heuristic scheme, will presumably be feasible. This will not prevent us from
obtaining a rigorous upper bound for the deviations of the error rate, since
the bound (5.7.1) holds uniformly for any value of θ̂, which may depend in
any given way on the observed sample.

The bound B(θ̂, λ), suitably modified to this purpose, can furthermore be
optimized in λ as explained in remark 5.5.3.

We would like to stress the fact that the empirical complexity approach
as led us to a criterion B(θ, λ) which is a mix of supervised and unsuper-
vised learning : the empirical error rate which requires a labelled sample
(supervised learning) is balanced with some measure of empirical margin∑
s∈

◦
S

− log
[
Ms(τ) −ms(τ)

]
, which depends only on the way in which the ob-

served patterns (X1, . . . , XN) are clustured (unsupervised learning).
Computing the law of g(θ, x) under π

[
dθ|Λ(θ̂)

]
:

The computation of the probability of each label can be made explicitly
as follows:

Eπ(dθ|Λ(θ̂))

{
1
[
g(θ, x) = y

]}
=

∑
s∈S

1
[
ϕ(s) = y

] �(s)∏
k=1

0∨1∧
{[(

fj(sk−1
1 )(x) −msk−1

1
(τ)
)

Msk−1
1

(τ) −msk−1
1

(τ)

]
(2sk − 1) + (1 − sk)

}
,

where θ̂ = (S, j, τ, ϕ). Note that this can be factorized as a recursive compu-

tation on
◦
S with 2|S| − 1 steps.

Comparison with Vapnik’s entropy : An application of aggregation
rules of the previous chapters would have led to

EP⊗N

[
R(f̂)

] ≤ inf
S,j,ϕ

inf
θ∈ΘS,j,ϕ

CR(θ)
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+
C′

N
EP⊗N

{
− log

[
π(S, j, ϕ)

]
+ log

( ∣∣∣{[g(θ,Xi)
]N
i=1

: θ ∈ ΘS,j,ϕ

}∣∣∣ )︸ ︷︷ ︸
≤(|S|−1) log(N)

}
,

where ΘS,j,ϕ =
{
(S, j, τ, ϕ) : τ ∈ [0, 1]

◦
S
}
. Note that an exact computation of

the shattering number log
( ∣∣∣{[g(θ,Xi)

]N
i=1

: θ ∈ ΘS,j,ϕ

}∣∣∣ ) would not be so
easy.

5.8 The regression setting

Let us assume now that we observe a sample (Xi, Yi)N
i=1 drawn from a product

distribution P⊗N on
((

X×R
)N
,
(
B⊗B′)⊗N

)
, where (X,B) is a measurable

space and B′ is the Borel sigma algebra.
Assume that a set of regression functions {fθ : X → R ; θ ∈ Θ} is given,

and that (θ, x) �→ fθ(x) is measurable and bounded.
Let us put fθ̃(X) = EP (Y |X), and let us assume without loss of generality

that θ̃ ∈ Θ (if it is not the case, replace Θ by Θ ∪ {θ̃}).
Let us introduce the following notations :

R(θ) = EP

{[
Y − fθ(X)

]2}
,

r(θ) =
1
N

N∑
i=1

[
Yi − fθ(Xi)

]2
,

R(θ) = R(θ) −R(θ̃)

= EP

{[
fθ(X) − fθ̃(X)

]2}
,

r(θ) = r(θ) − r(θ̃)

=
1
N

N∑
i=1

2
[
Yi − fθ̃(Xi)

][
fθ̃(Xi) − fθ(Xi)

]
+
[
fθ(Xi) − fθ̃(Xi)

]2
.

Let us assume that

sup
x∈X,θ∈Θ

|fθ(x) − fθ̃(x)| ≤ B < +∞.

Let us also assume that there is some regular version of the conditional
probabilities P (dY |X) (which we will use in the following without further
mention), such that for some positive real constants M and α,

sup
x∈X

EP

[
exp
(
2αB

∣∣Y − fθ̃(X)
∣∣) ∣∣X = x

]
≤M. (5.8.1)

This assumption implies that for any β < α



182 5 Randomized estimators and empirical complexity

sup
x∈X

EP

[
exp
(
2βB

∣∣Y − fθ̃(X)
∣∣) ∣∣X = x

]
≤Mβ/α.

Let us put

Z
def= −[Y − fθ(X)

]2 +
[
Y − fθ̃(X)

]2 (5.8.2)

=
[
fθ(X) − fθ̃(X)

][
2Y − fθ(X) − fθ̃(X)

]
.

Our first concern will be to get a deviation inequality for this random variable.
Let us introduce the notation

T
def= B|2Y − fθ(X) − fθ̃(X)|. (5.8.3)

Assumption (5.8.1) implies that for any positive β ≤ α,

EP

[
exp(βT ) |X = x

] ≤Mβ/α exp(βB2).

We are going to prove the following lemma :

Lemma 5.8.1. Let g : R+ → R+ be the function

g(β) def=
exp(βB2)

B2
sup
x∈X

E
[
T 2 exp(βT ) |X = x

]
.

It satisfies the following properties :

g(0) ≤ B2 + 4 sup
x∈X

EP

[(
Y − fθ̃(X)

)2 |X = x
]
, (5.8.4)

g(β) − g(0) ≤
[
exp(βB2) − 1

]
g(0)

+Mβ/α exp(2βB2)
β

B2
inf

γ∈[0, α−β
3 ]

(eγ)−3 exp
[
3γ
(
B2 +

log(M)
α

)]
, (5.8.5)

log

{
EP

[
exp
{
β
[
R(θ) − (Y − fθ(X)

)2 +
(
Y − fθ̃(X)

)2]}]}

≤ β2

2
R(θ)g(β). (5.8.6)

Remark 5.8.1. In the case when the distribution of Y knowingX is a Gaussian
distribution with mean fθ̃(X) and constant standard deviation σ, that is when
P (dY |X) = N(fθ̃(X), σ), one can take

g(β) = 4σ2 + 2(2βσ2 − 1)2B2ψ
(
β|2βσ2 − 1|B2

)
with

ψ(s) =
exp(s) − 1 − s

s2
.
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Proof. Let us consider the order 2 Taylor expansion of the log-Laplace trans-
form of Z:

logEP

[
exp(βZ)

]− βEP (Z)

=
∫ β

γ=0

(β − γ)


EP

[
Z2 exp(γZ)

]
EP

[
exp(γZ)

] −
(
EP

[
Z exp(γZ)

]
EP

[
exp(γZ)

]
)2

 dγ

≤
∫ β

γ=0

(β − γ)EP

[
Z2 exp(γZ)

]
exp
[−γEP (Z)

]
dγ

≤ β2

2
R(θ) exp

[
βR(θ)

]
sup
x∈X

EP

{
T 2

B2
exp(βT ) |X = x

}

≤ β2

2
R(θ)g(β).

Moreover

g(0) = sup
x∈X

EP

{
T 2

B2
|X = x

}

= sup
x∈X

[
fθ(x) − fθ̃(x)

]2 + 4EP

{[
Y − fθ̃(X)

]2 |X = x
}

≤ B2 + sup
x∈X

4EP

{[
Y − fθ̃(X)

]2 |X = x
}
.

As for g(β),

g(β) − g(0) =
[
exp(βB2) − 1

]
g(0)

+ exp(βB2) sup
x∈X

EP

[(
T

B

)2 [
exp(βT ) − 1

] |X = x

]
,

and for any positive real number γ(
T

B

)2 [
exp(βT ) − 1

] ≤ β

B2
T 3 exp(βT )

≤ β

γ3B2
exp
[
βT + 3 log(γT )

]
≤ β

(eγ)3B2
exp
[
(β + 3γ)T

]
,

whence

EP

[(
T

B

)2 [
exp(βT ) − 1

] |X = x

]

≤ inf
γ∈[0, α−β

3 ]

β

(eγ)3B2
exp
[
(β + 3γ)B2

]
M (β+3γ)/α.

The bound for g(β) − g(0) stated in the lemma follows immediately. ��
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We deduce from lemma 5.8.1 the following analogous of lemma 5.2.1 for
the regression setting:

Lemma 5.8.2. Let η : Θ → R+ and λ : Θ → R+ be given measurable
functions defined on the measurable parameter set (Θ,F). Let π ∈ M1

+(Θ,F)
be a prior probability distribution.

P⊗N

(
sup

ρ∈M1
+(Θ)

Eρ(dθ)

{
λ(θ)

[
R(θ) − r(θ) − η(θ)

]}
− K(ρ, π) ≤ 0

)

≥ 1 − Eπ(dθ)

{
exp
[
−η(θ)λ(θ) + g

(
λ(θ)
N

)
R(θ)

λ(θ)2

2N

]}
,

where conventions (5.2.2) and (5.2.3) are assumed. Consequently,

(
P⊗N

)
∗

{
sup
Λ∈F

π(Λ) inf
θ∈Λ

exp
{
λ(θ)

[
R(θ) − r(θ) − η(θ)

]}
≤ 1
}

≥ 1 − Eπ(dθ)

{
exp
[
−η(θ)λ(θ) + g

(
λ(θ)
N

)
R(θ)

λ(θ)2

2N

]}
.

The same reasoning as in the pattern recognition case then leads to

Theorem 5.8.1. For any positive constants β and γ, with P⊗N probability
at least 1 − ε, where

ε = exp
{
−γ
[
1 − g(β)

2g(0)

]}

for any measurable parameter subset Λ ∈ F, putting µ = supθ∈Λ r(θ),

Eπ(dθ |Λ)

[
R(θ)

] ≤ R(θ̃) − r(θ̃) + Eπ(dθ |Λ)

[
r(θ)
]

+
∫ 1

ξ=0

min


 1, π

(
Λ
)−1 exp


−√γN


 ξ√

g(0)
[
ξ + µ− r(θ̃)

]
+ γ/(β2N)

−
√
γ

N






 dξ

≤ R(θ̃) − r(θ̃) + Eπ(dθ |Λ)

[
r(θ)
]

+




√
g(0)
γN

[
µ− r(θ̃)

]
+

1
β2N2

{
3 + γ − log

[
π
(
Λ
)]}

+
4g(0)
γN

,

when − log
[
π
(
Λ
)] ≤√γN



√
µ− r(θ̃)
2g(0)

+
γ

2g(0)2β2N


 ,

2g(0)
γN

[(
1 + γ − log

[
π
(
Λ
)])2

+ 1
]
, otherwise.
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— Let us recall that g(0) ≤ B2 + 4 sup
x∈X

EP

{[
Y − fθ̃(X)

]2 ∣∣X = x
}

and that

g(β) − g(0) is explicitely bounded as stated in lemma 5.8.1. Moreover with
π
(
dθ |Λ) probability at least

1 − π
(
Λ
)−1 exp


−
√
γN


 ξ√

g(0)
(
ξ + µ− r(θ̃)

)
+

γ

β2N

−
√
γ

N






the expected risk R(θ) is bounded by

R(θ) ≤ R(θ̃) − r(θ̃) + r(θ) + ξ.

As in the pattern recognition case, note that −r(θ̃) can be upper bounded in
the right-hand side of the two previous inequalities by the observable quantity
− infθ∈Θ r(θ).

Proof. Put

η(θ) =

√
γ
[
g(0)R(θ) + γ/(β2N)

]
N

,

λ(θ) =

√
γN

g(0)R(θ) + γ/(β2N)
,

and use lemma 5.8.2. The more explicit upper bound is obtained by applying
lemma 5.10.2 with a =

√
γN , b = g(0), d = µ − r(θ̃) +

γ

g(0)β2N
, and e =√

γ

N
. ��

As in the pattern recognition case, another choice of the functions η(θ)
and λ(θ) is also of interest and gives a different kind of result. Let us put

η(θ) =
R(θ)

2
+ γ

2g(0)
βN

,

λ(θ) =
βN

2g(0)
,

using lemma 5.8.2 again, we get :

Theorem 5.8.2. For any positive constant β and real constant γ, with P⊗N

probability at least (1 − ε), where

ε = exp(−γ)Eπ(dθ)


exp


−βN R(θ)

4g(0)


1 −

βg
(

β
2g(0)

)
2g(0)






 ,
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for any posterior probability distribution ρ ∈ M1
+(Θ),

Eρ(dθ)

[
R(θ)

] ≤ 2
{
Eρ(dθ)

[
r(θ)
] − r(θ̃)

}
+

4g(0)
βN

[
γ + K(ρ, π)

]
. (5.8.7)

As a consequence, for any measurable parameter subset Λ ∈ F,

Eπ(dθ|Λ)

[
R(θ)

] ≤ 2
{
Eπ(dθ|Λ)

[
r(θ)
] − r(θ̃)

}
+

4g(0)
βN

[
γ − log

[
π(Λ)

]]
. (5.8.8)

Moreover for any ξ, with π
(
dθ |Λ) probability at least

1 − π
(
Λ
)−1 exp

(
− βNξ

4g(0)

)
,

the expected risk R(θ) is bounded by

R(θ) ≤ R(θ̃) + 2r(θ) − 2r(θ̃) +
4γg(0)
βN

+ ξ.

Here again, note that −r(θ̃) can be upper bounded in the right-hand side of
the previous inequalities by the observable quantity − infθ∈Θ r(θ).

Remark 5.8.2. It should be noted that the randomized regression estimators
presented in this section, in which fθ is drawn from some posterior distribution
ρ(dθ), can be replaced by aggregated estimators of the type Eρ(dθ)(fθ). Indeed,
the convexity of the quadratic loss function implies that

EP (dX,dY )

{[
Y − Eρ(dθ)

[
fθ(X)

]]2}
≤ Eρ(dθ)

{
EP (dX,dY )

[[
Y − fθ(X)

]2]} = Eρ(dθ)

[
R(θ)

]
. (5.8.9)

5.9 Links with penalized least square regression

5.9.1 The general case

Unlike in the classification setting, it is possible in the least square regression
framework to control the oscillations of the expected risk R(θ) in the following
way: for any (θ, θ̂) ∈ Θ2,

R(θ̂) −R(θ) = EP

{[
2fθ̃(X) − fθ(X) − fθ̂(X)

][
fθ(X) − fθ̂(X)

]}
≤
√
EP

{[
2fθ̃(X) − fθ(X) − fθ̂(X)

]2}√
EP

{[
fθ̂(X) − fθ(X)

]2}

≤
(√

R(θ) +
√
R(θ̂)

)
‖fθ − fθ̂‖∞.

(5.9.1)
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This opens the possibility to derive a deterministic parameter selection rule.
To achieve this we will consider different types of parameter subsets. In the
third case below, we will assume that the following bound is available to the
statistician :

EP

{[
fθ(X) − fθ̂(X)

]2} ≤ d
(
θ, θ̂
)
,

through a known measurable function d : Θ ×Θ → R+.

Λ∞(θ̂, δ) def=
{
θ ∈ Θ : ‖fθ − fθ̂‖∞ ≤ δ

}
, θ̂ ∈ Θ, δ ∈ R∗

+,

Λ2(θ̂, δ)
def=
{
θ ∈ Θ : E

([
fθ(X) − fθ̂(X)

]2) ≤ δ2
}
, θ̂ ∈ Θ, δ ∈ R∗

+,

Λd(θ̂, δ)
def=
{
θ ∈ Θ : d(θ, θ̂) ≤ δ2

}
⊂ Λ2(θ̂, δ), θ̂ ∈ Θ, δ ∈ R∗

+.

All these sets being measurable, we derive from equation (5.9.1) that√
R(θ̂)

[√
R(θ̂) − δ

]
≤ Eπ[dθ |Λ(θ̂,δ)]

[
R(θ)

]
+ δ
√
Eπ[dθ |Λ(θ̂,δ)]

[
R(θ)

]
, (5.9.2)

where we have used the fact that x �→ √
x is a concave function, and where

Λ(θ̂, δ) may be either Λ∞(θ̂, δ), Λ2(θ̂, δ), or Λd(θ̂, δ). Using equation (5.9.2)
and theorem 5.8.1 or 5.8.2, and optimizing the resulting inequalities in δ and
θ̂ gives an oracle deviation inequality for a deterministic (non randomized)
estimator θ̂.

5.9.2 Adaptive linear least square regression estimation

To illustrate this, let us see what we get in the case of a family of linear
regression models. Let X be a bounded subset of RD and let Θ ⊂ RD be a
bounded set of parameters. Let Hj , j ∈ J , be a countable family of linear
subspaces of RD (we do not assume that it contains necessarily RD itself).
Let dim(Hj) = dj . Put Θj = Θ ∩Hj and

Θ =
⊔
j∈J

Θj ,

where the union is meant to be disjoint. This is a way to introduce some
“structure” in the set of parameters. Consider the family of regression func-
tions {fθ, θ ∈ Θ} defined by

fθ(X) = 〈θ,X〉, θ ∈ Θ.

Note that this setting covers (through a straightforward change of notations)
the basis selection problem, where the regression functions are of the form

f(X) =
D∑

k=1

αkφk(X),
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and the problem is to select an appropriate subfamily of basis functions φk

(assumed here to be bounded functions). Let

C
def= EP

[
XX ′],

Cj
def= C|Hj

,

Ĉ
def=

1
N

N∑
i=1

XiX
′
i,

Ĉj
def= Ĉ|Hj

,

θ̃
def= arg min

θ∈RD
R(θ) = C−1EP (Y X),

θ̃j
def= arg min

θ∈Hj

R(θ) = C−1
j EP

(
Y X|Hj

)
,

θ̂j
def= arg min

θ∈Hj

r(θ) =
1
N

N∑
i=1

YiĈ
−1
j Xi|Hj

,

where X|Hj
is the orthogonal projection of X on the linear subspace Hj of

RD. Let us assume that for any j ∈ J , θ̃j ⊂ Θ and that θ̃ ⊂ Θ.
Let us consider a prior distribution π ∈ M1

+(Θ) of the form

dπ(θ) =
∑
j∈J

1(θ ∈ Θj)µjdj(θ),

where dj(θ) is a notation for the dj dimensional Lebesgue measure on Hj .
Define the following parameter subsets :

Λj

(
θ̂j , δ

) def=
{
θ ∈ Hj : (θ − θ̂j)′Ĉj(θ − θ̂j) ≤ δ2

}
, δ ∈ R+.

A careful look at the proof of lemma 5.8.1, and consequently of theorems 5.8.1
and 5.8.2 reveals that the assumption that fθ̃(X) = EP (Y |X) was used only

once, to prove that R(θ) = EP

{[
fθ(X) − fθ̃(X)

]2}. As

EP

{(
Y − 〈θ̃, X〉)〈θ − θ̃, X〉

}
= 0

we still have here that

R(θ) = EP

[
〈θ − θ̃, X〉2

]
,

therefore theorems 5.8.1 and 5.8.2 hold true in the present setting. Let us
apply more specifically theorem 5.8.2. Instead of using (5.9.2), let us also use
(5.8.9), and take advantage of the fact that, as soon as Λj(θ̂j , δ) ⊂ Θ,

Eπ[dθ|Λj(θ̂j,δ)]

(〈θ,X〉) = 〈θ̂j , X〉,
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and therefore
R(θ̂j) ≤ Eπ[dθ|Λj(θ̂j)]

[
R(θ)

]
.

As

π
[
Λj(θ̂j , δ)

]
= µj

2πdj/2δdj

djΓ (dj/2) det(Ĉj)1/2
,

we get the following corollary :

Corollary 5.9.1. Let A =
β

2g(0)


1 −

βg
(

β
2g(0)

)
2g(0)


. With P⊗N probability

at least 1 − ε, where

ε = exp(−γ)
∑
j∈J

µj

∫
θ∈Θj

exp
[
−AN

2
(θ − θ̃)′C(θ − θ̃)

]
djθ

≤ exp(−γ)
∑
j∈J

µj det(Cj)−1/2(2π)dj/2(AN)−dj/2 exp
[
−AN

2
R(θ̃j)

]
,

for any j ∈ J , any δ ∈ R∗
+, as soon as Λj(θ̂j , δ) ⊂ Θ,

R(θ̂j) ≤ Eπ[dθ|Λj(θ̂j ,δ)]

[
R(θ)

] ≤ 2
[
r(θ̂j) − r(θ̃)

]
+ 2δ2

+
4g(0)
βN

{
γ − log(µj) − log

(
2πdj/2

djΓ (dj/2)

)
+ 1

2 log
[
det(Ĉj)

]− dj

2
log
(
δ2
)}

.

Let us remark that the normalizing constant of the prior distribution π
can be absorbed in this corollary in the constant γ. In other words, we can
choose for π any finite positive measure. We will do so to simplify notations.
Let us apply this corollary with

δj =

√
g(0)dj

βN
, (5.9.3)

µj = νj det(Cj)1/2(2π)−dj/2(AN)dj/2 exp
[
AN

2
R(θ̃j)

]
, j ∈ J, (5.9.4)

γ = log(ε−1), (5.9.5)

where νj , j ∈ J , is a probability distribution on J , that is a collection of non
negative weights such that

∑
j∈J νj = 1. With this choice of parameters, we

get with probability at least 1 − ε, as soon as Λj

(
θ̂j ,
√

g(0)dj

βN

)
⊂ Θ,

R(θ̂j) ≤ 2
[
r(θ̂j) − r(θ̃)

]
− 2Ag(0)

β
R(θ̃j) +

2g(0)dj

βN
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+
4g(0)
βN

{
log(ε−1) − log(νj) +

1
2

log

(
det(Ĉj)
det(Cj)

)

+ log
[
dj

2
Γ (dj/2)

]
− dj

2
log
(
Ag(0)dj

2β

)}
. (5.9.6)

Eventually, we can take into account the following upper bound of the Γ
function:

log
[
Γ (d/2)

] ≤ (d
2

)
log
(

d
2

)− d
2 − 1

2 log
(

d
2

)
+ 1

2 log(2π) + 1
6d . (5.9.7)

It is a consequence of the well known bound (see [81, p. 253])

1
12t − 1

360t3 ≤ log
[
Γ (t)

]− {(t− 1
2

)
log(t) − t+ 1

2 log(2π)
}
≤ 1

12t , t ∈ R+.

Combining (5.9.6) and (5.9.7) proves the following proposition:

Proposition 5.9.1. Let A =
β

2g(0)


1 −

βg
(

β
2g(0)

)
2g(0)


. With P⊗N probabil-

ity at least 1 − ε, for any j ∈ J such that

Λj

(
θ̂j ,

√
g(0)dj

βN

)
⊂ Θ,

R(θ̂j) ≤ 2
[
r(θ̂j) − r(θ̃)

]
−

1 −

βg
(

β
2g(0)

)
2g(0)


R(θ̃j)

+
2g(0)
βN

{
dj log

(
2β

Ag(0)

)
+ log

(
πdj

)

+
1

3dj
+ log

(
det(Ĉj)
det(Cj)

)
− 2 log(νj) − 2 log(ε)

}
. (5.9.8)

Remark 5.9.1. The simplest thing to do is to drop the term

−
[
1 − βg( β

2g(0) )
2g(0)

]
R(θ̃j) which is not observable and to optimize the sum of

the remaining terms of the right-hand side in j. We kept this refinement to
show that the factor 2 in front of r(θ̂j) − r(θ̃) is partially compensated, at
least when β is small enough. Indeed, let

χ(j) = 2r(θ̂j) +
2g(0)
βN

{
dj log

(
2β

Ag(0)

)
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+ log(dj) +
1

3dj
+ log

(
det(Ĉj)
det(Cj)

)
− 2 log(νj)

}
.

Let

Ĵ =

{
j ∈ J : Λj

(
θ̂j ,

√
g(0)dj

βN

)
⊂ Θ

}
.

Whenever Ĵ �= ∅, let let ̂ ∈ Ĵ be such that χ(̂) = minj∈Ĵ χ(j). Let moreover

̃ be such that R(θ̃̃) = minj∈J R(θj). Then with probability at least 1 − ε,
whenever ̃ ∈ Ĵ ,

R(θ̂̂) ≤ 2r(θ̂̃) −

1 −

βg
(

β
2g(0)

)
2g(0)


R(θ̃̃)

+
2g(0)
βN

{
d̃ log

(
2β

Ag(0)

)
+ log

(
πd̃
)

+
1

3d̃
+ log

(
det(Ĉ̃)
det(C̃)

)
− 2 log(ν̃) − 2 log(ε)

}
.

One can then notice that by construction r(θ̂̃) ≤ r(θ̃̃). This leads to a
right-hand side where all quantities depending on θ are evaluated at the fixed
parameter value θ̃̃. One can then easily prove that for any value of θ ∈ Θ

E

{
exp
[
λ
[
r(θ) −R(θ) − η

]]} ≤ −ηλ+
λ2

2N
R(θ)g

(
λ

N

)
.

Taking

η =
βR(θ)

2
+ log(ε−1)

g
[
β/g(0)

]
βN

λ =
βN

g
[
β/g(0)

] ,
we obtain that with probability at least 1 − ε,

r(θ) ≤ R(θ)(1 + β/2) − log(ε)
g
[
β/g(0)

]
βN

.

Applying this to the value θ = θ̃̃, we get that with probability at least 1−2ε,
as soon as

Λj

(
θ̂̃,

√
g(0)d̃
βN

)
⊂ Θ,
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R(θ̂̂) ≤ R(θ̃̃)


1 + β +

βg
(

β
2g(0)

)
2g(0)


− 2g

[
β/g(0)

]
+ 4g(0)

βN
log(ε)

+
2g(0)
βN

{
d̃ log

(
2β

Ag(0)

)
+ log

(
πd̃
)

+
1

3d̃
+ log

(
det(Ĉ̃)
det(C̃)

)
− 2 log(ν̃)

}
.

When R(θ̃̃) is of order one, it is advisable to take β of order
√
N , and we get

a convergence at speed 1/
√
N , as expected.

Remark 5.9.2. Let us remind that lim
N→+∞

Ĉj = Cj almost surely when N

tends to infinity, and therefore that log

(
det(Ĉj)
det(Cj)

)
should be most of the

time small when N is large when compared to dj .
Remark 5.9.3. Let us notice that we get a penalized risk criterion, with a
penalty proportional to the dimension over the sample size, with an explicit
constant. We avoided a worse speed of order log(N)

N because we localized the
computation of ε around θ̃. As opposed to the more classical approach to
penalized empirical risk minimization via deviation inequalities (see e.g. [12,
13] for recent developments), we were able to express directly our upper bound
on the risk in terms of the penalized empirical risk.
Remark 5.9.4. When Θ is a large enough ball when compared with ‖θ̃‖, the
probability that Λj(θ̂j , δj) �⊂ Θ tends to zero exponentially fast when N tends
to infinity, for any given j, and therefore for ̃. A more detailed non asymp-
totic treatment of the case Λj(θ̂j , δj) �⊂ Θ is given in appendix : by some
modification of the definition of θ̂j and of Λj(θ̂j , δj) we can simply rule out
this possibility.
Remark 5.9.5. The simpler case of a non random design can be treated in
the same way. If xN

1 ∈ XN are fixed points and Y N
1 are independent variables

with distributions P (Yi |Xi = xi), then the risk

R(θ) =
1
N

N∑
i=1

P
[
Yi �= fθ(Xi) |Xi = xi

]

and the empirical risk

r(θ) =
1
N

N∑
i=1

1
[
Yi �= fθ(xi)

]
,

satisfy equation (5.9.8) with Ĉj = Cj (and therefore with log
(

det(Ĉj)
det(Cj)

)
re-

placed by zero).
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Remark 5.9.6. Let us eventually point out that the choice of a prior probability
distribution made in equation (5.9.4) is definitely not inspired by a Bayesian
approach, since it depends on the sample size N . In other words, the prior
distributions on the parameter space used in this chapter should in no way be
interpreted as a stochastic modeling of the parameters by random variables.

5.10 Some elementary bounds

Lemma 5.10.1.∫ +∞

g

exp
(
−h
√
ξ
)
dξ =

2
h2

(
h
√
g + 1

)
exp
(
−h√g

)
.

Proof. Put ζ =
√
ξ and integrate by parts. ��

Lemma 5.10.2.

∫ +∞

0

min

{
1, p−1 exp

[
−a
(

ξ√
b(ξ + d)

− e

)]}
dξ

≤




√
2bd
a

(
1 + ae− log(p)

)
+

(
2
√

2bd
a

+
4b
a2

)
exp

[
a

(
e−
√

d

2b

)
− log(p)

]
︸ ︷︷ ︸

≤1

,

when − log(p) ≤ a

(√
d

2b
− e

)
,

2b
a2

[(
1 + ae− log(p)

)2

+ 1
]
, otherwise.

(5.10.1)

Proof. Let

I =
∫ +∞

0

min

{
1, p−1 exp

[
−a
(

ξ√
b(ξ + d)

− e

)]}
dξ

s =
1
a

(
ae− log(p)

)
.

Notice that

ξ√
b(ξ + d)

≥




ξ√
2bd

when ξ ≤ d,

√
ξ

2b
, when ξ ≥ d.

Assume first that s ≥
√

d

2b
. Then
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I ≤ 2bs2 + p−1

∫ +∞

2bs2
exp

{
−a
(√

ξ

2b
− e

)}
dξ

≤ 2bs2 + p−1 4b
a2

(
a√
2b
s
√

2b+ 1
)

exp
(−as) exp

(
ae
)

︸ ︷︷ ︸
=p

≤ 2bs2 +
4b
a2

(
1 + as

)
=

2b
a2

(
a2s2 + 2as+ 2

)
=

2b
a2

[
(as+ 1)2 + 1

]
=

2b
a2

[(
1 + ae− log(p)

)2 + 1
]
.

Assume now that s ≤
√

d

2b
. Then

I ≤ s
√

2bd+
∫ d

s
√

2bd

p−1 exp
{
−a
(

ξ√
2bd

− e

)}
dξ

+
∫ +∞

d

p−1 exp

{
−a
(√

ξ

2b
− e

)}
dξ

≤ s
√

2bd+

√
2bd
a

+ p−1 4b
a2

(
a√
2b

√
d+ 1

)
exp
(
− a√

2b

√
d

)
exp
(
ae
)

≤
√

2bd
a

(
ae− log(p) + 1

)
+

(
2
√

2bd
a

+
4b
a2

)
exp

[
a

(
e−
√

d

2b

)
− log(p)

]
.

��

5.11 Some refinements about the linear regression case

In this appendix, we will explain how to deal more accurately with the case
when Λj(θ̂j , δj) �⊂ Θ in section 5.9.2. Let us assume that for any j ∈ J ,
‖θ̃j‖ ≤ K1 (the constant K1 being known to us). Let K1 < K2 < K3 be two
other constants. Let us put Θ = {θ ∈ RD : ‖θ‖ ≤ K3}. Let also

δj =

√
g(0)dj

βN
,

σj =
δ2j

(K3 −K2)2
.

For any symmetric matrix C of size d× d, and any real number σ, let C ∨ σ
be obtained from C in the following way : let C = U−1 Diag(ξi : 1 ≤ i ≤ d)U
be the diagonal decomposition of C (where U ′U = I, ξi, i = 1, . . . , d is the
spectrum of C, and Diag(ξi) is the diagonal matrix with diagonal entries ξi);
define C ∨ σ by
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C ∨ σ = U−1 Diag(max{σ, ξi} : 1 ≤ i ≤ d)U.

Let
Ĵ =

{
j ∈ J : ‖θ̂j‖ ≤ K2

}
.

When j ∈ Ĵ , let us put

Λj =
{
θ ∈ Hj : (θ − θ̂j)′(Ĉj ∨ σj)(θ − θ̂j) ≤ δ2j

}
.

Then for any j ∈ Ĵ , Λj ⊂ Θ. Indeed for any θ ∈ Λj ,

‖θ‖ ≤ ‖θ̂j‖ +

√
(θ − θ̂j)′(Ĉj ∨ σj)(θ − θ̂j)

σj
≤ K2 +

δj√
σj

≤ K3.

Moreover, for any θ ∈ Λj,

r(θ) ≤ r(θ̂j) + (θ − θ̂j)′Ĉj(θ − θ̂j) ≤ r(θ̂j) + δ2j .

An easy adaptation of proposition 5.9.1 then shows that

Proposition 5.11.1. With probability at least 1 − ε, for any j ∈ Ĵ ,

R(θ̂j) ≤ 2
[
r(θ̂j) − r(θ̃)

]
−

1 −

βg
(

β
2g(0)

)
2g(0)


R(θ̃j)

+
2g(0)
βN

{
dj log

(
2β

Ag(0)

)
+ log

(
πdj

)

+
1

3dj
+ log

(
det(Ĉj ∨ σj)

det(Cj)

)
− 2 log(νj) − 2 log(ε)

}
. (5.11.1)

The practical way to use this proposition is to minimize in j ∈ Ĵ the
right-hand side of equation (5.11.1). Therefore we would like to bound the
probability of any given (deterministic) value of j not to be in Ĵ , knowing
that the value of j ∈ J we are really interested in is the one minimizing
the expectation of the right-hand side of equation (5.11.1). Therefore, let us
consider in the following discussion a fixed value of j ∈ J , and let us show
that ‖θ̂j‖ ≤ K2 with high probability.

To this purpose, whenever ‖θ̂j‖ ≥ K2, let us put

θj = arg min
θ∈Hj

r(θ) +K4‖θ‖2,

= (Ĉj +K4I)−1 1
N

N∑
n=1

YnXn|Hj
.
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and let us take K4 such that ‖θj‖ = K2 (which is obviously possible because
K4 �→ ‖θj‖ is continuous and tends to zero at infinity.) As it is easily seen
that

‖θj‖ ≤ K−1
4

(
1
N

N∑
n=1

|Yn|
)

sup
x∈X

‖x|Hj
‖,

we can take

K4 ≤ K−1
2

(
1
N

N∑
n=1

|Yn|
)

sup
x∈X

‖x|Hj
‖.

Then we can define the random set

Λj =
{
θ ∈ Hj : (θ − θj)′

[
(Ĉj +K4I) ∨ σj

]
(θ − θj) ≤ δ2j

}
.

It is easily seen as previously that Λj ⊂ Θj . We can then apply theorem 5.8.2
to the parameter set Θj , to obtain that with probability at least 1− ε, where
the value of ε is indicated in the theorem,

Eπ(dθ|Λj)

[
R(θ)−R(θ̃j)

] ≤ 2
{
Eπ(dθ|Λj)

[
r(θ)
]}−r(θ̃j)+

4g(0)
βN

[
γ−log

[
π(Λj)

]]
.

Adding 2K4Eπ(dθ|Λj)

[‖θ‖2
]

to both members of this inequality and using the
convexity of θ �→ R(θ) + 2K4‖θ‖2 to write

R(θj) + 2K4‖θj‖2 ≤ Eπ(dθ|Λj)

[
R(θ) + 2K4‖θ‖2

]
,

and the fact that

sup
θ∈Λj

r(θ) +K4‖θ‖2 ≤ r(θj) +K4‖θj‖2 + δ2j ,

we get that with probability at least 1 − ε, whenever ‖θ̂j‖ ≥ K2,

R(θj) −R(θ̃j) ≤ 2
[
r(θj) − r(θ̃j)

]

+
2g(0)
βN

{
dj log

(
2β

Ag(0)

)
+ log

(
πdj

)

+
1

3dj
+ log

(
det
[
(Ĉj +K4I) ∨ σj

]
det(Cj)

)
− 2 log(ε)

}
. (5.11.2)

But now we can remark that

r(θj) ≤ r(θ̃j) +K4

[
‖θ̃j‖2 − ‖θj‖2

]
≤ r(θ̃j),

and that
R(θj) = R(θ̃j) + (θj − θ̃j)′Cj(θj − θ̃j).
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Let ξj be the smallest eigenvalue of Cj . We have established that with
probability 1 − ε, whenever ‖θ̂j‖ ≥ K2,

(K2 −K1)2ξj ≤ 2g(0)
βN

{
dj log

(
2β

Ag(0)

)
+ log

(
πdj

)

+
1

3dj
+ log

(
det
[
(Ĉj +K4I) ∨ σj

]
det(Cj)

)
− 2 log(ε)

}
.

Let us notice that the spectrum of Ĉj is bounded by

sup
θ∈Hj :‖θ‖=1

1
N

N∑
n=1

〈θ,Xn〉2 ≤ R2
j ,

where Rj = supx∈X‖x|Hj
‖. Thus

log
{

det
[
(Ĉj +K4I) ∨ σj

]} ≤ dj log
[
(R2

j +K4) ∨ σj

]
.

All this put together gives the following bound :

P (‖θ̂j‖ ≥ K2) ≤ inf
ε

[
ε+ P⊗N (Ωε)

]
,

where Ωε is the event

(
R2

j +
Rj

K2

1
N

N∑
n=1

|Yi|
)

∨ g(0)dj

(K3 −K2)2βN

≥ Ag(0)
2β

(
1
djπ

)1/dj

det(Cj)1/dj ε2/dj

× exp

[
Nβ

2g(0)dj
(K2 −K1)2ξj − 1

3d2
j

]
.

It is clear from these last two lines that, as soon as we assume, as we did, that
Yi has an exponential moment, it is possible to find an explicit constant K5,
(depending on j), such that P⊗N

(‖θ̂j‖ ≥ K2

) ≤ exp
(−K5N

)
.



6

Laplace transform estimates and deviation
inequalities

Introduction

We are going to give “almost Gaussian” finite sample bounds for the log-
Laplace transform of some functions of the type f(X1, . . . , XN), where the
random variables (X1, . . . , XN ) are assumed to be independent, or to form a
Markov chain.

We will use throughout this chapter a normalisation that parallels the
classical case of the sum

1√
N

N∑
i=1

Xi

of real valued random variables. As is usual in these matters, we will deduce
from upper log-Laplace estimates finite sample almost sub-Gaussian devia-
tion inequalities for f(X1, . . . , XN ). We will also obtain that the central limit
theorem holds when N goes to infinity. Although limit laws are not the main
subject of this chapter, they will be a guide for using a relevant normalisation
of constants.

To make sure that this is feasible, it is necessary to make assumptions not
only on the first order partial derivatives (or more generally first order partial
finite differences) of f , but also on the second order partial derivatives (or
more generally on the second order partial finite differences) of f . Indeed, the
simple example of

f(X1, . . . , XN ) = g

(
1√
N

N∑
i=1

Xi

)
,

should immediately convince the reader that Lipschitz conditions are not
enough to enforce a Gaussian limit.

A proper normalisation being chosen, we will be interested in expansions
of Z def= f(X1, . . . , XN) − E

(
f(X1, . . . , XN)

)
of the type

O . Catoni : L N M 1851, J. Pi car d (Ed. ), pp. 199–222, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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logE
(
exp(λZ)

)
=
λ2

2
VarZ + · · · ,

where λ is “of order one”, and the remaining terms are small when N is large.
Our line of proof will be a combination of the martingale difference se-

quence approach initiated by Hoeffding [43] and Yurinskii [88] and the statis-
tical mechanics philosophy we already used in [22]. Reviews about the mar-
tingale approach to deviation inequalities are also to be found in McDiarmid
[55] and Ledoux and Talagrand [48, page 30]. More precisely, we will decom-
pose Z into its martingale difference sequence Z =

∑N
i=1 Fi and we will take

appropriate partial derivatives of the “free energy” function

(λ1, . . . , λN ) �−→ logE exp

(
N∑

i=1

λiFi

)
.

We will consider first the case of independent random variablesX1, . . . , XN ,
ranging in some product of probability spaces

⊗N
i=1(Xi,Bi, µi). In the first

section, we will assume that the partial finite differences of f(x1, . . . , xN ) of
order one and two are bounded. In the second section, we will assume that
they have exponential moments instead, and in the third section, we will study
the case of Markov chains.

6.1 Bounded range functionals of independent variables

Let the collection of random variables (X1, . . . , XN ) take its values in some
product of measurable spaces

⊗N
i=1 (Xi,Bi). We will assume in the following

that (X1, . . . , XN ) is the canonical process. Let P =
⊗N

i=1 µi be a product
probability measure on

⊗N
i=1(Xi,Bi).

If W is some (suitably integrable) measurable function of (X1, . . . , XN),
we will consider the modified probability distribution PW defined by

PW =
exp(W )
E exp(W )

P,

and we will use the notation EW for the expectation operator with respect to
PW .

On the other hand, if F is some sub-sigma algebra of
⊗N

i=1 Bi, then EF

will be used as a short notation for the conditional expectation with respect
to F.

As (EF)W = (EW )F, we will simply write EF
W for the conditional expec-

tation with respect to the conditional measure

exp(W )
E
(
exp(W ) |F)P(· |F).
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Note that we have EW (EF
W ) = EW , whereas E(EF

W ) �= EW and EW

(
EF
) �=

EW in general.
For each i = 1, . . . , N , let Fi be the sigma algebra generated by

(X1, . . . , Xi) and let Gi be the sigma algebra generated by
(X1, . . . , Xi−1, Xi+1, XN).

To stress the role of the independence assumption, we will put the super-
script “i” on the equalities and inequalities requiring this assumption.

Let us introduce some notations linked with the martingale differences of
a random variable W measurable with respect to FN . We will put

Gi(W ) = W − EGi(W ),

Fi(W ) = EFi(W ) − EFi−1(W )
i= EFi(Gi).

As we explained in the introduction, we will study the log-Laplace transform
of

Z = f(X) − E
(
f(X)

)
.

We will decompose Z into the sum of its martingale differences

Z =
N∑

i=1

Fi(Z),

and use the short notation Zi = EFi(Z).
In this context, it is natural to assume that for any (x1, . . . , xN ) ∈∏N

j=1 Xj , for any i = 1, . . . , N , any yi ∈ Xi,

f(x1, . . . , xN ) − f(x1, . . . , xi−1, yi, xi+1, . . . , xN ) ≤ Bi√
N
.

The reader should understand that we are interested mainly in the case when
the constants Bi are of order one. Although all these scaling factors are not
really needed for finite sample bounds, we have found them useful to indicate
what should be considered as small and what should not.

To ensure that f(X) is almost Gaussian, we need to make also an as-
sumption on its second partial differences. This corresponds to conditions on
the second partial derivatives of f in the case when the random variables
(X1, . . . , XN ) take their values in some finite dimensional vector space, are
bounded, and f is a smooth function.

Let us put for any (x1, . . . , xN ) ∈ ∏N
j=1 Xj, and any yi ∈ Xi

∆if(xN
1 , yi) = f(xN

1 ) − f(xi−1
1 , yi, x

N
i+1).

For a fixed value of yi, ∆if may be seen as a function of xN
1 , and when we

will write ∆j∆if(xN
1 , yi, yj), we will mean that we apply ∆j to this func-

tion and to yj . (A more accurate but lengthy notation would have been
∆j(∆if(·, yi))(xN

1 , yj).)
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Let us assume that for some non negative exponent ζ, for any i �= j, for
some positive constant Ci,j , and for any xN

1 ∈ ∏N
k=1 Xk, yi ∈ Xi, yj ∈ Xj,

∆i∆jf(xN
1 , yj, yi) ≤ Ci,j

N3/2−ζ
.

Note that ∆i∆jf(xN
1 , yj , yi) = ∆j∆if(xN

1 , yi, yj) and therefore that we can
assume that Ci,j = Cj,i. We will moreover assume by convention that Ci,i = 0.

The normalisation is made so that ζ = 0 corresponds to the case of

f(X1, . . . , XN) =
√
Ng

(
X1

N
, . . . ,

XN

N

)
,

where g is a smooth function with bounded first and second partial derivatives.
Another class of functions satisfying these hypotheses are the functions of

the type

f(xN
1 ) =

1
N3/2

N∑
i=1

N∑
j=1

ψi,j(xi, xj),

where ψi,j are bounded measurable functions. Here ζ = 0,

Bi =
2
N

N∑
j=1

‖ψi,j‖∞,

and
Ci,j = 4‖ψi,j‖∞.

More generally

f(xN
1 ) = N1/2−r

∑
(i1,...,ir)

ψ(i1,...,ir)(xi1 , . . . , xir )

also satisfies our hypotheses, when the functions ψ(i1,...,ir) are bounded.

Theorem 6.1.1. Under the previous hypotheses, for any positive λ,∣∣∣∣logE exp
(
λf(X)

)− λE
(
f(X)

)− λ2

2
Var
(
f(X)

)∣∣∣∣
≤ λ3

N1/2−ζ

B′CB
4N2

+
λ3

√
N

N∑
i=1

B3
i

3N
,

Corollary 6.1.1. Thus f(X) satisfies the following deviation inequalities :

P
(
f(X) ≥ E

(
f(X)

)
+ ε
)
≤ exp


− ε2

2

(
Var
(
f(X)

)
+

ηε

Var
(
f(X)

)
)

 ,
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P
(
f(X) ≤ E

(
f(X)

)− ε
)
≤ exp


− ε2

2

(
Var
(
f(X)

)
+

ηε

Var
(
f(X)

)
)

 ,

with

η =
1

2N1/2−ζ

B′CB
N2

+
2

3
√
N

N∑
i=1

B3
i

N
.

Remark 6.1.1. We obtain that for some constant K depending on max
1≤i≤N

Bi

and max
1≤i,j≤N

Ci,j but not on N ,

∣∣∣∣logE exp
(
λf(X)

)− λE
(
f(X)

)− λ2

2
Var
(
f(X)

)∣∣∣∣ ≤ Kλ3

N1/2−ζ
.

Therefore if we consider a sequence of problems indexed by N such that the
constants Bi and Ci,j stay bounded, and such that Var

(
f(X)

)
converges, we

get a central limit theorem as soon as ζ < 1/2 (with the caveat that the lim-
iting distribution may degenerate to a Dirac mass if the asymptotic variance
is 0) : f(X) − E

(
f(X)

)
converges in distribution to a Gaussian measure.

Remark 6.1.2. The critical value ζc = 1/2 is sharp, since when

f(X) = g

(
1√
N

N∑
i=1

Xi

)
,

the central limit theorem obviously does not hold in general, and ζ = 1/2.

Proof. After decomposing Z into the sum of its martingale differences, we can
view the log-Laplace transform of Z as a function of N equal temperatures :

logE
(
exp(λZ)

)
= logE

(
exp

(
N∑

i=1

λiFi(Z)

))
, λi = λ, i = 1, . . . , N.

The first step is to take three derivatives with respect to λi, for i ranging
from N backward to 1 :

logE exp (λZi) = logE exp (λZi−1) +
∫ λ

0

EλZi−1+αFi(Z) (Fi(Z)) dα.

Therefore

logE exp(λZ) =
N∑

i=1

∫ λ

0

EλZi−1+αFi(Z)

(
Fi(Z)

)
dα
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=
N∑

i=1

∫ λ

0

(λ− β)EλZi−1+βFi(Z)

((
Fi(Z) − EλZi−1+βFi(Z)

(
Fi(Z)

))2
)
dβ

=
N∑

i=1

λ2

2
EλZi−1

(
Fi(Z)2

)

+
∫ λ

0

(λ− γ)2

2
EλZi−1+γFi(Z)

((
Fi(Z) − EλZi−1+γFi(Z)

(
Fi(Z)

))3
)
dγ.

Thus∣∣∣∣∣logE exp(λZ) − λ2

2

N∑
i=1

EλEFi−1 (Z)

(
Fi(Z)2

)∣∣∣∣∣
≤

N∑
i=1

2Bi√
N

∫ λ

0

(λ− γ)2

2
EλZi−1+γFi(Z)

(
Fi(Z) − EλZi−1+γFi(Z)

(
Fi(Z)

))2

dγ

≤
N∑

i=1

λ3B3
i

3N3/2
.

We have proved that

Lemma 6.1.1.∣∣∣∣∣logE exp(λZ) − λ2

2

N∑
i=1

EλEFi−1 (Z)

(
Fi(Z)2

)∣∣∣∣∣ ≤
N∑

i=1

λ3B3
i

3N3/2

We have now to approximate EλZi−1

(
Fi(Z)2

)
by E

(
Fi(Z)2

)
, in order to

get the variance of Z, that can be written as

N∑
i=1

E
(
Fi(Z)2

)
.

Let us put for short Vi = Fi(Z)2 and let us introduce its martingale differences:

EλZi−1

(
Vi − E(Vi)

)
=

i−1∑
j=1

EλZi−1

(
Fj(Vi)

)
.

To deal with the jth term of this sum, we introduce the conditional expecta-
tion with respect to Gj :

E
Gj

λZi−1

(
Fj(Vi)

)
= E

Gj

λGj(Zi−1)

(
Fj(Vi)

)
= EGj

(
Fj(Vi)

)
︸ ︷︷ ︸

i
=0
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+
∫ λ

0

E
Gj

αGj(Zi−1)

(
Fj(Vi)

(
Gj(Zi−1) − E

Gj

αGj(Zi−1)Gj(Zi−1)
))
dα.

As a consequence

∣∣∣EGj

λZi−1

(
Fj(Vi)

)∣∣∣
≤
∫ λ

0

{
E

Gj

αGj(Zi−1)

(
Fj(Vi)2

)

× E
Gj

αGj(Zi−1)

[(
Gj(Zi−1) − E

Gj

αGj(Zi−1)

(
Gj(Zi−1)

))2
]}1/2

dα

Now we can observe that

Gj(Zi−1)
i= EFi−1Gj(Z),

and therefore that its conditional range is upper bounded by

ess sup
(
Gj(Zi−1) |Gj

)− ess inf
(
Gj(Zi−1) |Gj

) ≤ Bj√
N
.

This implies that its variance is bounded by
B2

j

4N
.

Moreover, let us consider on some enlarged probability space two inde-
pendent random variables X ′

i and X ′
j, such that (X1, . . . , XN , X

′
j, X

′
i) is dis-

tributed according to
⊗N

k=1 µk ⊗ µj ⊗ µi. We have that

Fj(Fi(Z)2) = Fj

((
EFi

(
∆if(XN

1 , X
′
i)
))2
)
.

Moreover for any function h(XN
1 ),∣∣Fj(h(X)2)

∣∣ = ∣∣EFj∆jh
2(XN

1 , X
′
j)
∣∣

=
∣∣∣EFj

((
h(XN

1 ) + h(Xj−1
1 , X ′

j , X
N
j+1)

)
∆jh(XN

1 , X
′
j)
)∣∣∣

≤ 2 ess sup|h(X)| EFj
∣∣∆jh(XN

1 , X
′
j)
∣∣ .

Applying this to h(X) = EFi
(
∆if(XN

1 , X
′
i)
)
, we get that

∣∣Fj

(
Fi(Z)2

)∣∣ ≤ 2
Bi√
N

EFj
∣∣EFi∆j∆if(XN

1 , X
′
i, X

′
j)
∣∣

≤ 2BiCi,j

N2−ζ
.

Therefore ∣∣EλZi−1Fj(Vi)
∣∣ ≤ λ

BiCi,jBj

N5/2−ζ
.
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This, combined with lemma 6.1.1, ends the proof of theorem 6.1.1. The deriva-
tion of its corollary is standard : it is obtained by taking

λ =
ε

V + ηε/V
,

and by applying successively the theorem to f and −f . ��

6.2 Extension to unbounded ranges

The boundedness assumption of the finite differences of f can be relaxed to
exponential moment assumptions.

Indeed, in the proof of lemma 6.1.1 we can bound
∣∣∣∣∣
∫ λ

0

(λ− γ)2

2
EλZi−1+γFi(Z)

(
Fi(Z) − EλZi−1+γFi(Z)

(
Fi(Z)

))3

dγ

∣∣∣∣∣
≤
∫ λ

0

(λ − γ)2

2
EλZi−1+γFi(Z)

(∣∣Fi(Z)
∣∣+ EλZi−1+γFi(Z)

∣∣Fi(Z)
∣∣)3

dγ

≤
∫ λ

0

(λ− γ)2

2
EλZi−1+γFi(Z)

(
4
∣∣Fi(Z)

∣∣3)+ 4
(
EλZi−1+γFi(Z)

∣∣Fi(Z)
∣∣)3

dγ

≤ 4
∫ λ

0

(λ− γ)2EλZi−1+γFi(Z)

(∣∣Fi(Z)
∣∣3)dγ

≤ EλZi−1

(
4
∫ λ

0

(λ− γ)2EFi−1

(
exp
(
γ
∣∣Fi(Z)

∣∣)∣∣Fi(Z)
∣∣3)dγ

)

≤ 4 ess supEFi−1

(∫ λ

0

(λ− γ)2
∣∣Fi(Z)

∣∣3 exp
(
γ
∣∣Fi(Z)

∣∣)dγ
)
.

Thus, considering the function

Φ(x) = exp(x) − 1 − x− x2

2
=
∫ x

0

(x− y)2

2
exp(y)dy, (6.2.1)

we obtain

Lemma 6.2.1.∣∣∣∣∣logE exp(λZ) − λ2

2

N∑
i=1

EλZi−1

(
Fi(Z)2

)∣∣∣∣∣ ≤ 8
N∑

i=1

ess supEFi−1Φ(λ|Fi(Z)|).

Moreover∣∣∣∣∣
∫ λ

0

E
Gj

γGj(Zi−1)

((
Gj(Zi−1) − E

Gj

γGj(Zi−1)
Gj(Zi−1)

)
Fj

(
Fi(Z)2

))
dγ

∣∣∣∣∣
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≤
∫ λ

0

E
Gj

γGj(Zi−1)

(∣∣Gj(Zi−1)Fj

(
Fi(Z)2

)∣∣)dγ
+
∫ λ

0

E
Gj

γGj(Zi−1)

(∣∣Gj(Zi−1)
∣∣)EGj

γGj(Zi−1)

(∣∣Fj

(
Fi(Z)2

)∣∣)dγ.
But

E
Gj

γGj(Zi−1)

(∣∣Gj(Zi−1)Fj

(
Fi(Z)2

)∣∣)
≤ EGj

(∣∣Gj(Zi−1) exp
(
γGj(Zi−1)

)
Fj

(
Fi(Z)2

)∣∣)
and ∣∣∣Gj(Zi−1) exp

(
γGj(Zi−1)

)∣∣∣ ≤ EFi−1
(|Gj(Z)|) exp

(
γEFi−1

(|Gj(Z)|))
≤ EFi−1

(
|Gj(Z)| exp

(
γ|Gj(Z)|)),

(as for any integrable random variable h,

E(h) ≤ Eγh(h),

that is
E(h)E

(
exp(γh)

) ≤ E
(
h exp(γh)

)
,

because ∂
∂γEγh(h) = Eγh

(
h− Eγh(h)

)2 ≥ 0.) Thus

E
Gj

γGj(Zi−1)

(∣∣Gj(Zi−1)Fj

(
Fi(Z)2

)∣∣)
≤ EFi−1EGj

(
|Gj(Z)| exp

(
γ|Gj(Z)|)∣∣∣Fj

(
Fi(Z)2

)∣∣∣)
≤ ess sup

√
EGj

(
Gj(Z)2 exp

(
2γ|Gj(Z)|))

×
√
EGj

(
Fj

(
Fi(Z)2

)2)
.

In the same way

E
Gj

γGj(Zi−1)

(|Gj(Zi−1)|
)
E

Gj

γGj(Zi−1)

(∣∣Fj

(
Fi(Z)2

)∣∣∣)
≤ ess supEGj

(
|Gj(Z)| exp

(
γ|Gj(Z)|))

× ess sup
√
EGj

(
exp
(
2γ|Gj(Z)|))

√
EGj

(
Fj

(
Fi(Z)2

)2)
.
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Thus∣∣∣∣∣
∫ λ

0

E
Gj

γGj(Zi−1)

((
Gj(Zi−1) − E

Gj

γGj(Zi−1)
Gj(Zi−1)

)
Fj

(
Fi(Z)2

))
dγ

∣∣∣∣∣
≤ λ ess sup

√
EGj

(
Fj

(
Fi(Z)2

)2)

× ess sup
√
EGj

(
Gj(Z)2 exp

(
2λ|Gj(Z)|))

×
(

1 + ess sup
√
EGj

(
exp
(
2λ|Gj(Z)|))).

Moreover, viewing Fi(Z) = h(X) as a function of X , and putting

j

X ′ = (X1, . . . , Xj−1, X
′
j, Xj+1, . . . , XN),

where X ′
j is an independent copy of Xj , we see that

√
EGj

(
Fj

(
Fi(Z)2

)2) =

√
EGj

((
EFj
(
h(X)2 − h(

j

X ′)2
))2
)

≤
√
EGj

(
EFj

((
h(X) + h(

j

X ′)
)2)

EFj

((
h(X) − h(

j

X ′)
)2))

≤
(
EFj−1

((
h(X) + h(

j

X ′)
)4))1/4(

EFj−1

((
h(X) − h(

j

X ′)
)4))1/4

≤ 2
(
EFj−1

(
h(X)4

))1/4(
EFj−1

((
h(X) − h(

j

X ′)
)4))1/4

.

To proceed, let us consider an independent copy X ′
i of Xi, and let us remark

that

h(X) = E
(
∆if(X,X ′

i) |X i
1, X

′
j

)
h(

j

X ′) = E
(
∆if(

j

X ′, X ′
i) |X i

1, X
′
j

)
.

This shows that√
EGj

(
Fj

(
Fi(Z)2

)2)

≤ 2
(
EFj−1

((
∆if(X,X ′

i)
)4))1/4(

EFj−1

((
∆j∆if(X,X ′

i, X
′
j)
)4))1/4

.

We have proved that

∣∣∣∣log
(
E exp

(
λf(X)

))− λE
(
f(X)

)− λ2

2
Var
(
f(X)

)∣∣∣∣
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≤
N∑

i=1

8 ess supEFi−1Φ
(
λ|Fi(Z)|)

+ λ3
N∑

i=1

i−1∑
j=1

(
ess sup

(
EFj−1

((
∆if(X,X ′

i)
)4))1/4

×
(
EFj−1

((
∆j∆if(X,X ′

i, X
′
j)
)4))1/4

× ess sup
√
EGj

(
Gj(Z)2 exp

(
2λ|Gj(Z)|))

×
(

1 + ess sup
√
EGj

(
exp
(
2λ|Gj(Z)|)))

)
.

Using the fact that

Gj(Z) = EFN
(
f(X) − f(

j

X ′)
)

Fi(Z) = EFi
(
f(X) − f(

i

X ′)
)

and remarking that Φ is convex on the positive real axis and that for any
positive random variable h, any exponent α ≥ 1,

(
E(h)

)α exp
(
λE(h)

) ≤ E
(
hα exp

(
λh
))
,

— because
(
E(h)

)α ≤ (
Eλh(h)

)α ≤ Eλh

(
hα
)

— we can derive from the
previous inequality a theorem involving only the finite differences of f :

Theorem 6.2.1. As soon as (X1, . . . , XN) are independent random variables
and all the expressions below are integrable, we have the following bound on
the third term of the expension of the log-Laplace transform of f(X1, . . . , XN ):

∣∣∣∣log
(
E exp

(
λf(X)

))− λE
(
f(X)

)− λ2

2
Var
(
f(X)

)∣∣∣∣
≤

N∑
i=1

8 ess supEFi−1Φ
(
λ|∆if(X,X ′

i)|
)

+ λ3
N∑

i=1

i−1∑
j=1

(
ess sup

(
EFj−1

((
∆if(X,X ′

i)
)4))1/4

×
(
EFj−1

((
∆j∆if(X,X ′

i, X
′
j)
)4))1/4

× ess sup
√
EGj

((
∆jf(X,X ′

j)
)2 exp

(
2λ|∆jf(X,X ′

j)|
))
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×
(

1 + ess sup
√
EGj

(
exp
(
2λ|∆jf(X,X ′

j)|
))))

,

where Φ is defined by (6.2.1), X ′
i and X ′

j are independent copies of Xi and

Xj (i.e. where (X1, . . . , XN , X
′
j, X

′
i) is distributed according to

(⊗N
k=1 µk

)
⊗

µj ⊗ µi).

6.3 Generalization to Markov chains

We will study here the case when (X1, . . . , XN ) is a Markov chain. The as-
sumptions on f will be the same as in the first section. Therefore we will
assume throughout this section that

∆if(xN
1 , yi) ≤ Bi√

N
,

and that
∆j∆if(xN

1 , yi, yj) ≤ Ci,j

N3/2−ζ
.

When the random variables (X1, . . . , XN ) are dependent, we have to mod-
ify the definition of the operators Gi(Z) and of the sigma algebras Gi. Indeed
to generalise the first part of the proof we would like to have the identity

EFi
(
Gi(Z)

)
= Fi,

where Gi is “as small as possible”. This identity does not hold in the general
case with the definition we had for Gi, so we will have to change it.

To generalise the second part of the proof, we need to consider a new
definition of the sigma algebra Gj for which

EGj (Fj(W )) = 0,

and Z − EGj (Z) is as small as possible.
We propose a solution here where the two objects Gi and Gj are built

with the help of coupled processes.
We will define auxiliary random variables that will be coupled with the

process (X1, . . . , XN ) in a suitable way. For this, we will enlarge the proba-
bility space : instead of working on the canonical space (

∏N
i=1 Xi,

⊗N
i=1 Bi),

we will work on some enlarged probability space (Ω,B), where we will jointly

define the process (X1, . . . , XN ), and N other processes {
i

Y N
j=1 ; i = 1, . . . , N}

that will be useful for the construction of the operators {Gi ; i = 1, . . . , N}.
In the following the symbol E will stand for the expectation on Ω.

The basic construction of coupled processes we will need is the follow-
ing : we consider, on some augmented probability space Ω, N + 1 stochastic

processes (X1, . . . , XN) and {(
i

Y 1, . . . ,
i

Y N ) ; i = 1, . . . , N} satisfying the fol-
lowing properties :
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• The distribution of each
i

Y is equal to the distribution of X .

• Almost surely
i

Y i−1
1 = X i−1

1 .

• Given X , the N processes {
i

Y ; i = 1, . . . , N} are independent.

• Given X i−1
1 ,

i

Y N
i is independent from Xi (but not from XN

i+1, the inter-
esting thing will be on the contrary to have a maximal coupling between
i

Y N
i+1 and XN

i+1).

The general method to build such processes is the following :

• Choice of Ω : Take for Ω the canonical space of
(
XN

1 ,
( i

Y N
j=1

)N
i=1

)
,

that is
(⊗N

i=1(Xi,Bi)
)⊗(N+1)

. For any random variable W defined on Ω,
we will use the notation P(dW ) to denote the distribution of W . We will
assume without further notice that all the conditionnal distributions we
need exist and have regular versions. This will always be the case when
we deal with Polish spaces (Xi,Bi).

• Construction of the distribution of the pair
(
X,

i

Y
)

: The distribu-

tion of P(dX i−1
1 ) is the original one. We define P

(
d

i

Y i−1
j=1 |X i−1

1

)
by letting

i

Y i−1
1 = X i−1

1 , a.s..
For j ranging from i to N , we build the conditional distribution

P
(
dXj , d

i

Y j |Xj−1
1 ,

i

Y j−1
1

)
by putting

P
(
dXi, d

i

Y i |X i−1
1 ,

i

Y i−1
1

)
= P

(
dXi |X i−1

1

)⊗ P
(
d

i

Y i |
i

Y i−1
1

)
,

and for any j > i, we choose for

P(dXj , d
i

Y j |Xj−1
1 ,

i

Y j−1
1 )

some maximally coupled distribution with marginals


P
(
dXj |Xj−1

1 ,
i

Y j−1
1

)
= P

(
dXj |Xj−1

1

)
P
(
d

i

Y j |Xj−1
1 ,

i

Y j−1
1

)
= P

(
d

i

Y j |
i

Y j−1
1

)
,

where the second marginal is defined by the requirement that P(d
i

Y ) be
the same as P(dX).
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• Last step of the construction : Once we have built the distribution of

each couple of processesP(dX, d
i

Y ), separately for each i, we build the joint

distribution of (X,
i

Y , i = 1, . . . , N) on its canonical space. For the time
being, we will not really use this joint distribution, but it is more simple
to deal with one probability space Ω than with N probability spaces Ωi,
so let us say that we build P(dX) first and then let

P(d
i

Y N
i=1 |X) =

N⊗
i=1

P(d
i

Y |X).

We will need to refine this in the last part of the proof.

It is immediate to see from this construction that

P
(
dXi, d

i

Y N
i |X i−1

1

)
= P(dXi |X i−1

1 ) ⊗ P(d
i

Y i |X i−1
1 ) ⊗ P

(
d

i

Y N
i+1 |X i

1,
i

Y i

)
= P(dXi |X i−1

1 ) ⊗ P(d
i

Y i |X i−1
1 ) ⊗ P

(
d

i

Y N
i+1 |

i

Y i
1

)
= P(dXi |X i−1

1 ) ⊗ P
(
d

i

Y N
i |

i

Y i−1
1

)
.

This proves that conditionally to (X1, . . . , Xi−1), the random variable Xi is

independent from the sigma algebra generated by (
i

Y i, . . . ,
i

Y N ).
Remark 6.3.1. We have also exactly in the same way

P
(
dXN

i , d
i

Y i |X i−1
1

)
= P

(
dXN

i |X i−1
1 ) ⊗ P

( i

Y i |
i

Y i−1
1

)
.

As in the previous sections, Fi will be the sigma algebra generated by
(X1, . . . , Xi), and we will put

Z(X) = f(X) − E
(
f(X)

)
.

For any bounded measurable function h(X) we will define

Gi(h(X)) = h(X) − EFN

(
h(

i

Y )
)
,

Fi(h(X)) = EFi(h(X)) − EFi−1(h(X))

= EFi

(
Gi

(
h(X)

))
.

The last line holds because

EFiEFN
(
h(

i

Y )
)

= E
(
h(

i

Y ) |X1, . . . , Xi

)
= E

(
h(

i

Y ) |X1, . . . , Xi−1

)
= EFi−1

(
h(X)

)
.
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Remark 6.3.2. In the case when the random variables X1, . . . , XN are in-

dependent, we can take for
i

Y i an independent copy of Xi and we can put
i

Y N
i+1 = XN

i+1 a.s.. With this choice, the definition of Gi given here coincides
with that given in the first section.

We have

|Gi(Z)| =
∣∣∣∣EFN

(
f(X) − f(

i

Y )
)∣∣∣∣

≤ EFN


 N∑

j=1

1(Xj �=
i

Y j)
Bj√
N


 .

Consequently

|Fi(Z)| ≤ ess sup EFi


 N∑

j=1

1(Xj �=
i

Y j)
Bj√
N


 .

Let us introduce the notation

B̃i = ess sup E


 N∑

j=1

1(Xj �=
i

Y j)Bj |Fi,
i

Y i


 . (6.3.1)

We have established that

|Fi(Z)| ≤ B̃i√
N
.

We can now proceed exactly in the same way as in the independent case to
prove that

Lemma 6.3.1.∣∣∣∣∣logE exp
(
λZ
)− λ2

2

N∑
i=1

EλEFi−1 (Z)

(
Fi(Z)2

)∣∣∣∣∣ ≤
N∑

i=1

λ3B̃i
3

3N3/2
.

We would like now to bound

EλEFi−1 (Z)

(
Fi(Z)2

)− E
(
Fi(Z)2

)
,

which we will decompose as in the independent case into

i−1∑
j=1

EλZi−1

(
Fj

(
Fi(Z)2

))
.

Among other things, we will have to bound ess supFj

(
Fi(Z)2

)
. Let us start

with this. For any bounded measurable function h(X), we have
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∣∣∣Fj

(
h(X)2

)∣∣∣ = ∣∣∣EFj
(
h(X)2 − h(

j

Y )2
)∣∣∣

=
∣∣∣EFj

((
h(X) + h(

j

Y )
)(
h(X) − h(

j

Y )
))∣∣∣

≤ 2 ess sup|h(X)| EFj
∣∣h(X) − h(

j

Y )
∣∣.

We will apply this to h(X) = Fi(Z), and in this case, we will try to express

h(X) − h(
j

Y ) as a difference “of order two” of four coupled processes. Let us
build these processes right now, since we cannot proceed without them. We

will call them (X,
j

Y ,
i

Y ,
i

U). The distribution of (X,
j

Y ) and (X,
i

Y ) on their
canonical spaces will be as previously defined. Let us repeat this construction
here, to make precise the fact that we can build them in such a way that they
satisfy the Markov property, when X does :

We build P(dX i−1
1 , d

i

Y i−1
1 ) as

P(dX i−1
1 ) ⊗ δXi−1

1

(
d

i

Y i−1
1

)
,

where δXi−1
1

is the Dirac mass at point X i−1
1 in

∏i−1
k=1 Xk.

We then put

P(dXi, d
i

Y i |X i−1
1 ,

i

Y i−1
1 ) = P(dXi |Xi−1) ⊗ P(d

i

Y i |
i

Y i−1),

and for k > i we build P(dXk, d
i

Y k | (X,
i

Y )k−1
1 ) as some maximal coupling

between P(dXk |Xk−1) and P(d
i

Y k |
i

Y k−1), which we choose in a fixed way,

independent of (X,
i

Y )k−2
1 . Thus built, (X,

i

Y ) is a Markov chain. We build

(X,
j

Y ) in the same way, with the index i replaced by j. Then we define the

distribution of (
j

Y ,
i

U) on its canonical space to be the same as the distribution

of (X,
i

Y ).
These preliminaries being set, we are ready to define the distribution

of (X,
j

Y ,
i

Y ,
i

U) on its canonical space. Let us put for convenience Tk =

(Xk,
j

Y k,
i

Y k,
i

Uk). We set

P(dXk, d
j

Y k |T k−1
1 ) = P(dXk, d

j

Y k |Xk−1,
j

Y k−1),

which we have already defined, and we take for

P(d
i

Y k, d
i

Uk |T k−1
1 , Xk,

j

Y k)
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some maximally coupled distribution depending only on (Tk−1, Xk,
j

Y k) with
marginals

P(d
i

Y k |Xk−1,
i

Y k−1, Xk)

and

P(d
i

Uk |
j

Y k−1,
i

Uk−1,
j

Y k)

which we have already defined.

Remark 6.3.3. The processes
i

Y and
j

Y are independent knowing X , therefore
this construction is compatible with the previous one. Indeed

P(dX, d
j

Y , d
i

Y ) =
N∏

k=1

P
(
dXk, d

j

Y k, d
i

Y k | (X,
j

Y ,
i

Y )k−1
1

)

=
N∏

k=1

P(dXk |Xk−1)P(d
j

Y k |Xk, Xk−1,
j

Y k−1)

× P(d
i

Y k |Xk, Xk−1,
i

Y k−1),

thus

P(d
j

Y , d
i

Y |X) =
N∏

k=1

P(d
j

Y k |Xk, Xk−1,
j

Y k−1)
N∏

k=1

P(d
i

Y k |Xk, Xk−1,
i

Y k−1)

= P(d
j

Y |X) ⊗ P(d
i

Y |X).

The following lemma will be important to carry the computations :

Lemma 6.3.2.

h(X) = E(f(X) − f(
i

Y ) |X i
1)

= E(f(X) − f(
i

Y ) |X i
1,

j

Y i
1)

and in the same way

h(
j

Y ) = E
(
f(

j

Y ) − f(
i

U) |
j

Y i
1

)
= E

(
f(

j

Y ) − f(
i

U) |X i
1,

j

Y i
1

)
.

Proof. Let us remark first that

E
(
f(X) |X i

1) = E
(
f(X) |X i

1,
j

Y i
1

)
,

because
(
XN

i+1 ⊥⊥
j

Y i
1 |X i

1

)
.
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Moreover, from the construction of the coupled process T , we see that

P(d
i

Y N
1 , dX

i
1, d

j

Y i
1) =

i∏
k=1

P
(
dXk |Xk−1

)
P
(
d

j

Y k |Xk, Xk−1,
j

Y k−1

)

× P
(
d

i

Y k |Xk, Xk−1,
i

Y k−1

)
×

N∏
k=i+1

P
(
d

i

Y k |
i

Y k−1

)
,

and therefore that

P
(
d

i

Y N
1 |X i

1,
j

Y i
1

)
=

i∏
k=1

P
(
d

i

Y k |Xk, Xk−1,
i

Y k−1

) N∏
k=i+1

P
(
d

i

Y k |
i

Y k−1

)

= P
(
d

i

Y N
1 |X i

1

)
.

As the couples of random variables (X,
i

Y ) and (
j

Y ,
i

U) play symmetric roles
(they can be chosen to be exchangeable by a proper construction of T , but
even without this refinement, the proof applies mutatis mutandis when the

roles of (X,
i

Y ) and (
j

Y ,
i

U) are exchanged), we have in the same way

E
(
f(

j

Y ) |X i
1) = E

(
f(

j

Y ) |X i
1,

j

Y i
1)

E
(
f(

i

U) |X i
1) = E

(
f(

i

U) |X i
1,

j

Y i
1).

��
We deduce from the previous lemma that

EFj

∣∣∣h(X) − h(
j

Y )
∣∣∣ = EFj

∣∣∣∣E
(
f(X) − f(

i

Y ) − f(
j

Y ) + f(
i

U) | (X,
j

Y )i
1

)∣∣∣∣
≤ EFj

(∣∣f(X) − f(
i

Y ) − f(
j

Y ) + f(
i

U)
∣∣) .

To write the right-hand side of this last inequality as far as possible as a
function of the second differences ∆�∆kf , we need one more lemma : let us
introduce the two stopping times

τi = inf{k ≥ i |
i

Y k = Xk},

τj = inf{k ≥ j |
j

Y k = Xk}.
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Lemma 6.3.3. With the previous construction, we have

P
( i

UN
i =

i

Y N
i | τj < i

)
= 1.

In other words, on the event (τj < i) it is almost surely true that
i

UN
i =

i

Y N
i .

Proof. We have obviously
j

Y N
τj

= XN
τj

almost surely. Now when τj < i, then

a.s.
j

Y i−1 = Xi−1 =
i

Y i−1 =
i

U i−1, and so
i

U i and
i

Y i knowing the past are
maximally coupled and have the same marginals, therefore they are almost
surely equal. Then we can carry on the same reasoning for k = i + 1, . . . , N

and thus prove by induction that for all these values of k,
i

Y k =
i

Uk a. s.. ��
Resuming the previous chain of inequalities, we can write, as a consequence

of this lemma, that

EFj |h(X) − h(
j

Y )|

≤ PFj (τj ≥ i)
2B̃i√
N

+ EFj

(
1(τj < i)

∣∣∣f(X) − f
(
X i−1

1 ,
i

Y N
i

)
− f
(
Xj−1

1 ,
j

Y
τj−1
j , XN

τj

)
+ f
(
Xj−1

1 ,
j

Y
τj−1
j , X i−1

τj
,

i

Y N
i

)∣∣∣)

≤ PFj (τj ≥ i)
2B̃i√
N

+ EFj

(
1(τj < i)

∣∣∣∣
τi−1∑
k=i

∆kf
(
(Xk

1 ,
i

Y N
k+1),

i

Y k

)

−∆kf
(
(Xj−1

1 ,
j

Y
τj−1
j , Xk

τj
,

i

Y N
k+1),

i

Y k

)∣∣∣∣
)

≤ PFj (τj ≥ i)
2B̃i√
N

+ EFj


1(τj < i)

∣∣∣∣
τi−1∑
k=i

τj−1∑
�=j

∆�∆kf
(
(X�

1,
j

Y
τj−1
�+1 , X

k
τj
,

i

Y N
k+1),

i

Y k,
j

Y �

)∣∣∣∣



≤ PFj (τj ≥ i)
2B̃i√
N

+ EFj


τi−1∑

k=i

τj−1∑
�=j

C�,k

N3/2−ζ



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Let us put

C̃i,j = ess supEFj


τi−1∑

k=i

τj−1∑
�=j

Ck,�


 . (6.3.2)

We get ∣∣Fj

(
Fi(Z)2

)∣∣ ≤ 2B̃iC̃i,j

N2−ζ
+ PFj (τj ≥ i)

4B̃2
i

N
.

Let us now define Gj to be σ
( j

Y
)
, the sigma algebra generated by( j

Y 1, . . . ,
j

Y N

)
. We have

EGj

(
Fj

(
Fi(Z)2

))
= 0,

because Xj and
j

Y N
j are conditionally independent knowing Xj−1

1 . Let more-
over

G̃j = Zi−1(X) − Zi−1

( j

Y
)

= E
(
f(X) |X i−1

1

)− E
(
f(

j

Y ) | (
j

Y )i−1
1

)
= E

(
f(X) − f(

j

Y ) |X i−1
1 ,

j

Y i−1
1

)
We have

EλZi−1

(
Fj

(
Fi(Z)2

))
= EλZi−1

(
E

Gj

λZi−1

(
Fj

(
Fi(Z)2

)))
= EλZi−1E

Gj

λG̃j

(
Fj

(
Fi(Z)2

))
= EλZi−1

∫ λ

0

E
Gj

αG̃j

(
Fj

(
Fi(Z)2

)(
G̃j − E

Gj

αG̃j
G̃j

))
dα.

Therefore∣∣∣EλZi−1

(
Fj

(
Fi(Z)2

))∣∣∣
≤ ess sup|Fj

(
Fi(Z)2

)|EλZi−1

∫ λ

0

E
Gj

αG̃j

∣∣∣G̃j − E
Gj

αG̃j
G̃j

∣∣∣ dα
≤ 2 ess sup|Fj

(
Fi(Z)2

)|EλZi−1

∫ λ

0

E
Gj

αG̃j
|G̃j |dα

≤ 2 ess sup|Fj

(
Fi(Z)2

)| ess supEGj

(∫ λ

0

exp
(
αG̃j

)
|G̃j |dα

)

×
(
EGj

(
exp(−λ|G̃j |)

))−1

≤ 2 ess sup|Fj

(
Fi(Z)2

)| ess supEGj

(
exp
(
λ|G̃j |

)− 1
)
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× EGj
(
exp(λ|G̃j |)

)
.

Moreover

EGj
(
exp(λ|G̃j |)

)
= E

(
exp
(
λ
∣∣E(f(X) − f(

j

Y ) |X i−1
1 ,

j

Y i−1
1

)∣∣) | j

Y

)

≤ E

(
E
(
exp
(
λ|f(X) − f(

j

Y )|) ∣∣X i−1
1 ,

j

Y i−1
1

)
|

j

Y

)

= E

(
exp
(
λ|f(X) − f(

j

Y )|
)
|

j

Y i−1
1

)

because (X i−1
1 ⊥⊥

j

Y N
i |

j

Y i−1
1 )

≤ ess supEGj


exp

(
λ

τj−1∑
k=j

Bk√
N

)
 .

Let us put

˜̃Bj(λ) = ess sup

√
N

λ
EGj


exp

(
λ

τj−1∑
k=j

Bk√
N

)
− 1




× EGj


exp

(
λ

τj−1∑
k=j

Bk√
N

) . (6.3.3)

We have

EλZi−1

(
Fj

(
Fi(Z)2

)) ≤ 2λ√
N

˜̃Bj(λ)
2B̃iC̃i,j

N2−ζ
+ ess supPFj (τj ≥ i)

4B̃2
i

N
.

Thus

N∑
i=1

i−1∑
j=1

λ2

2
EλZi−1

(
Fj

(
Fi(Z)2

)) ≤ λ3

N1/2−ζ

∑
1≤j<i≤N

2B̃iC̃i,j
˜̃Bj(λ)

N2

+
λ3

√
N

N∑
j=1

N∑
i=j+1

ess supPFj (τj ≥ i)
4B̃2

i
˜̃Bj(λ)
N

.

Therefore if we put

B̌j =

√√√√ N∑
i=j+1

B̃2
i ess supPFj (τj ≥ i), (6.3.4)

we obtain the following theorem :
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Theorem 6.3.1. When (X1, . . . , XN ) satisfies the Markov property and the
function f satisfies

sup
x,yi

∆if(x, yi) ≤ Bi√
N
,

sup
x,yi,yj

∆j∆if(x, yi, yj) ≤ Ci,j

N3/2−ζ
,

then

∣∣∣∣logE
(
exp(λZ)

)− λ2

2
E
(
Z2
)∣∣∣∣ ≤ λ3

N1/2−ζ

∑
1≤j<i≤N

2B̃iC̃i,j
˜̃Bj(λ)

N2

+
λ3

√
N

N∑
i=1

(
B̃3

i

3N
+

4B̌2
i

˜̃Bi(λ)
N

)
,

where the constants B̃i are defined by (6.3.1), the constants C̃i,j are defined

by (6.3.2), the constants ˜̃Bi(λ) are defined by (6.3.3) and the constants B̌i are
defined by (6.3.4).

Corollary 6.3.1. Let us assume that (X1, . . . , XN ) is a Markov chain such
that for some positive constants A and ρ

P
(
τi > i+ k |Gi, Xi

) ≤ Aρk, a.s., (6.3.5)

P
(
τi > i+ k |FN ,

i

Y i

) ≤ Aρk, a.s., (6.3.6)

and let us put B = maxiBi and C = maxi,j Ci,j . Then

∣∣∣∣logE
(
exp(λZ)

)− λ2

2
E
(
Z2
)∣∣∣∣

≤ λ3

N1/2−ζ

BCA3

(1 − ρ)3

(
ρ log(ρ−1)

2AB
− λ√

N

)−1

+

+
λ3

√
N

(
B3A3

3(1 − ρ)3
+

4B2A3

(1 − ρ)3

(
ρ log(ρ−1)

2AB
− λ√

N

)−1

+

)
.

Consequently

P
(
f(X) ≥ E

(
f(X)

)
+ ε
) ≤ exp


− ε2

2
(
Var
(
f(X)

)
+ 2ηε

Var
(
f(X)

))

 ,

P
(
f(X) ≤ E

(
f(X)

)− ε
) ≤ exp


− ε2

2
(
Var
(
f(X)

)
+ 2ηε

Var
(
f(X)

))

 ,
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where

η =
1

N1/2−ζ

BCA3

(1 − ρ)3

(
ρ log(ρ−1)

2AB
− ε

Var
(
f(X)

)√
N

)−1

+

+
1√
N


 B3A3

3(1 − ρ)3
+

4B2A3

(1 − ρ)3

(
ρ log(ρ−1)

2AB
− ε

Var
(
f(X)

)√
N

)−1

+


 .

Remark 6.3.4. If we choose the distribution of the pair (X,
i

Y ) to be exchange-
able, and this can always be done, then the two conditions (6.3.5) and (6.3.6)
are equivalent and one is of course superfluous.
Remark 6.3.5. The hypotheses are for example fulfilled by any irreducible
aperiodic homogeneous Markov chain on a finite state space.

Proof of the corollary. We have

B̃i ≤ B ess supEFN (τj − j) = B

+∞∑
k=0

ess supPFN (τj > j + k)

≤ AB

+∞∑
k=0

ρk =
BA

1 − ρ
.

In the same way

C̃i,j ≤ C ess supEFN
(
(τi − i)(τj − j)

)
= C ess supEFN (τi − i)EFN (τj − j) ≤ CA2

(1 − ρ)2
,

where we have used the fact that (
i

Y ⊥⊥
j

Y |X). We also have

EGj

(
exp
(
λ

τj−1∑
k=j

Bk√
N

)
− 1

)
=
∫ +∞

0

PGj


exp

(
λ

τj−1∑
k=j

Bk√
N

)
− 1 ≥ ξ


 dξ

≤
∫ +∞

0

PGj

(
(τj − j) ≥

√
N

λB
log(1 + ξ)

)
dξ

≤
∫ +∞

0

A

ρ
exp

(√
N

λB
log(ρ) log(1 + ξ)

)
dξ

≤ A

ρ

(√
N log(ρ−1)
λB

− 1

)−1

+

.



222 6 Deviation inequalities

Thus

λ√
N

˜̃Bj(λ) ≤ A

ρ

(√
N log(ρ−1)
λB

− 1

)−1

+

×

1 +

A

ρ

(√
N log(ρ−1)
λB

− 1

)−1

+




≤ 2A
ρ

(√
N log(ρ−1)
λB

− 2A
ρ

)−1

+

=

(√
Nρ log(ρ−1)

2λAB
− 1

)−1

+

,

and

˜̃Bj(λ) ≤
(
ρ log(ρ−1)

2AB
− λ√

N

)−1

+

.

On the other hand

B̌j ≤ BA

1 − ρ

√√√√ N∑
i=j+1

Aρi−j−1

≤ BA3/2

(1 − ρ)3/2
.

Substituting all these upper bounds in the theorem proves its corollary. ��

Conclusion

We have shown that under quite natural boundedness or exponential moment
assumptions, it is possible to get non asymptotic bounds for the distance
between the log Laplace transform of a function ofN random variables and the
transform of the corresponding Gaussian random variable. In particular, no
convexity assumption is required and we can deal not only with independent
random variables, but also with a large class of Markov chains.
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Markov chains with exponential transitions

7.1 Model definition

The aim of this chapter is to study the behaviour of any given family of
Markov chains

F =
(
EN, (Xn)n∈N,B,Pβ

)
β∈R+

,

where

• E is a finite set,
• The canonical process on EN is considered. Let us remind that it is defined

as
Xn : EN −→ E

(ωk)k∈N �−→ ωn.

• B is the σ-algebra generated by the coordinate functions Xn, n ∈ N.
• Pβ is the probability distribution on EN of a homogeneous Markov chain

with transition matrix pβ : E × E −→ [0, 1] : namely for any n ∈ N and
any n-tuple xn

1 ∈ En

Pβ

(
Xn = xn |Xn−1

1 = xn−1
1

)
= Pβ

(
Xn = xn |Xn−1 = xn−1

)
= pβ(xn−1, xn), Pβ a.s.,

where we used the notation X�
k

def=
(
Xk, . . . , X�

)
.

• The transition matrices (pβ)β∈R+ satisfy a large deviation principle with
rate function V and speed β :

Definition 7.1.1 (Hypothesis LD(V )). We will say that the family of
Markov matrices (pβ)β∈R+ satisfies hypothesis LD(V ), where the large
deviation rate function

V : E × E −→ R+ ∪ {+∞}
is irreducible in the sense that the matrix

O . Catoni : L N M 1851, J. Pi car d (Ed. ), pp. 223–260, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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exp
(−V (x, y)

)]
(x,y)∈E2

is irreducible 1, when for any x �= y ∈ E

lim
β→+∞

1
β

log pβ(x, y) = −V (x, y).

The family of processes F is sometimes called a “generalised Metropolis
algorithm”.

To each generalised Metropolis algorithm F, corresponds by a diagonali-
sation scheme a generalised simulated annealing algorithm: it is defined as the
nonhomogeneous family of Markov chains

R =
(
EN,

(
Xn

)
n∈N

,B,P(β)

)
(β)∈C

indexed by the set C of increasing sequences in RN
+, defined by the following

properties:

• E,
(
Xn

)
n∈N

and B are defined as previously,
• P(β) satisfies the Markov property and the transition at time n follows the

same distribution as for the Metropolis algorithm at inverse temperature
βn:

P(β)

(
Xn = y |Xn−1

1 = xn−1
1

)
= Pβn

(
Xn = y |Xn−1 = xn−1

)
= pβn(xn−1, y).

The link with Gibbs measures is the following:

Proposition 7.1.1 (The “classical” Metropolis algorithm). Let us as-
sume that

• Pβ(Xn = y |Xn−1 = x) = pβ(x, y),
• pβ(x, y) = q(x, y) exp

(−β(U(y) − U(x))+
)
, x �= y ∈ E, 2

• the Markov matrix q is irreducible and reversible with respect to the dis-
tribution µ ∈ M1

+. Namely for any x, y ∈ E

µ(x)q(x, y) = µ(y)q(y, x).

• The energy function U : E −→ R is not constant.

Then the Metropolis algorithm described by the family of distributions Pβ is
a family of irreducible aperiodic Markov chains, whose invariant probability
distribution is the Gibbs measure µβU

3.
1 i.e. for any couple of states (x, y) ∈ E2, there exists a path

x0 = x, x1, . . . , xr−1, xr = y

in Er+1 joining x to y such that V (xi−1, xi) < +∞, i = 1, . . . , r.
2 Where for any real number r, we used the notation r+ = max{r, 0}.
3 defined by µβU (x) ∝ exp

[−βU(x)
]
µ(x)
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Proof. It is sufficient to check that pβ is reversible with respect to µβU : for
any x �= y ∈ E,

µ(x) exp
(−βU(x)

)
q(x, y) exp

(
−β(U(y) − U(x)

)
+

)
= µ(y) exp

(−βU(y)
)
q(y, x) exp

(
−β(U(x) − U(y)

)
+

)
,

because
U(x) +

(
U(y) − U(x)

)
+

= U(y) +
(
U(x) − U(y)

)
+
.

��
We are going to show that the general case is similar to the classical setting:

indeed the invariant probability distribution of any generalised Metropolis
algorithm has a logarithmic equivalent, which we call its “virtual energy”.

To establish this fact, we are going to describe a construction which will
also be used to study the behavious of the trajectories of the process at low
temperatures.

7.2 The reduction principle

Let us consider a generalised Metropolis algorithm

F =
(
EN, (Xn)n∈N,B,Pβ

)
β∈R+

with transition matrix (pβ)β∈R+ . Let us assume that for any β ∈ R+, any
(x, y) ∈ E2 such that V (x, y) ∈ R, the transition probability from x to y
is positive: pβ(x, y) > 0. This hypothesis is always satisfied then β is large
enough, thus it does not restrict the generality of the following discussion,
and allows to avoid repeating everywhere the condition “for large enough
values of β”.

We will also systematically use for any event A ∈ B and any initial point
x ∈ E the concise notation

Px
β(A) = Pβ(A |X0 = x).

Moreover θk will denote the kth iterate of the shift operator on EN, defined
by

θk(ω) = (ωk+n)n∈N ∈ EN, ω ∈ EN.

Let us recall the strong Markov property: for any stopping time τ , let Bτ be
the σ-algebra of events prior to τ , defined by

Bτ =
{
A ∈ B : A ∩ {τ = n} ∈ σ(X0, . . . , Xn)

}
.

Then for any random variable Y which is measurable with respect to B, for
any initial point x ∈ E

Ex
β

(
Y◦ θτ 1(τ < +∞) |Bτ

)
= 1(τ < +∞)EXτ

β (Y ).
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Definition 7.2.1. For any non empty sub-domain A ⊂ E, let us define the
stopping times

τ0(A) = inf{k ≥ 0 : Xk ∈ A}
τn(A) = inf{k > τn−1(A) : Xk ∈ A}, n > 0.

Let us then define the process XA reduced to the sub-domain A as

XA
n = Xτn(A), n ∈ N.

Proposition 7.2.1. The process (XA
n )n∈N is an irreducible homogeneous

Markov chain and its invariant probability distribution is µA
β = µβ(· |A),

where µβ is the invariant probability distribution of (Xn)n∈N under Pβ.

Proof. The stopping times τn(A) are almost surely finite. This comes from
the fact that (Xn) is irreducible. Let us show first that τ0(A) < +∞ almost
surely. For any x ∈ E, there is a time k(x) such that a(x) def= Pβ

(
Xk(x) ∈

A |X0 = x) > 0. Let

a = inf
x∈E

a(x)

k = sup
x∈E

k(x).

As E is finite, a > 0 and k < +∞. For any integer m, we can apply the
Markov property at time (m− 1)k to prove that

Px
β(τ0(A) > mk) = Ex

β

(
1
(
τ0(A) ◦ θ(m−1)k > k

)
1
(
τ0(A) > (m− 1)k

))
= Ex

β

(
P

X(m−1)k

β

(
τ0(A) > k

)
1
(
τ0(A) > (m− 1)k

))
.

But

P
y
β

(
τ0(A) > k

) ≤ P
y
β

(
τ0(A) > k(y)

)
≤ 1 − a(y)
≤ 1 − a,

hence

Px
β

(
τ0(A) > mk

) ≤ (1 − a)Px
β

(
τ0(A) > (m− 1)k

)
≤ (1 − a)m,

d’où

Px
β

(
τ0(A) = +∞) = lim

m→+∞Px
β

(
τ0(A) > mk

)
= 0.
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Let us then notice that τ1(A) is such that

1(X0 ∈ A)τ1(A) = 1(X0 ∈ A)(τ0(A) ◦ θ1).
In the case when the starting point x belongs to the sub-domain A, we can
apply the Markov property at time 1 and get

Px
β

(
τ1(A) = +∞) = Px

β

(
τ0 ◦ θ1 = +∞)

= Ex
β

(
PX1

β

(
τ0 = +∞)) = 0.

We can then apply the strong Markov property to the stopping time τn−1(A)
to prove that

Px
β

(
τn(A) = +∞) = Px

β

(
τ1 ◦ θτn−1(A) = +∞ and τn−1(A) < +∞)

+ Px
β

(
τn−1(A) = +∞)

= Ex
β

(
1
(
τn−1(A) < +∞)PXτn−1(A)

β

(
τ1(A) = +∞))

+ Px
β

(
τn−1(A) = +∞)

= Px
β

(
τn−1(A) = +∞).

Thus by induction on n

Px
β

(
τn(A) = +∞) = Px

β

(
τ0(A) = +∞) = 0.

Thus the stopping times τn(A) are almost surely finite, which justifies the
construction of XA. The fact that XA is a homogeneous Markov chain is a
straightforward consequence of the strong Markov property.

This Markov chain is indeed irreducible, because for any couple (x, y)2 ∈
A2, there is a path x0 = x, x1, . . . , xm = y leading from x to y which is
followed by the chain X with a positive probability. The trace of this path on
A (i.e. the subsequence of points of this path belonging to A) is followed by the
reduced chain XA with at least the same (positive !) probability. Therefore
the invariant probability µA

β of XA is unique4

Let us then consider some point x ∈ A. Let τx
def= τ1({x}) the the first

return time of the chain X in x. Let τA
x be the first return time in x of

4 The invariant probability measure of an irreducible homogeneous Markov chain
on a finite state space E is unique. Hints for a proof : it is enough to show that
any invariant signed measure ρ assigning a null measure ρ(E) = 0 to the whole
space is the null measure. Consider the inward and outward flows of the iterates
of the transition matrix p of the chain from the support of the positive part S of
ρ. Show that ∑

x∈S

∑
y �∈S

ρ(x)pk(x, y) =
∑
x �∈S

∑
y∈S

ρ(x)pk(x, y).

Deduce from this that ρ(x)pk(x, y) = 0, for any (x, y) ∈ S× (E \S)∪ (E \S)×S,
and any k ∈ N, and therefore that ρ(x) = 0 for any x ∈ E.
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the reduced chain XA. These two stopping times are linked by the relation
ττA

x
(A) = τx. Let µA

β be the invariant probability measure of XA. It is well
known that for any point y of A, the invariant probability measure of the
chain X can be expressed as

µβ(y)
µβ(x)

= Ex
β

(
τx−1∑
k=0

1
(
Xk = y

))
. (7.2.1)

In the same way

µA
β (y)
µA

β (x)
= Ex

β


τA

x −1∑
n=0

1
(
XA

n = y
) .

As the number of visits to y before the first return to x of the chains X and
XA are the same, these two expressions are equal, this shows that µA

β is indeed
equal to µβ conditioned by the event A. ��

The reduction method consists in ordering the state space in some way,
putting E = {g1, . . . , g|E|}, and in considering the reduction sets

Ak = {g1, . . . , gk}.

A backward induction schemes then allows to compute equivalents for the
transitions of the reduced chains XAk , letting k range from |E| to 2. Indeed
for any x, y ∈ Ak−1,

Px
β

(
X

Ak−1
1 = y

)
= Px

β

(
XAk

1 = y
)

+
+∞∑
n=0

Px
β

(
XAk

1 = gk)
(
P

gk

β

(
XAk

1 = gk

))n

P
gk

β

(
XAk

1 = y
)

= Px
β

(
XAk

1 = y
)

+
Px

β

(
XAk

1 = gk)Pgk

β

(
XAk

1 = y
)

P
gk

β

(
XAk

1 �= gk

) .

Choosing in a suitable way the ordering (gk)|E|
k=1 of the state space leads to

the following theorem.

Theorem 7.2.1. For any subdomain A ⊂ E containing at least two points,
there exists a rate function

V A : E × E −→ R+ ∪ {+∞}

such that the transitions of the reduced chain XA satisfy a large deviation
principle with rate function V A and speed β : for any x, y ∈ A

lim
β→+∞

1
β

logPx
β

(
XA

1 = y
)

= −V A(x, y).
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Moreover, for any given reduction sequence (gk)|E|
k=1

5, letting Ak = {g1, . . . , gk}
denote the corresponding reduction sets, the rate functions V Ak can be explic-
itly built through the following backward inductive computation :

V Ak−1(x, y) = min
{
V Ak(x, y),

V Ak(x, gk) + V Ak(gk, y) − min{V Ak(gk, z) : z ∈ Ak−1}
}
.

This formula also shows that the rate functions of the reduced chains are
irreducible.

Let us now chose two distinct states x and y in E, and let us consider the
reduction set {x, y}. It is clear from the previous discussion that

µβ(y)
µβ(x)

=
µ
{x,y}
β (y)

µ
{x,y}
β (x)

=
Px

β

(
X

{x,y}
1 = y

)
P

y
β

(
X

{x,y}
1 = x

) .
Letting x be fixed and letting y range through E, we see that

µβ(y) =
Px

β

(
X

{x,y}
1 = y

)
P

y
β

(
X

{x,y}
1 = x

)
(∑

z∈E

Px
β

(
X

{x,z}
1 = z

)
Pz

β

(
X

{x,z}
1 = x

)
)−1

(7.2.2)

satisfies a large deviation principle stated in the following theorem:

Theorem 7.2.2. The invariant probability measure µβ of pβ satisfies a large
deviation principle: There exists a function U : E → R+, called the virtual
energy function of the Metropolis algorithm, such that for any state x ∈ E,

lim
β→+∞

1
β

logµβ(x) = −U(x).

Moreover, if (gk)|E|
k=1 is a reduction sequence, and Ak the corresponding reduc-

tion sets, the relative energy levels U(gk)−U(g1) can be computed through the
following forward inductive computation:

U(gk) = inf{U(y) + V Ak(y, gk) : y ∈ Ak−1} − inf{V Ak(gk, y) : y ∈ Ak−1}.
The value of U(g1) can then be deduced from the normalizing condition

min{U(x) : x ∈ E} = 0.

Proof. The existence of U(x) ∈ R+ ∪ {+∞} is a consequence of (7.2.2). We
need also to show that U(x) cannot take the value +∞. We saw on the occasion
of the previous theorem that V {x,y} was irreducible. This implies that for any
reduction set reduced to two states x and y, both V {x,y}(x, y) and V {x,y}(y, x)
5 i.e. some ordering of the state space E.
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are finite. Formula (7.2.2) then shows that U(x) is always finite. The inductive
computation of the virtual energy function can be deduced from the fact that
µβ( |Ak) is invariant with respect to XAk :

µβ(gk)Pgk

β

(
XAk

1 �= gk

)
=
∑

y∈Ak−1

µβ(y)Py
β

(
XAk

1 = gk

)
.

��

7.3 Larve deviation estimates for the excursions from a
domain

The framework will be the same as previously. We are going to state a large
deviation principle for the trajectories

k �−→ Xτn−1(A)+k, k = 0, . . . , τn(A) − τn−1(A).

of the excursions of the chain X from a non empty domain A of E. To this
purpose, some notion of loop erased trajectories will be useful.

Definition 7.3.1. Let γ = (γi)r
i=0 ∈ Er+1 be any given path. The definition

of hitting times τn(A), which was given for infinite sequences of states ω ∈ EN,
can be generalized to the finite path γ. For this, it is enough to put

τ0(A)(γ) = inf{k ≥ 0 : γk ∈ A},
τn(A)(γ) = inf{k > τn−1(A)(γ) : γk ∈ A},

considering that, in the case when the set of indices on the righthand side
is empty, either because τn−1 ≥ r, or because the condition γk ∈ A is not
fulfilled for any valid value of k, we set by convention inf ∅ = +∞. For any
domain A of E, the reduced path (γA

j )rA(γ)
j=1 can then be defined by the formula

rA(γ) = inf{n ∈ N | τn+1(A)(γ) = +∞},
γA

n = γτn(A)(γ), 0 ≤ n ≤ rA(γ).

Definition 7.3.2. Let (gk)|E|
k=1 be a reduction sequence of the state space E

and let Ak be the corresponding sequence of reduction sets. For any 1 ≤ k ≤
j ≤ |E|, let us define the set V

j
k of reduction paths from Aj to Ak by the

formula:

V
j
k =

{
(γi)n

i=0 ∈ Er+1 ; r ≥ 1, {γ0, γr} ⊂ Ak,

(γi)r−1
i=1 ∈ (Aj \Ak

)r−1
, γ

Am\Ak

i−1 �= γ
Am\Ak

i , k < m ≤ j, 0 < i ≤ rAm\Ak(γ)
}
.

Let us stress the fact that a reduction path γAm\Ak should not contain two
times the same state in a row, but that γ0 = γr is allowed. Let us also notice
that Vk

k = A2
k.
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Lemma 7.3.1. For any 1 ≤ k < j ≤ |E|, the set V
j
k is finite.

Proof. Indeed, in any path γ ∈ V
j
k, the state gk+1 can appear only zero or one

time. In each of these two cases, the state gk+2 can be present or not in two
positions at most, on the lefthand and righthand side of gk+1, when this state
is present. More generally, the state gk+� can appear or not at 2�−1 positions
at most, so that |Vk

j | ≤ k222j−k−1. ��
Definition 7.3.3. For any 1 ≤ k < |E|, let us define the support of the
trajectories of the excursions from Ak by

Ek =
{
(γi)r

i=0 ∈ Er+1 : r ∈ N, {γ0, γr} ⊂ Ak, (γi)r−1
i=1 ∈ (E \Ak

)r−1
}
.

For any excursion path γ ∈ Ek, let us consider the times of first and last visit
to the state gk+1:

τk+1(γ) = inf{i ∈ N : γi = gk+1} ∈ N ∪ {+∞}
σk+1(γ) = sup{i ∈ N : γi = gk+1} ∈ N ∪ {−∞},

where the values +∞ and −∞ respectively are assigned when the index sets
are empty.

Let us define the concatenation
(
(γ � γ′)i

)r+r′

i=0
of two given paths (γi)r

i=0

and (γ′j)
r′
j=0 such that γr = γ′0 by

(γ � γ′)i =

{
γi when 0 ≤ i ≤ r,

γ′i−r when r < i ≤ r + r′.

(Let us stress the fact that the concatenation point is not repeated in the
concatenated path.)

For any 1 ≤ k ≤ j ≤ |E|, let us then define the erasor function

Γ j
k : Ek −→ V

j
k,

by the following backward induction on k:

Γ j
j

(
(γi)r

i=0

)
= (γ0, γr),

Γ j
k

(
(γi)r

i=0

)
=

{
Γ j

k+1

(
(γi)

τk+1(γ)
i=0

)
� Γ j

k+1

(
(γi)r

i=σk+1(γ)

)
, τk+1(γ) < +∞,

Γ j
k+1

(
(γi)r

i=0

)
, τk+1(γ) = +∞.

Definition 7.3.4. Some reduction sequence (gk)|E|
k=1 of the state space E

being fixed, a depth function H : E → R+ can be defined by the following
formula:

H(gk) = min
{
V Ak(gk, y) : y ∈ Ak−1

}
.

Let us stress the fact that this definition depends on the choice of the reduction
sequence, and is therefore not intrinsic.
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Theorem 7.3.1 (Large deviation principle for excursions). Let us de-
fine the rate functions

Rj(γ) = V Aj (γ0, γ1) +
r∑

i=2

(
V Aj (γi−1, γi) −H(γi−1)

)
,

γ ∈ V
j
k, 1 ≤ k ≤ j ≤ |E|.

For any γ ∈ V
j
k the excursions satisfy

lim
β→+∞

1
β

logPγ0
β

(
Γ j

k

(
(Xi)

τ1(Ak)
i=0

)
= γ
)

= −Rj(γ). (7.3.1)

Consequently, for any (x, y) ∈ A2
k, any k < j,

V Ak(x, y) = inf{Rj(γ) : (γi)r
i=0 ∈ V

j
k, γ0 = x, γr = y}.

Remark 7.3.1. The fact that Vi
k is finite is crucial to get a large deviation

principle. This is why it is legitimate to write

lim
β→+∞

1
β

logPx
β

(
Γ j

k

(
X

τ1(Ak)
0

)
∈ Λ
)

= − inf
γ∈Λ

Rj(γ),

and to deduce from this that

V Ak(x, y) = inf
{
Rj(γ) : (γi)r

i=0 ∈ V
j
k, γ0 = x, γr = y

}
.

This is to be compared with the fact that, although

lim
β→+∞

1
β

logPx
β

(
X

τ1(Ak)
0 = (γi)r

i=0

)
=

r∑
i=1

V (γi−1, γi),

we cannot deduce from this that

V Ak(x, y) false!= inf
{ r∑

i=1

V (γi−1, γi) : γ0 = x, γr = y, (γi)r−1
i=1 ∈ (E \Ak)r−1

}

Proof. In the case when k = j, the stated result is nothing but the large
deviation principle for the transitions of reduced Markov chains, as it is stated
in theorem 7.2.1.

The proof then proceeds by backward induction on k.
In the case when τk+1(γ) = +∞, (this is the case when the path γ does

not visit gk+1,) then Γ j
k+1(γ) = Γ j

k (γ) and{
Γ j

k

(
X

τ1(Ak)
0 = γ

)}
=
{
Γ j

k+1

(
X

τ1(Ak+1)
0 = γ

)}
.

Therefore we can assume that equation (7.3.1) is satisfied in this case, accord-
ing to our induction hypothesis.
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In the case when τk+1(γ) < +∞, the paths γτk+1(γ)
0 and γr

τk+1(γ) are ex-
cursion paths belonging to Ek+1, since state gk+1 is not repeated in γ. The
definition of the erasor function then shows that{

Γ j
k

(
X

τ1(Ak)
0

)
= γ
}

= A1 ∩ A2,

where

A1 =
{
Γ j

k+1

(
X

τ1(Ak+1)
0

)
= γ

τk+1(γ)
0

}
,

A2 =
{
Γ j

k+1

(
X

τ1(Ak)
σ1(Ak)

)
= γr

τk+1(γ)

}
,

the last hitting time σ1(Ak) before τ1(Ak) being defined as

σ1(Ak) = sup
{
n < τ1(Ak) : Xn = gk+1

}
.

The strong Markov property can then be applied at time τ1(Ak+1), noting
that under the event A1 it is always true that Xτ1(Ak+1) = γτk+1(γ) = gk+1

and that moreover 1A2 = 1A3 ◦ θτ1(Ak+1), where

A3 =
{
Γ j

k+1

(
X

τ0(Ak)
σ0(Ak)

)
= γr

τk+1(γ)

}
,

with σ0(Ak) = sup{n < τ0(Ak) : Xn = gk+1} ∈ N ∪ {−∞}. We get

P
γ0
β

(
A1 ∩ A2

)
= P

γ0
β

(
A1

)
P

gk+1
β

(
A3

)
.

The probability P
gk+1
β (A3) can then be decomposed into

P
gk+1
β (A3) =

+∞∑
n=0

P
gk+1
β

(
σ0(Ak) = n, Γ j

k+1

(
X

τ0(Ak)
σ0(Ak)

)
= γr

τk+1(γ)

)
,

and the two following remarks can be made:

• As σ0(Ak) is the last hitting time of the trajectory Xτ0(Ak)
0 at state gk+1,

τ0(Ak) is also the first time X hits Ak+1 after σ0(Ak). This leads to(
X

τ0(Ak)
σ0(Ak)

)
(ω) =

(
X

τ1(Ak+1)
0

)
◦ θσ0(Ak)(ω);

• The last time when the trajectory Xτ0(Ak)
0 hits gk+1 is equal to n if and

only if Xn = gk+1, X did not hit back Ak before and the next visit to
Ak+1 is made at some state in Ak, that is not at state gk+1. This can be
written as{
σ0(Ak) = n

}
=
{
τ0(Ak) > n, Xn = gk+1 and

(
Xτ1(Ak+1)

)
◦ θn �= gk+1

}
.
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These two remarks show that{
σ0(Ak) = n and Γ j

k+1

(
X

τ0(Ak)
σ0(Ak)

)
= γr

τk+1(γ)

}
=
{
τ0(Ak) > n, Xn = gk+1 and Γ j

k+1

((
X

τ1(Ak+1)
0

) ◦ θn

)
= γr

τk+1(γ)

}
.

Applying the Markov property at time n, we deduce that

P
gk+1
β (A3) =

+∞∑
n=0

P
gk+1
β

(
τ0(Ak) > n, Xn = gk+1

)
× P

gk+1
β

(
Γ j

k+1

(
X

τ1(Ak+1)
0

)
= γr

τk+1(γ)

)
.

Moreover

+∞∑
n=0

P
gk+1
β

(
τ0(Ak) > n, Xn = gk+1

)

= E
gk+1
β

(
+∞∑
n=0

1(Xn = gk+1)1
(
τ0(Ak) > n

))

= E
gk+1
β

(
+∞∑
n=0

1(Xτn(Ak+1) = gk+1)1
(
τ0(Ak) > τn(Ak+1)

))

=
+∞∑
n=0

P
gk+1
β

(
XAk+1

m = gk+1, 0 ≤ m ≤ n
)

=
+∞∑
n=0

P
gk+1
β

(
X

Ak+1
1 = gk+1

)n
=
(
P

gk+1
β

(
X

Ak+1
1 �= gk+1

))−1

.

This ends to prove that, when γ ∈ V
j
k and τk+1(γ) < +∞,

P
γ0
β

(
Γ j

k

(
X

τ1(Ak)
0

)
= γ
)

=P
γ0
β

(
Γ j

k+1

(
X

τ1(Ak+1)
0

)
= γ

τk+1(γ)
0

)
× P

gk+1
β

(
Γ j

k+1

(
X

τ1(Ak+1)
0

)
= γr

τk+1(γ)

)
×
(
P

gk+1
β

(
X

Ak+1
1 �= gk+1

))−1

.

Applying the induction hypothesis to the two first factors of this product
and remembering the definition of H(gk+1), we see that

− lim
β→+∞

1
β

logPγ0
β

(
Γ j

k

(
X

τ1(Ak)
0

)
= γ
)
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= V Aj (γ0, γ1) +
τk+1(γ)∑

i=2

(
V Aj (γi−1, γi) −H(γi−1)

)
+ V Aj

(
γτk+1(γ), γτk+1(γ)+1

)
+

r∑
i=τk+1(γ)+2

(
V Aj (γi−1, γi) −H(γi−1)

)
−H(γτk+1(γ))

= Rj(γ).

��

7.4 Fast reduction algorithm

We will show in this section that it is sometimes possible to simplify the
reduction algorithm described above by performing several steps at a time.

Let us first make some addition to the large deviation principle for the
excursions from Ak showing that the energy level of any state y in Aj \ Ak

can be directly expressed as a function of the rate function V Aj and the energy
level of the states of the domain Ak. Let us introduce on this occasion the set
U

j
k of “truncated reduction paths”:

Definition 7.4.1. Let us consider a reduction sequence (gk)|E|
k=1 and the cor-

responding reduction sets Ak. For any k < j, let us define the set of truncated
reduction paths U

j
k as

U
j
k =

{
(γi)r

i=0 ∈ Er+1 : r ≥ 1, γ0 ∈ Ak, (γi)r
i=1 ∈ (Aj \Ak

)r
,

γAm

i−1 �= γAm

i , k < m ≤ j, 1 ≤ i ≤ rAm(γ)
}
.

The name given to U
j
k is meant to recall that for any reduction path

(γi)r
i=0 ∈ V

j
k, the truncated paths (γi)�

i=0 (where 0 < � < r) belong to U
j
k.

The rate function Rj can be extended to U
j
k, putting for any (γi)r

i=1 ∈ U
j
k

Rj(γ) = V Aj (γ0, γ1) +
r∑

i=1

V Aj (γi−1, γi) −H(γi−1).

Theorem 7.4.1. In the situation described in the previous definition, for any
k < j, any state y ∈ Aj \Ak,

U(y) = inf
{
U(γ0) +Rj(γ) −H(y) : r > 0, (γi)r

i=0 ∈ U
j
k, γr = y

}
.

Proof. We are going to make the proof by induction for � = k+ 1, . . . , j and
y = g�. Let us notice first that
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U(g�) = inf
{
U(x) + V A�(x, y) −H(g�) : x ∈ A�−1

}
= inf

{
U(γ0) +Rj(γ) −H(g�) : r > 0,

(γi)r
i=0 ∈ V

j
� , γ0 ∈ A�−1, γr = g�

}
= inf

{
U(γ0) +Rj(γ) −H(g�) : r > 0, (γi)r

i=0 ∈ U
j
�−1, γr = y

}
.

This proves the theorem when � = k+1. In the case when � > k+1, the same
equation, combined with the induction hypothesis, shows that

U(g�) = inf
{
U(ζ0) +Rj(ζ) −H(γ0) +Rj(γ) −H(g�) : (ζi)s

i=0 ∈ U
j
k ; r > 0,

(γi)r
i=0 ∈ U

j
�−1, r > 0, γ0 = ζs

}
∧ inf

{
U(γ0) +Rj(γ) −H(g�) : (γi)r

i=0 ∈ U
j
�−1, γ0 ∈ Ak

}
.

But we can now make the following decomposition, based on the fact that the
last time some path of U

j
k hits A�−1 can be 0 or positive,

U
j
k =

{
ζ � γ : (ζi)s

i=0 ∈ U
j
k, (γi)r

i=0 ∈ U
j
�−1, ζs = γ0

}
∪ {(γi)r

i=0 ∈ U
j
�−1 : γ0 ∈ Ak

}
.

This ends the proof. ��
Theorems 7.3.1 and 7.4.1 can be used to skip some steps in the recursive

computation of the rate functions V Ak and the of the energy function U ,
as soon as it is possible to compute in one shot the depths H(y) for any
y ∈ Aj \Ak. This is what the following proposition is about:

Proposition 7.4.1. Let (gk)|E|
k=1 be any given reduction sequence and Ak the

corresponding reduction sets. Let us assume that for any y ∈ Aj \ Ak, there
is a path (γi)r

i=0 ∈ Er+1 such that γ0 = y, γr ∈ Ak, (γi)r−1
i=0 ∈ (Aj \Ak

)r and
such that moreover

V Aj (γi−1, γi) = inf
{
V (γi−1, z) : z ∈ Aj \ {γi−1}

}
.

In this case for any state y ∈ Aj \Ak

H(y) = inf
{
V Aj (y, z) : z ∈ Aj \ {z}

}
.

Using this expression, it is possible to compute directly V Ak from V Aj in the
backward phase of the reduction algorithm, with the help of the last part of
theorem 7.3.1. Then in the forward phase when energy levels are computed,
U(y) can be directly computed for any y ∈ Aj \Ak from the values of U in Ak

and of V Aj , with the help of theorem 7.4.1.

Proof. For any couple of imbedded domains B ⊂ A, let us consider the hitting
times

αA(B) def= inf{n > 0 : XA
n ∈ B}.
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Let us notice first that for any x ∈ Aj

H(x) ≥ inf
{
V Aj (x, z) : z ∈ Aj \ {x}

}
.

Indeed, in the case when � is such that x = g�,

H(x) = lim
β→+∞

1
β

logEg�

β


αA� (A�−1)∑

n=0

1(XA�
n = g�)




= lim
β→+∞

1
β

logEg�

β


αAj (A�−1)∑

n=0

1(XAj
n = g�)




≥ lim
β→+∞

1
β

logEg�

β


αAj (Aj\{g�})∑

n=0

1(XAj
n = g�)




= inf
{
V Aj (g�, z) : z ∈ Aj \ {g�}

}
,

because A�−1 ⊂ Aj \ {g�}, and therefore αAj (A�−1) ≥ α(Aj \ {g�}).
The hypotheses we made show that there exists a path (γi)r

i=0 ∈ Er+1

such that γ0 = g�, γr ∈ A�−1, (γi)r−1
i=0 ∈ (Aj \A�−1

)r and

V Aj (γi−1, γi) = inf
{
V (γi−1, z) : z ∈ Aj \ {γi−1}

}
.

It is obtained by truncating the path appearing in the hypotheses at the first
time it hits A�−1. It is moreover possible to assume that γ ∈ V

j
� , replacing it

if necessary with Γ j
� (γ), which has the same properties. Theorem 7.3.1 then

shows that
H(g�) ≤ Rj(γ).

In the same time, for any i = 2, . . . , r,

V Aj (γi−1, γi)−H(γi−1) ≤ V Aj (γi−1, γi)−inf
{
V Aj (γi−1, z), z ∈ Aj\{z}

}
= 0,

implying that

Rj(γ) ≤ V Aj (γ0, γ1) = inf
{
V Aj (g�, z) : z ∈ Aj \ {g�}

}
,

which ends the proof. ��

7.5 Elevation function and cycle decomposition

In this section we are going to describe the energy landscape in a more intuitive
way, generalizing the notion of attractor sets to decompose the state space into
a hierarchy of cycles.
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Proposition 7.5.1. For any energy level λ ∈ R+, let us define the commu-
nication relation at level λ as

Rλ =
{
(x, y) ∈ E2 : U(x) + V {x, y}(x, y) < λ

} ∪ {(x, x) : x ∈ E
}
.

As it is defined, Rλ is an equivalence relation.

Proof. The relation Rλ is symmetric. Indeed, we have already seen that

U(x) + V {x, y}(x, y) = U(y) + V {x, y}(y, x).

Let us show that it is also transitive. To this purpose, let us consider three
points x, y, z ∈ E3. Let us assume first that

V {x,y,z}(y, z) ≤ V {x,y,z}(y, x).

In this case,

V {x,z}(x, z) = min
{
V {x,y,z}(x, z),

V {x,y,z}(x, y) + V {x,y,z}(y, z)

− min
{
V {x,y,z}(y, x), V {x,y,z}(y, z)

}}
= min

{
V {x,y,z}(x, z), V {x,y,z}(x, y)

}
≤ min

{
V {x,y,z}(x, z) + V {x,y,z}(z, y)

− min
{
V {x,y,z}(z, x), V {x,y,z}(z, y)

}
,

V {x,y,z}(x, y)
}

= V {x, y}(x, y).

In the same way, in the case when

V {x,y,z}(y, z) > V {x,y,z}(y, x),

it is seen by exchanging x and z that

V {x,z}(z, x) ≤ V {y,z}(z, y),

hence

V {x,z}(x, z) = V {x, z}(z, x) + U(z) − U(x)

≤ V {z, y}(z, y) + U(z) − U(x)

= U(y) + V {y, z}(y, z) − U(x).

In any case we are thus sure that

U(x) + V {x,z}(x, z) ≤ max
{
U(x) + V {x,y}(x, y), U(y) + V {y,z}(y, z)

}
.

The fact that Rλ is transitive for any value of λ immediatly follows. ��



7.5 Elevation function and cycle decomposition 239

Definition 7.5.1. The set of cycles C is defined as the set of all the compo-
nents of E for all the equivalence relations Rλ :

C
def=

⋃
λ∈R+

E/Rλ,

Proposition 7.5.2. Any cycle C ∈ C containing at least two states is such
that:

V (E\C)∪{x, y}(x, y) = V {x, y}(x, y), x �= y ∈ C

V (E\C)∪{x, y}(x, y) < V (E\C)∪{x, y}(x, z), x �= y ∈ C, z /∈ C.

(The differences of energy levels between two states of C therefore only depend
on the restriction of V to C×E. Moreover, at low temperatures, an exponential
number of round trips between any two points x and y of C are performed
before leaving 6.)

Proof. The probability to reach y from x before coming back to x is not
greater than the probability to reach (E \ C) ∪ {y} before coming back to x.
Thus

V {x, y}(x, y) ≥ min
{
V (E\C)∪{x,y}(x, w) : w ∈ (E \ C) ∪ {y}}

≥ min
{
V (E\C)∪{x,y}(x, y), V {x,w}(x, w) : w ∈ (E \ C)

}
.

As on the other hand, by definition of C,

V {x,y}(x, y) < min
{
V {x,w}(x, w) : w ∈ (E \ C)

}
,

it follows that necessarily

V {x,y}(x, y) ≥ V (E\C)∪{x,y}(x, y).

Therefore these two quantities are equal. This shows the first part of the
proposition. The second part follows from

V (E\C)∪{x, y}(x, z) ≥ V {x,z}(x, z)

> V {x, y}(x, y).

��
Lemma 7.5.1. For any path (γi)r

i=0 ∈ V
j
k, any i = 1, . . . , r, the two follow-

ing quantities are non negative:

V (γ0, γ1) +
i∑

j=2

V (γj−1, γj) −H(γj−1) ≥ 0 (7.5.1)

r∑
j=i+1

V (γj−1, γj) −H(γj−1) ≥ 0. (7.5.2)

6 It is an interesting exercise to show that this property is characteristic of cycles.
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Proof. Let us prove it by backward induction on k. When k = j, the lemma
just claims that V Aj is non negative. Let us assume now that the lemma
is proved for any path of V

j
k+1. Let us consider any given path (γi)r

i=0 in
V

j
k \ V

j
k+1. This path necessarily goes (only once) through the state gk+1, let

m be the index satisfying γm = gk+1. As γm
0 and γr

m are both in V
j
k+1, this

shows equation (7.5.1) when i ≤ r and (7.5.2) when i ≥ m. In the two other
cases, after dividing the sums appearing in equations (7.5.1) and (7.5.2) at
time m, one sees from the induction hypothesis that they are the sum of two
non negative terms. ��
Definition 7.5.2. Let us define the elevation of the path (γi)r

i=0 as

L(γ) =
r

max
i=1

U(γi−1) + V (γi−1, γi).

Proposition 7.5.3. For any path (γi)r
i=0 ∈ V

|E|
k

Rj(γ) ≥ L(γ) − U(γ0).

Consequently, for any couple (x, y) ∈ A2
k

V Ak(x, y) ≥ min
{
L
(
(γi)r

i=0

)−U(γ0) : (γi)r−1
i=1 ∈ (E \Ak)r−1, γ0 = x, γr = y

}
.

Proof. From the preceding lemma and theorem 7.4.1

Rj(γ) ≥ V (γ0, γ1) +
i∑

j=2

V (γi−1, γi) −H(γi−1)

≥ U(γi−1) + V (γi−1, γi) − U(γ0).

��
Proposition 7.5.4. For any couple of states (x, y) ∈ E2, it is true that

V {x,y}(x, y) = min
{
L(γ) − U(γ0) : (γi)r

i=0 ∈ Er+1, r > 0, γ0 = x, γr = y
}
.

Proof. From the preceding proposition, it is enough to show that

V {x,y}(x, y) ≤ min
{
L(γ) − U(γ0) : (γi)r

i=0 ∈ Er+1, r > 0, γ0 = x, γr = y
}
.

Let therefore (γi)r
i=0 ∈ Er+1 be a path leading from x to y. We want to prove

that L(γ) ≥ U(x) + V {x,y}(x, y). The elevation of γ is not increased when all
the loops are removed (without exceptions, following some arbitrary scheme
to do this). It is therefore enough to assume that γ does not visit the same
state twice. Let S(γ) be the support of γ:

S(γ) =
{
γi : i = 0, . . . , r

}
.

Let LS(γ)(γ) be the elevation of γ for the reduced rate function V S(γ):
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LS(γ)(γ) def=
r

max
i=1

U(γi−1) + V S(γ)(γi−1, γi).

As the reduction process cannot but decrease the rate function,
LS(γ)(γ) ≤ L(γ). It is therefore enough to show that
LS(γ)(γ) ≥ U(x) + V {x,y}(x, y). This formula is true by definition when γ
is of length one (i.e. is reduced to two points forming a single edge). We
are going to show that as long as γ is of length larger than one, it can be
replaced without increasing LS(γ)(γ) by a shorter path joining x to y or y
to x. This will show the proposition, due to the previous remark, because
U(x) + V {x,y}(x, y) = U(y) + V {x,y}(y, x).

For any domain A � E, let

HA(x) = min
{
V A(x, y) : y ∈ A \ {x}}, x ∈ A.

If for two indices i and j such that 0 < i < j ≤ r it is true that

V S(γ)(γi, γj) = HS(γ)(γi),

then as a first step γi+1, . . . , γj−1 can be removed, and therefore it may be
assumed that j = i+ 1. It may then be noticed that

V S(γ)\{γi}(γi−1, γi+1) ≤ V S(γ)(γi−1, γi),

and γi can be removed from γ. Let us assume now that for any i > 0,HS(γ)(γi)
is reached at some point γj(i) such that j < i. In this case, let us consider the
path (γ′i)

r′
i=0 joining y to x and defined by γ′i = γ�i , with �i = j(�i−1). When

i > 0,

U(γ′i) + V S(γ′)(γ′i, γ
′
i+1) ≤ U(γ′i) + V S(γ)(γ′i, γ

′
i+1)

= U(γ�i) +HS(γ)(γ�i)

≤ U(γ�i) + V S(γ)(γ�i , γ�i+1)

≤ LS(γ)(γ).

Moreover

U(y) + V S(γ′)(γ′0, γ
′
1) ≤ U(y) + V S(γ)(γ′0, γ

′
1)

= U(y) +HS(γ)

≤ U(γr−1) + V S(γ)(γr−1, γr)

≤ LS(γ)(γ).

From these two last equations, it follows that LS(γ′)(γ′) ≤ LS(γ)(γ). By con-
struction of γ′,

V S(γ′)(γ′1, γ
′
2) ≤ V S(γ)(γ′1, γ

′
2) = HS(γ)(γ′1) ≤ HS(γ′)(γ′1).
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Thus V S(γ′)(γ′1, γ
′
2) = HS(γ′)(γ′1). It is seen from this discussion that γ′1 can

be removed from the path γ′, to form a shorter path. All the possible cases
have been considered, and it has been shown that in each of them a shorter
path of lower reduced elevation joining either x to y or y to x could be found.
This ends the proof. ��
Remark 7.5.1. We thus have shown that relation Rλ could also be defined
from the minimal elevation of paths joining x to y. Cycles can therefore also
be considered as “the level sets of some virtual energy landscape”.

Proposition 7.5.5. For any cycle C ∈ C, any x ∈ C, and any z /∈ C,

U(x) + V (E\C)∪{x}(x, z) = min
{
U(y) + V (y, z) : y ∈ C

}
Proof. The elevation of any path joining x to z while remaining in C \ {x}
is not lower than min

{
U(y) + V (y, z) : y ∈ C

}
. Therefore it is seen from

proposition 7.5.3 that

U(x) + V (E\C)∪{x}(x, z) ≥ min
{
U(y) + V (y, z) : y ∈ C

}
.

On the other hand, for any y ∈ C,

V (E\C)∪{x}(x, z) ≤ V (E\C)∪{x,y}(x, y)+V (E\C)∪{x,y}(y, z)−H(E\C)∪{x,y}(y).

But from proposition 7.5.2,

V (E\C)∪{x,y}(x, y) = V {x,y}(x, y)

and
H(E\C)∪{x,y}(y) = V {x,y}(y, x),

thus
V (E\C)∪{x,y}(x, y) −H(E\C)∪{x,y}(y) = U(y) − U(x).

In the same way V (E\C)∪{x,y}(y, z) ≤ V (y, z), hence

V (E\C)∪{x}(x, z) ≤ U(y) + V (y, z) − U(x).

��
Proposition 7.5.6. Let us as previously define for any domain A and any
x ∈ A,

HA(x) = min
{
V A(x, y) : y ∈ A \ {x}}.

Let us also define the first hitting time of A :

α(A) = inf{n > 0 : Xn ∈ A}.

For any domain A of E, any x ∈ A, the mean time spent in x before leaving
A satisfies:
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lim
β→+∞

1
β

log


Ex

β


α(E\A)∑

n=0

1(Xn = x)




 = H(E\A)∪{x}(x)

= min
{
V {x,y}(x, y) : y /∈ A

}
= min

{
L(γ) − U(x) : (γi)r

i=0 ∈ Er+1, γ0 = x, γr /∈ A
}
.

Proof. Let us define more generally the reduced hitting times for any nested
domains A ⊂ B :

αB(A) = inf{n > 0 : XB
n ∈ A}.

The first equality stated in the proposition is a straightforward consequence
of the following identities:

Ex
β


α(E\A)∑

n=0

1(Xn = x)


 = Ex

β

[
α(E\A)∪{x}(E \A)

]

=
+∞∑
n=0

Px
β

[
α(E\A)∪{x}(E \A) > n

]

=
+∞∑
n=0

Px
β

[
X

(E\A)∪{x}
1 = x

]n
= Px

β

[
X

(E\A)∪{x}
1 �= x

]−1
.

Now by definition

H(E\A)∪{x}(x) = min
{
V (E\A)∪{x}(x, z) : z ∈ E \A}

= min
{
V {x,y}(x, y) : y ∈ E \A}.

Indeed, as {x, y} ⊂ (E \A) ∪ {x},

V {x,y}(x, y) ≤ V (E\A)∪{x}(x, y).

On the other hand, if the chain reaches y before coming back to x, then it
hits E \A before coming back to x, and this shows that

Px
β

(
X

{x,y}
1 = y

) ≤ ∑
z∈E\A

Px
β

(
X

(E\A)∪{x}
1 = z

)
,

and therefore that

V {x,y}(x, y) ≥ min
{
V (E\A)∪{x}(x, z) : z ∈ E \A}.

This proves the second equality of the proposition. The third one is then a
consequence of proposition 7.5.4. ��
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7.6 Mean hitting times and ordered reduction

We are going to study in this section the mean hitting times of the subsets
of E. We will see how to use the reduction algorithm to compute some of
them, when the reduction sequence is chosen in an appropriate way. As in
the previous proof, we will use the following notation, where A ⊂ B are two
imbeded domains.

αB(A) def= inf
{
n > 0 : XB

n ∈ A
}
.

We will also put α(A) def= αE(A).

Proposition 7.6.1 (Local potential). For any strict subdomain A of E,
any couple of states (x, y) ∈ (E \A)2 not belonging to A, the mean number of
visits to y starting from x before reaching A satisfies a large deviation principle
whose rate function WA(x, y) will be called the local potential of y in E \ A
starting from x :

lim
β→+∞

1
β

logEx
β


α(A)∑

n=0

1(Xn = y)


 = −WA(x, y).

Proof. Let us apply first the strong Markov property to the first hitting time
of y before reaching A, which is equal to α(A ∪ {y}) when it exists:

Ex
β


α(A)∑

n=0

1(Xn = y)


 = Px

β

(
Xα(A∪{y}) = y

)
E

y
β


α(A)∑

n=0

1(Xn = y)


 . (7.6.1)

The first factor on the righthand side can still be decomposed into

Px
β

(
Xα(A∪{y}) = y

)
= Px

β

(
X

A∪{x,y}
αA∪{x,y}(A∪{y}) = y

)
=

+∞∑
n=0

(
Px

β

(
X

A∪{x,y}
1 = x

))n

Px
β

(
X

A∪{x,y}
1 = y

)

=
Px

β

(
X

A∪{x,y}
1 = y

)
Px

β

(
X

A∪{x,y}
1 �= x)

.

Moreover the second factor is equal to

E
y
β


α(A)∑

n=0

1(Xn = y)


 = E

y
β


αA∪{y}(A)∑

n=0

1(XA∪{y}
n = y)




=
+∞∑
n=0

(
P

y
β

(
X

A∪{y}
1 = y

))n
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=
(
P

y
β

(
X

A∪{y}
1 �= y

))−1

.

Applying theorem 7.2.1 ends the proof. ��
Proposition 7.6.2. For any imbeded domains B ⊂ A the limit

lim
β→+∞

1
β

logEx
β

(
αA(B)

)
exists and is equal to

− min
y∈A\B

WB(x, y).

Proof. It comes from the following observation:

Ex
β

(
αA(B)

)
=
∑

y∈A\B

Ex
β


α(B)∑

n=0

1(Xn = y)


 .

��
Remark 7.6.1. For any reduction sequence (gk)|E|

k=1, the correponding depth
function H is such that

WAk−1(gk, gk) = −H(gk).

This is a straightforward consequence of the definitions.
Remark 7.6.2. Up to a constant, the virtual energy is equal to the local po-
tential before reaching a point: for any couple of states (x, y) ∈ E2

W {x}(x, y) = U(y) − U(x).

This is an immediate consequence of equation (7.2.1).
Remark 7.6.3. The loacal potential before reaching a point also satisfies the
following obvious relations:

W {x}(y, y) = −V {x,y}(y, x) = U(y) − U(x) − V {x,y}(x, y).

Proposition 7.6.3. For any cycle C ∈ C,

WE\C(x, y) = −H(E\C)∪{y}(y), x, y ∈ C.

Consequently

lim
β→+∞

1
β

logEx
β

(
σ(E \ C)

)
= min

{
U(y) + V (y, z) : y ∈ C, z /∈ C

}
− min

{
U(w) : w ∈ C

}
, x ∈ C.

This quantity, which is independent from the initial point x, will be called the
depth of cycle C, and will be denoted by H(C).
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Proof. We saw that whithin a cycle

lim
β→+∞

Px
β

(
X

α
(
(E\C)∪{y}

) = y
)

= 1.

The conclusion is then easily deduced from equation (7.6.1). ��
Proposition 7.6.4. For any domain A � E,

max
x∈A

lim
β→+∞

1
β

logEx
β

(
α(E \A)

)
= max

x∈A
min
{
L(γ) − U(x) : (γi)r

i=0 ∈ Er+1, γ0 = x, γr /∈ A
}

= max
{
H(C) : C ∈ C, C ⊂ A

}
.

Let H(A) denote this quantity, which will be called the (maximal) depth of A.

Proof. From proposition 7.6.2

max
x∈A

lim
β→+∞

1
β

logEx
β

(
α(E \A)

)
= max

x∈A
max
y∈A

−WA(x, y)

= max
y∈A

−WA(y, y)

= max
x∈A

H(E\A)∪{x}(x).

Indeed −WA(x, y) ≤ −WA(y, y). The conclusion is brought by proposition
7.5.6. ��
Definition 7.6.1. A reduction sequence (gk)|E|

k=1 will be said to be ordered if
the corresponding reduction sets Ak are such that

min
{
V Ak(gk, y) : y ∈ Ak−1

}
= min

{
V Ak(x, y) : x ∈ Ak, y ∈ Ak \ {x}}.

This can equivalently be written as:

WAk−1(gk, gk) = max
{
WAk\{x}(x, x) : x ∈ Ak

}
.

(In other words, Ak−1 is deduced from Ak by removing some state of “minimal
depth”.)

Lemma 7.6.1. The depth function corresponding to any ordered reduction
sequence (gk)|E|

k=1 is nonincreasing.

Proof. Indeed for any k = 1, . . . , |E|,

H(gk) = HAk(gk) ≤ HAk(gk−1) ≤ HAk−1(gk−1) = H(gk−1).

��
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Proposition 7.6.5. If (gk)|E|
k=1 is an ordered reduction sequence, then for any

corresponding reduction set Ak, for any subset B � Ak

lim
β→+∞

1
β

logEx
β

(
αAk(B)

)
= lim

β→+∞
1
β

logEx
β

(
α(B)

)
, x ∈ Ak \B.

In other words, the mean hitting times of the subdomains of Ak can in first
approximation be computed on the process reduced to Ak.

Proof. By backward induction on k, it is enough to show that

lim
β→+∞

1
β

logEx
β

(
αAk(B)

)
= lim

β→+∞
1
β

logEx
β

(
αAk+1(B)

)
.

Let us introduce the jump times of XAk+1 :

ξk+1
0 = 0,

ξk+1
n = inf{i > ξk+1

n−1 : XAk+1
i �= X

Ak+1
i−1 }.

We see that

αAk+1(B) =
+∞∑
n=0

(ξk+1
n+1 − ξk+1

n )1(ξk+1
n < αAk+1(B)),

αAk(B) =
+∞∑
n=0

(
ξk+1
n+1 − ξk+1

n

)
× 1(ξk+1

n < αAk+1(B))1(XAk+1

ξk+1
n

�= gk+1).

Applying the strong Markov property to times ξk+1
n , we get

Ex
β

(
αAk+1(B)

)− Ex
β

(
αAk(B)

)
=

+∞∑
n=0

Ex
β

(
1
(
ξk+1
n < αAk+1(B)

)
1
(
X

Ak+1

ξk+1
n

= gk+1

))
E

gk+1
β (ξk+1

1 ).

On the other hand

Ex
β

(
αAk(B)

)
=

+∞∑
n=0

Ex
β

(
1
(
ξk+1
n < αAk+1(B)

)
1
(
X

Ak+1

ξk+1
n

�= gk+1

)

× E
X

Ak+1

ξ
k+1
n

β

(
ξk+1
1

))

≥
+∞∑
n=1

Ex
β

(
1
(
ξk+1
n < αAk+1(B)

)
1
(
X

Ak+1

ξk+1
n

= gk+1

)

× E

X
Ak+1

ξ
k+1
n−1

β

(
ξk+1
1

))
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≥
+∞∑
n=0

Ex
β

(
1
(
ξk+1
n < αAk+1(B)

)
1
(
X

Ak+1

ξk+1
n

= gk+1

))
× min

y∈Ak\B
E

y
β

(
ξk+1
1

)
.

This shows that

Ex
β

(
αAk+1(B) − αAk(B)

)
Ex

β

(
αAk(B)

) ≤ E
gk+1
β (ξk+1

1 )

min
y∈Ak\B

E
y
β

(
ξk+1
1

) =
max

y∈Ak\B
P

y
β

(
X

Ak+1
1 �= y

)
P

gk+1
β

(
X

Ak+1
1 �= gk+1

) .
From the definition of an ordered reduction sequence:

lim
β→+∞

1
β

log


 max

y∈Ak\B
P

y
β

(
X

Ak+1
1 �= y

)
P

gk+1
β

(
X

Ak+1
1 �= gk+1

)

 ≤ 0.

This proves that

lim
β→+∞

1
β

logEx
β

(
αAk+1(B)

) ≤ lim
β→+∞

1
β

logEx
β

(
αAk(B)

)
.

As moreover αAk(B) ≤ αAk+1(B), this shows that these two limits are equal.
��

Proposition 7.6.6. (Characterization of the depth functions corresponding
to ordered reduction sequences) Let (gk)|E|

k=1 be some ordered reduction se-
quence. The corresponding depth function H is such that

H(gk) = min
{
V {gk,y}(gk, y) : U(y) < U(gk)

where
(
U(y) = U(gk) and y ∈ Ak−1

)}
= min

{
V {gk,y}(gk, y) : U(y) ≤ U(gk), y ∈ Ak−1

}
,

= min
{
V {gk,y}(gk, y) : y ∈ Ak−1

}
, k > 1.

Thus in the non degenerate case when the virtual energy function U is one to
one, the depth function has an intrinsic characterization: the depth of a given
state is the minimum of the rate function of the time spent in this state before
reaching a state of lower energy.

Corollary 7.6.1. The state g1 is a fundamental state: U(g1) = 0.

Proof. Let � < k be such that

H(gk) = V Ak(gk, g�).
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As µβ(· |Ak) is invariant under XAk ,

U(g�) +HAk(g�) = min
{
U(x) + V Ak(x, g�) : x ∈ Ak \ {g�}

}
.

As a consequence,

U(g�) ≤ U(gk) +H(gk) −HAk(g�) ≤ U(gk).

On the other hand, H(gk) ≤ V {gk,g�}(gk, g�) and
V {gk,g�}(gk, g�) ≤ V Ak(gk, g�). This shows that H(gk) = V {gk,g�}(gk, g�).
Moreover, for any y ∈ Ak−1, {y, gk} ⊂ Ak, and therefore

V {gk,y}(gk, y) ≥ HAk(gk) = H(gk).

This proves that

H(gk) = min
{
V {gk,y}(gk, y) : y ∈ Ak−1

}
= min

{
V {gk,y}(gk, y) : y ∈ Ak−1, U(y) ≤ U(gk)

}
.

Let us consider now some index � > k such that U(g�) < U(gk) (if such
an index exists). Applying the same reasoning as previously to g�, we can
build m < � such that H(g�) = V {g�,gm}(g�, gm) and U(gm) ≤ U(g�). The
symmetry of the elevation function then shows that

U(g�) + V {g�,gm}(g�, gm) = U(g�) +H(g�)

≤ U(g�) + V {g�,gk}(g�, gk)

= U(gk) + V {gk,g�}(gk, g�),

consequently, the elevation function being transitive,

U(gk) + V {gk,gm}(gk, gm) ≤ max
{
U(gk) + V {gk,g�}(gk, g�),

U(g�) + V {g�,gm}(g�, gm)
}

= U(gk) + V {gk,g�}(gk, g�).

Thus we have built from g� a state gm such that m < �,
U(gm) ≤ U(g�) < U(gk) and V {gk,gm}(gk, gm) ≤ V {gk,g�}(gk, g�). Repeat-
ing this operation a finite number of times, we can make the value of m not
greater than k. The possibility that gk = gm is precluded by the inequality
U(gm) < U(gk), implying that indeed m < k. ��

7.7 Convergence speeds

Proposition 7.7.1. For any domain A � E, any x ∈ A, any ε > 0,

lim
β→+∞

1
β

logPx
β

(
α(E \A) > eβ

(
H(A)+ε

))
= −∞.
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Proof. Applying the Markov property, we see that for any large enough value
of β

Px
β

(
α(E \A) > eβ(H(A)+ε

) ≤ (max
y∈A

P
y
β

(
α(E \A) > eβ(H(A)+ε/2)

))�exp(βε/2)�

≤
(

max
y∈A

E
y
β

(
α(E \A)

)
e−β
(
H(A)+ε/2

))�exp(βε/2)�

≤ exp
(
−β(exp(βε/2) − 1

)
ε/4
)
.

��
Lemma 7.7.1. For any domain A � E, any ε > 0, any x ∈ A such that
H(E\A)∪{x}(x) = H(A),

lim sup
β→+∞

1
β

log

(
Px

β

(
α(E \A) < eβ

(
H(A)−ε

)))
≤ −ε.

Proof. We can notice that

Px
β

(
α(E \A) < exp

(
β(H(A) − ε)

))

≤ Px
β


α(E\A)∑

n=0

1(Xn = x) < exp
(
β(H(A) − ε)




= 1 −
(
Px

β

(
X

(E\A)∪{x}
1 = x

))⌈exp
(
β(H(A)−ε)

)⌉
.

Moreover for any η > 0 there exists β0, such that for any β ≥ β0,

Px
β

(
X

(E\A)∪{x}
1 �= x

) ≤ exp
(−β(H(A) − η)

)
.

Therefore, for any large enough value of β,

Px
β

(
α(E \A) < exp

(
β(H(A) − ε)

))

≤ 1 −
(
1 − exp

(−β(H(A) − η)
))�exp

(
β(H(A)−ε)

)
�

≤ 1 − exp
(
−2 exp

(−β(ε− η)
))

≤ 2(1 − e−1) exp
(−β(ε− η)

)
.

Letting η tend to 0 then ends the proof. ��
Proposition 7.7.2. For any cycle C ∈ C, any small enough ε > 0, any
x ∈ C,

lim sup
β→+∞

1
β

logPx
β

(
α(E \ C) < eβ

(
H(C)−ε

))
≤ −ε.
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Proof. Let x ∈ C and let y ∈ C be such that U(y) = minz∈C U(z). This
implies that H(E\C)∪{y}(y) = H(C). Applying the strong Markov property
to the first hitting time of y starting from x, we see that for any χ > 0,

Px
β

(
α(E \ C) < eβχ

)
≤ P

y
β

(
α(E \ C) < eβχ

)
Px

β

(
X

α
(
(E\C)∪{y}

) = y
)

+ Px
β

(
X

α
(
(E\C)∪{y}

) �= y
)
.

Let us then put

ε0 = min
x, x 
=y∈C

lim
β→+∞

− 1
β

logPx
β

(
X

α
(
(E\C)∪{y}

) �= y
)

= min
{
V (E\C)∪{x,y}(x, z) − V (E\C)∪{x,y}(x, y) : x �= y ∈ C, z ∈ (E \ C)

}
> 0.

For any ε < ε0, for any large enough β,

Px
β

(
α(E \ C) < exp(βχ)

) ≤ P
y
β

(
α(E \ C) < exp(βχ)

)
+ exp(−βε).

The proof can now be completed considering the case when χ = H(C) − ε
and applying the preceding lemma. ��
Proposition 7.7.3. Let (gk)|E|

k=1 be some ordered reduction sequence. The
three critical depths H1, H2 and H3 of the rate function V may be defined as

H1 = max
{
H(x), x ∈ E, U(x) > 0

}
= H(U−1(]0,+∞[)

= max
x∈E,U(x)>0

min
{
V {x,y}(x, y) : y ∈ U−1({0})},

H2 = H(g2)
= H(E \ {g1})
= max

{
V {x,y}(x, y) : U(y) = 0},

H3 = H
(
(E × E) \ {(x, x) : x ∈ E})

= max
(x,y)∈E2

min
z∈E

V
{(x,y),(z,z)}
2

(
(x, y), (z, z)

)
,

where we have considered on the product state space E ×E the product chain
distributed according to Pβ ⊗ Pβ, whose rate function V2 : E2 × E2 −→
R+ ∪ {+∞} is defined by:

V2

(
(x, y), (z, t)

)
= V (x, z) + V (y, t).

These definitions are independent of the choice of the ordered reduction se-
quence. In general H1 ≤ H2 ≤ H3 may be distinct. However, if the graph
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of null cost jumps on the fundamental states
{
(x, y) : U(x) = U(y) =

0, V (x, y) = 0
}

has an aperiodic component, then H2 = H3. Moreover, if
there is a unique fundamental state (i.e. a unique state of minimal virtual
energy) then H1 = H2 = H3.

Proof. The properties of H3 are the only ones which still require a proof. The
inequality H3 ≥ H2 can be established by considering in the definition of H3

the case when x = g1 and y = g2. The states g1 and g2 are two fundamental
states of two disjoint cycles of E with depths not lower than H2. The desired
conclusion comes from the obvious inequality

V
{(x,y), (z,z)}
2

(
(x, y), (z, z)

) ≤ max
{
V {x,z}(x, z), V {y,z}(y, z)

}
.

Then it remains to show that H2 = H3 when the graph of null cost jumps
on the fundamental states has an aperiodic component. Let (x, y) be some
given point in E × E. Let z be a state of null virtual energy and let n0 be
some integer such that for any integer n ≥ n0 there is a path (ψn

i )n
i=0 ∈ En+1

of length n such that V (ψn
i−1, ψ

n
i ) = 0, i = 1, . . . , n and ψ0 = ψn = z. Let

(γ1
i )r1

i=0 be some path in E of elevation not greater than U(x) +H2 joining x
to γ1

r1
= z. Let (γ2

i )r1
i=0 be some path of the same length starting from γ2

0 = y,
such that V (γ2

i−1, γ
2
i ) = 0, i = 1, . . . , r1. The elevation of γ2 is therefore

equal to U(y). Moreover, as the elevation function is symmetric, U(γ2
r1

) ≤
U(y). Let (γ3

i )r3
i=0 be some path of elevation not greater than U(y) + H2

joining γ2
r1

to z. Let (γ4
i )r4

i=0 and (γ5
i )r5

i=0 be some paths joining z to itself of
null elevation such that r4 = r3 + r5. Then in the product state space E × E
the path (γ1, γ2)� (γ4, γ3�γ5) goes from (x, y) to (z, z) and has an elevation
not greater than U(x) +U(y) +H2. This proves that H3 ≤ H2, and therefore
that H3 = H2, because the reverse inequality is always satisfied. ��
Theorem 7.7.1. For any χ > H1,

lim sup
β→+∞

1
β

logPx
β

(
X�exp(βχ)� = y

) ≤ −U(y), (x, y) ∈ E2.

For any χ > H2,

lim
β→+∞

1
β

logPx
β

(
α({y}) > exp(βχ)

)
= −∞, (x, y) ∈ E2, U(y) = 0.

For any χ > H3,

lim
β→+∞

1
β
Px

β

(
X�exp(βχ)� = y

)
= −U(y), (x, y) ∈ E2.

Conversely, for any χ < H1, there is x ∈ E such that
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lim sup
β→+∞

logPx
β

(
U(X�exp(βχ)�) = 0

)
< 0.

For any χ < H2, and any y ∈ E such that U(y) = 0, there exists x ∈ E such
that

lim sup
β→+∞

1
β

logPx
β

(
α
({y}) ≤ exp(βχ)

)
< 0.

For any χ < H3, any y ∈ E such that U(y) = 0, there exists x ∈ E such that

lim inf
β→+∞

1
β

logPx
β

(
X�exp(βχ)� = y

)
< 0.

Remark 7.7.1. The first assertion of this convergence theorem is the most
useful for applications to optimization. It shows that it is necessary to choose
a number of iterations N = 	exp(βχ)
 slightly larger than exp(βH1). Alter-
natively, we can choose β = log N

χ as a function of N , to get a probability of
error bounded by

lim sup
N→+∞

1
logN

log max
x∈E

Px
β(N)

(
U(XN) ≥ η

) ≤ − η

χ
,

and therefore decreasing at least as a power of 1/N arbitrarily close to the crit-
ical constant η/H1. In the case when the event of interest is

{
U(XN ) > 0

}
, we

get as a critical exponent for the probability of error min
(
U−1(]0,+∞[)

)
/H1.

We will see how to use an inhomogeneous Markov chain (i.e. a simulated
annealing algorithm) to get a larger critical exponent, independent of the
discretization step of small energy levels.

Proof. Let us put N = 	exp(βχ)
 and G = U−1(0). For any couple of states
(x, y) ∈ E2,

Px
β

(
Xn = y

) ≤ Pβ

(
α(G) > exp(βχ)

)
+ sup

n∈N,z∈G
Pz

β

(
Xn = y

)
.

Let us put, for some fixed z ∈ G,

fn(x) =
Pz

β

(
Xn = x

)
µβ(x)

.

This function follows the following evolution equation:

fn+1(y) =
∑
x∈E

fn(x)pβ(x, y)
µβ(x)
µβ(y)

.

As ∑
x∈E

pβ(x, y)
µβ(x)
µβ(y)

= 1,
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we deduce that
max
y∈E

fn(x) ≤ max
y∈E

f0(x) =
1

µβ(z)
,

end therefore that

sup
n∈N

Pβ

(
Xn = y | X0 = z

) ≤ µβ(y)
µβ(z)

.

Thus
Px

β

(
Xn = y

) ≤ Pβ

(
α(G) > exp(βχ)

)
+ max

z∈G

µβ(y)
µβ(z)

,

whence the first inequality of the theorem is easily deduced. The second claim
is a direct consequence of proposition 7.6.4.

The third claim can be proved by a coupling argument. Let us consider on
the product space

(
EN × EN

)
equiped with its canonical process (Xn, Yn)n∈N

the product measure Px
β ⊗ P

µβ

β , where we have written P
µβ

β to denote the
distribution of the stationary Markov chain with initial distribution µβ. Let
us also define the hitting time of the diagonal

ξ = inf{n ≥ 0 : Xn = Yn}.

We see that

Px
β

(
Xn = y

)
= Px

β ⊗ P
µβ

β

(
Xn = y et ξ ≤ n

)
+ Px

β ⊗ P
µβ

β

(
Xn = y et ξ > n

)
= Px

β ⊗ P
µβ

β

(
Yn = y et ξ ≤ n

)
+ Px

β ⊗ P
µβ

β

(
Xn = y et ξ > n

)

and therefore that

µβ(y) − Px
β ⊗ P

µβ

β

(
ξ > n

) ≤ Px
β

(
Xn = y

) ≤ µβ(y) + Px
β ⊗ P

µβ

β

(
ξ > n

)
.

We can now choose n(β) = 	exp(βχ)
 with χ > H3, to be sure, according to
proposition 7.6.4, that

lim
β→+∞

1
β

logPx
β ⊗ P

µβ

β

(
ξ > n(β)

)
= −∞.

The third claim of the theorem follows immediately.
To show the first of the three converse claims, it is enough to consider some

initial point x ∈ U−1(]0,+∞[) belonging to some cycle C ⊂ U−1(]0,+∞[)
of maximal depth H(C) = H(U−1(]0,+∞[) (from proposition 7.6.4) and to
apply proposition 7.7.2.

The second converse claim is shown as the first, considering some cycle of
maximal depth included in E \ {y}.

As for the third converse claim, let us consider some fundamental state z
of null virtual energy U(z) = 0, some couple of states (x, y) ∈ E2 belonging
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to some cycle of maximal depth of E2 \ {(z, z)}. According to the definition
of H3, for any χ < H3 the following inequality is then satisfied:

lim sup
β→+∞

1
β

logPx
β ⊗ P

y
β

(
α({(z, z)}) ≤ exp(βχ)

)
< 0.

A fortiori it follows that

lim sup
β→+∞

1
β

logPx
β ⊗ P

y
β

(
(X,Y )�exp(βχ)� = (z, z)

)
< 0,

where (X,Y ) denotes the canonical process on (E×E)N. The desired conclu-
sion now comes from noticing that

min
{
Px

β

(
X�exp(βχ)� = z

)
, Py

β

(
X�exp(βχ)� = z

)}
≤
√
Px

β ⊗ P
y
β

(
(X,Y )�exp(βχ)� = (z, z)

)
,

and therefore that one of the two following claims has to be true: either

lim inf
β→+∞

1
β

logPx
β

(
X�exp(βχ)� = z

)
< 0,

or

lim inf
β→+∞

1
β

logPy
β

(
X�exp(βχ)� = z

)
< 0.

��

7.8 Generalized simulated annealing algorithm

In this section, we consider the simulated annealing algorithm corresponding
to some generalized Metropolis algorithm, that is the family of inhomogeneous
Markov chains

R =
(
EN,

(
Xn

)
n∈N

,B,P(β)

)
(β)∈C

defined in the beginning of this chapter.
We are going to study its convergence speed as an optimization algorithm.

To this purpose, we will characterize the evolution of the probability of error

P(β)

(
U(XN ) ≥ η

)
as a function of the number of iterations N , for a suitable choice of the inverse
temperature sequence (βn)N

n=1 (also known as the cooling schedule).
In addition to the first critical depth H1, a second critical exponent will

play a prominent role in this discussion, which we will call the difficulty D of
the (virtual) energy landscape (E, V ). It is defined as
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D = max
{H(C)
U(C)

: C ∈ C,min
x∈C

U(x) > 0
}

= max
{min

{
V {x,y}(x, y) : U(y) = 0

}
U(x)

: U(x) > 0
}
.

Theorem 7.8.1. Let us consider two bounds H∗ and D∗ such that H∗ > H1

and 0 < D∗ < D. For any threshold η such that 0 < η < H∗/D∗, for any
integer r, let us consider the triangular inverse temperature sequence

βN
n =

1
H∗ log

(
N

r

)(
H∗

D∗η

)1
r

⌊
(n− 1)r

N

⌋
, 1 ≤ n ≤ N.

Thus parametrized, the simulated annealing algorithm has a probability of er-
ror for the worst possible initial state x ∈ E asymptotically bounded by

lim sup
N→+∞

1
logN

log max
x∈E

Px
(βN· )

(
U(XN ) ≥ η

) ≤ − 1
D

(
D∗η
H∗

)1/r

.

Remark 7.8.1. It is thus possible to make the probability of error decrease at
least at some power of 1/N arbitrarily close to the value 1/D. It is possible
to show (under slightly stronger hypotheses) that no increasing inverse tem-
perature triangular sequence can yield a decrease of the probability of error
faster than 1/N1/D, thus proving that 1/D is indeed the critical exponent for
the convergence speed of simulated annealing.
Remark 7.8.2. Resorting to a triangular temperature sequence is crucial. It is
possible to show that it is impossible to get close to the critical convergence
speed with a non-triangular temperature sequence, in other words a sequence
(βn)N

n=1 where the inverse temperatures βn are chosen independently of the
total number of iterations N to be performed.

Proof. Let us put to simplify notations

ζN
k = βN

n =
1
H∗ log

(
N

r

)(
H∗

D∗η

)k/r

,
k N

r
< n ≤ (k + 1)N

r
.

Let us also write P(βN· ) = PN and let us assume to make things simpler that
N/r ∈ N. Given some parameter ξ > 0 to be fixed later, let us put

ηk =
H∗

(1 + ξ)D

(
H∗

D∗η

)−(k+1)/r

, k = 0, . . . , r − 1,

as well as

λ0 = +∞,
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λk =
(1 + 1/D)H∗

(1 + ξ)

(
H∗

D∗η

)−k/r

, k = 1, . . . , r − 1.

Let us consider the events

Bk =
{
U(Xn) + V (Xn, Xn+1) ≤ λk,

kN

r
≤ n <

(k + 1)N
r

}
,

Ak = Bk ∩ {U(X(k+1)N/r) < ηk

}
.

Let us notice that

exp
(
H∗ζN

0

)
=
N

r
,

exp
(
(1 + ξ) (1 + 1/D)−1

λkζ
N
k

)
=
N

r
, k > 0,

and that
ηr−1 =

D∗η
(ξ + 1)D

≤ η.

It follows that

Px
N

(
U(XN ) ≥ η

) ≤ Px
N

(
U(XN ) ≥ ηr−1

)
≤ 1 − Px

N

(
r−1⋃
k=0

Ak

)

≤
r−1∑
k=0

Px
N

(
Ak ∩

k−1⋂
�=0

A�

)
.

Moreover

Px
N

(
Ak ∩

k−1⋂
�=0

A�

) ≤ Px
N

(
Bk ∩

k−1⋂
�=0

A�

)

+ Px
N

({
U(X(k+1)N/r) ≥ ηk

) ∩ k−1⋂
�=0

A� ∩Bk

)
.

For any cycle C of positive fundamental energy U(C) = minx∈C U(x) > 0
whose exit level is such that H(C) + U(C) ≤ λk,

H(C) ≤ (1 + 1/D)−1
λk.

For any state z ∈ E such that U(z) < ηk−1, let us consider the smallest cycle
Cz ∈ C containing z such that U(Cz) +H(Cz) > λk. Necessarily U(Cz) = 0.
Indeed, if it were not the case, that is if U(Cz) > 0, then it would follow that

U(Cz) +H(Cz) ≤ U(z)(1 +D) ≤ ηk−1(1 +D) = λk,
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in contradiction with the definition of Cz.
Let us consider on the space CN

z of paths staying in Cz the canonical
process (Yn)n∈N, and the family of distributions of the homogeneous Markov
chains with respective transition matrices

qβ(x, y) =

{
pβ(x, y) when x �= y ∈ Cz ,

1 −∑w∈(Cz\{x}) qβ(x,w) otherwise.

(The process Y can be viewed as the “reflection” of X on the boundary of
Cz .) The processes we just defined form a generalized Metropolis algorithm
with transition rate function V|Cz×Cz

and first critical depth

H1

(
Cz , V|Cz×Cz

) ≤ (1 + 1/D)−1
λk.

Indeed any strict subcycle C � Cz such that U(C) > 0 is also such that
H(C) ≤ (1 + 1/D)−1 λk.

Let us now notice that

PN

(
X(k+1)N/r = y, Bk |XkN/r = z

)
≤ PN

(
X(k+1)N/r = y, Xn ∈ Cz,

kN

r
< n ≤ (k + 1)N

r
|XkN/r = z

)
.

Moreover, for any x, y ∈ Cz

pζN
k

(x, y) ≤ qζN
k

(x, y).

It follows that

PN

(
X(k+1)N/r = y, Xn ∈ Cz,

kN

r
< n ≤ (k + 1)N

r
|XkN/r = z

)
≤ Pz

ζN
k

(
YN/r = y

)
.

The first claim of theorem 7.7.1 about the convergence speed of Metropolis
algorithms can then be applied to Y . It shows that for any ε > 0, there is
some integer N0 such that for any N ≥ N0,

Px
N

({
X(k+1)N/r = y

} ∩ k−1⋂
�=0

A� ∩Bk

) ≤ exp
(
−ζN

k

(
U(y) − ε

))
.

It remains now to bound

Px
N

(
Bk ∩

k−1⋂
�=0

A�

)
.

For any z ∈ E such that U(z) < ηk−1, for any ε > 0 and for any large enough
value of N ,
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PN

(
Bk |XkN/r = z

)
≤

(k+1)N/r∑
n=kN/r+1

PN

(
U(Xn−1) + V (Xn−1, Xn) > λk |XkN/r = z

)

=
∑

kN/r<n≤(k+1)N/r,

(u,v)∈E2,
U(u)+V (u,v)>λk

PN

(
Xn−1 = u |XkN/r = z

)
pζN

k
(u, v)

≤
∑

kN/r<n≤(k+1)N/r,

(u,v)∈E2,
U(u)+V (u,v)>λk

µζN
k

(u)

µζN
k

(z)
pζN

k
(u, v)

≤ N

r
exp
(
−ζN

k

(
λk − U(z) − ε

))
.

Thus for any ε > 0 and for N large enough,

Px
N

(
Bk ∩

k−1⋂
�=0

A�

)
=

∑
z,U(z)<ηk−1

PN (Bk |XkN/r = z
)

× Px
N

({
XkN/r = z

} ∩ k−2⋂
�=0

A� ∩Bk−1

)

≤
∑

z, U(z)<ηk−1

N

r
exp
(
−ζN

k

(
λk − U(z) − ε

))

× exp
(
−ζN

k−1

(
U(z) − ε

))
≤ N

r
exp
(
−ζN

k

(
λk − ηk−1 − ε

))
× exp

(
−ζN

k−1

(
ηk−1 − 2ε

))
.

Consequently, for any ε > 0, there is some integer N0 such that for any
N ≥ N0,

Px
N

(
Ak ∩

k−1⋂
�=0

A�

)

≤ N

r
exp
(
−(λk − ηk−1

)
ζN
k − ηk−1ζ

N
k−1 + ε

(
ζN
k + ζN

k−1

))
+ exp

(
−(ηk − ε

)
ζN
k

)
.

Coming back to the definitions, we see moreover that

ηkζ
N
k = log

(
N

r

)
1

(1 + ξ)D

(
D∗η
H∗

)1/r

,
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λkζ
N
k + ηk−1

(
ζN
k−1 − ζN

k

)
=
(

1 +
1
D

)
(1 + ξ)−1 log

(
N

r

)

+
1

(1 + ξ)D

((
ηD∗
H∗

)1/r

− 1

)
log
(
N

r

)

= log
(
N

r

)(
(1 + ξ)−1

(
1 +

1
D

(
ηD∗
H∗

)1/r
))

,

ε ζN
k ≤ ε

ηD∗
log
(
N

r

)
.

It follows that

Px
N

(
Ak ∩

k−1⋂
�=0

A�

)

≤
(
N

r

)−(1 + ξ)−1

(
1
D

(
ηD∗
H∗

)1/r

− ξ

)
+

2ε
ηD∗

+
(
N

r

)−(1 + ξ)−1 1
D

(
D∗η
H∗

)1/r

+
ε

ηD∗ .

Letting ε and ξ tend to 0 eventually yields the desired inequality:

lim sup
N→+∞

1
log(N)

log max
x∈E

Px
N

(
U(XN ) ≥ η

) ≤ − 1
D

(
D∗η
H∗

)1/r

.

��
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10. L. Birgé and P. Massart From model selection to adaptive estimation.
Festschrift for Lucien Le Cam (1997), 55–87, Springer, New York.

11. L. Birgé and P. Massart, An adaptive compression algorithm in Besov spaces.
Constr. Approx. 16 (2000), no. 1, 1–36.
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d’Orsay. 86 (18/12/1998),
http://www.math.u-psud.fr/~biblio/html/ppo.html

60. P. Massart, About the constants in Talagrand’s concentration inequalities for
empirical processes. Ann. Probab. 28 (2000), no. 2, 863–884.

61. N. Merhav and M. Feder, A strong version of the redundancy-capacity theorem
of universal coding, IEEE Trans. Inform. Theory 41 (1995), no. 3, 714–722.

62. Meyer, Yves (1990) Wavelets and operators, Translated from the 1990 French
original by D. H. Salinger, Cambridge Studies in Advanced Mathematics, 37,
Cambridge University Press, Cambridge, 1992. xvi+224 pp.

63. A. Nemirovski, Topics in non-parametric statistics. Lectures on probability the-
ory and statistics (Saint-Flour, 1998), 85–277, Lecture Notes in Math., 1738,
Springer, Berlin, 2000.

64. A. Nobel, Histogram regression estimation using data-dependent partitions.
Ann. Statist. 24 (1996), no. 3, 1084–1105.

65. M. Nussbaum, Asymptotic equivalence of density estimation and Gaussian
white noise. Ann. Statist. 24 (1996), no. 6, 2399–2430.

66. M. S. Pinsker, Information and information stability of random variables and
processes, Holden-Day, San Fransisco (1964).

67. B. Y. Ryabko, Twice-universal coding, Probl. Inform. Transm., 20 (1984), no
3, pp. 24-28, July-Sept.

68. W. Rudin, Real and Complex Analysis, McGraw-Hill, (1966).
69. L. Saloff-Coste Lectures on finite Markov chains, Ecole d’été de Probabilités de
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